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Abstract

In this paper we propose the two kinds of different criterions and use them
to judge the convergence of Durand-Kerner method and to compare the obtained
results with other methods.
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1. Introduction

Consider a monic polynomial of degree n

n

f(z)=2"+a12" P+t ay = 11z = ¢).
j=1

To solve all zeros of this polynomial, the common-used is Durand-Kerner method
which has been considered simple and effective. For this reason, there are many works
(Docev (1962), kerner (1966), Yamamoto (1990) and Zheng (1982)) to discuss the
properties of this method. In this paper, we propose the two kinds of criterion and
use them to judge the convergence of Durand-Kerner method or to compare with other
methods.

Durand-Kerner method is defined by

(k)
Zlgk—kl):zl(k)_%’ i=1,2,---,n; k=0,1,---. (1)
H(% —Z )
J#u
This iteration is quadratically convergent. If the initial values zlgo) (t=1,---,n)
are sufficiently close to (;, then it is known that the iterative sequence {zl(k)} heo is well

defined and convergent to the corresponding zero for ¢ = 1,---,n.
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Let r") = m1n|z§ — z§k)|, pgk) = m1n|§’(k) — C](-k)|, and
e = 12 = 1l
i = lef |/r(
62(19) _ | (k+1 |/T

(e(k) (k))T

Denote e®) = (e}, -+, en )T, eb) = (6516), e ,67(1k))T and 6) = (55’6), - -,6,(1k))T. First
we give the definitions of two criterions.
Definition 1. 6 is called the first kind of criterion of Durand-Kerner method.
Definition 2. e or ¢(©) is called the second kind of criterion of an iteration.
From the definitions above we see that the first criterion varies for the different
iteration, but it does not include the information about the zeros of f(z). And we also
see that the second kind one is not dependent on the iterations, so it can be used to
compare the convergent conditions with other iteration.
In this paper we mainly discuss the /,-norm convergent codnitons of e, £ and

5O for Durand-Kerner method.

2. On the Second Kind of Criterion

For the convergence of discussing, we only analyse the iteration one step of (1) and

0) (1)

simply denote e; ' and e;’ by e; and e}. Other notations have the same meaning except

the special statements.
From (1) we have

|z_Cz|—‘H( )_l“zz Gil,

and

\H(z;z])\ 110+ Sl @

J#F

Let 1 <p < ooand 1/p+ 1/q = 1. By Holder inequality it holds e; + e; < 2'/9|[e|,,
n
1
where |le[|, = (Zef) /p. Thus

=1
o
i n-—
(U e ha e

el
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or
/ He“p n—1
Therefore if el
e n—1
1 P 2
(U G —mrey) <
or

1
(2n—1 — 1)(n — 1)1/P
1 +2Ye(2/n=1 —1)(n —1)1/p’

lells <

then ||€'||, < |le]|,- In general we have
Theorem 1. Let 1 < p, ¢ < oo satisfying 1/p + 1/q = 1. For n distinct initial
(2171 —1)(n —1)1/P

0) /. . . .
values 2 (i = L+ ,n), if 1€y < Ty gy gy then the iterative
sequence {zgk)}zozo is well defined for i =1,---,n and satisfies

14 2Ya2Yn=1 —1)(n — 1)!/P
(k+1) et —
||€ “P < (21/,1,1 _ 1)(n _ 1)1/]) ||€ ||p? k 07 la . (5)
For the criterion of ¢(¥) we note that facts that
| I (34| < [[a+e) < (1+ 7”8“1’1/17)"*1 = A (6)
R AT (n—=1)
and |zi — 2% |z — 2| 25— 7]
D> B BT T s A gy) 21— A2V, (7)
T T Tj
So by the same analysis to ¢; we have
A-1
! < s 8
1<l < = ggrragy, el 0
el

-1
From (8) and (6) we have that if (1 +2"/4]le,) (1 + )" <2, then ||}, <

(n —1)/p
ellp-

2l/n 1
Lemmal. If0 <t < t* = — ™ )

t n—1
then (1+w'/18) (14— )" <

(n — 1)Ya 4 21/’ (n —1)4/p
2.
From (8) and Lemma 1 we can obtain
Theorem 2. Let 1 < p,q < oo satisfying 1/p + 1/q = 1. For n distinct initial
/n _q
values z; ' (1 = 1,---,n), if [V, < (n— 1)1 121" then the iterative sequence
{zl(k)}zozo is well defined for i = 1,---,n and satisfies

(n —1)Y/a 4 21/a

(k+1) <

@3, k=01, (9)
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3. The First Kind of Criterion

Using the same notations and convention above we have

o=zl = [IT (Z=2) |l —
j#i TR

and
5 > (TI0 —e))ei = (1= e)ei = (1= (0 =)'l e
J# J#i
181 > (1 = (0 = 1)Ylell) el (10)

Lemma 2. Let t* be given in Lemma 1. If ||0], < t*(1 — (n — 1)1/9¢*), then
lellp < ¢
Proof. From the iteration (1) it obvious that if ||0][, — 0, then |||, — 0. Thus by

(10) we have
2||9ll,

1+4/1—4(n — 1)Va|5],

lellp <

(11)

From this the lemma follows.

By this lemma we have

Theorem 3. Let 1 < p, ¢ < oo satisfying 1/p+ 1/q = 1. For n distinct initial
values zZ(O) (i =1,---,m), if 6O, < t*(1 — (n — 1)1/%*), then the iterative sequence
{zgk)}zo:o is well defined and as k — oo, zZ(k) — (i fori=1,---,n.

The proof of Theorem 3 directly follows from Theorem 2 and Lemma 2.
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