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Abstract

In this paper we present two algorithms for LC' unconstrained optimization
problems which use the second order Dini upper directional derivative. These
methods are simple and easy to perform. We discuss the related properties of
the iteration function, and establish the global and superlinear convergence of our
methods.
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1. Introduction

The LC' optimization problems exist extensively in various optimization problems.
For example, the problems from nonlinear complementarity, variational inequality and
C? nonlinear programming can be formed as LC' optimization problems. In addition,
LC" optimization problems also arise from the extended linear-quadratic programming
problems, nonlinear minimax problems, stochastic optimization problems and some
semi-infinite programs. See [6] [9] [11] [13] [14] [15] [17] [21].

In this class of problems, the objective function is LC' function, but not a C? func-
tion, i.e., it is continuously differentiable and its derivative is only locally Lipschitzian
but not necessary F-differentiable.

The Lipschitz condition plays a vital role in developing generalized Newton methods
for solving nonsmooth equations. The research of the Lipschitz condition stimulates us
to consider LC' opitimization and develop some superlinearly convergent methods for
LC" optimization problems. Now several authors investigate LC' optimization prob-
lems. In [6] Hiriat-Urruty etc. considered the second order optimality condition for
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LC! optimization. In [11] Qi presented a superlinearly convergent approximate New-
ton’s method for LC! optimization. In [16] we discussed generalized Newton’s method
for LC" unconstrained optimization which uses Clarke’s generalized Hessian matrix. In
[17] we gave a quasi-Newton-SQP method for general LC' constrained optimization in
which the global convergence and superlinear convergence are established. A conver-
gence result of BFGS method for LC! linearly constrained optimization is presented
by Chen [2].

The development in this paper is closely related to Qi [11], Sun [16] and Sun [17], in
which a similar theory is established for solving LC! optimization. As a continuation
of our works, in this paper we consider using the second order Dini upper directional
derivative and the trust region technique to deal with LC' optimization problem and
present two methods. These methods are simple and easy to perform.

The organization of this paper is as follows. In the next section, we give some
preliminaries which will be used in the whole paper. In Section 3, we set up our
direction-finding subproblem for LC! optimization, discuss some related properties of
the iteration function and give Algorithm 3.3. In Section 4, we establish the global
convergence and superlinear convergence of Algorithms 3.3 for LC! optimization. In
Section 5, we describe an approach by combining the Dini upper directional derivative
and trust region technique, and establish its convergence properties.

2. Preliminaries

We first give some definitions that will be used for the remainder of the paper. In
[16] we have defined the second order generalized directional derivative of f at z in the
direction d as

o ! . _ o /.
foo (.T, d) — ].lm Sup f (x + td’ d) f (x ’d) , (21)
o' —x,t]0 t
where f°(z;d) denotes the generalized directional derivative of f at x in the direction

d. We also discussed some basic properties on f°°(z;d) in [16]. Now we consider
min f(z), z € R", f € LCY, (2.2)
that means the objective function f we want to minimize is differentiable and V f is

locally Lipschitzian. Therefore, the second order Dini upper directional derivative of
the function f at z; € R™ in the direction d € R"™ can be defined to be

[V f w +Md) = Vf(z)]"d

b(wk; d) = limsup (2.3)
ALO A
If Vf is directionally differentiable at x, we have
. [Vf(zp + M) — Vf(zp)]'d
p(z;d) = f"(zx; d) ZIA%I[ S )A Sz (2.4)

for all d € R". From [3] and [16], f}}(zk;d) possesses the following basic properties:

1.
D(@e; Ad) = X2 f] (ks d) (2.5)

and
D(wr;dy + do) < 2[fp(ap;di) + [l dy)). (2.6)
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In addition,
| (ersd)| < K|, (2.7)

where K is some scalar. Note that (2.5) and (2.7) are immediate results from the
definition. But (2.6) results from the fact that V f is Lipschitzian. In this case,

"+ td) — M'd
B(ak;d) = [ (g d) = limsup NI 1) = VI d
tJ,O,x’—}xk t

(2.8)

Therefore we have
[h(@g; di + da)
[Vf(xk + t(dl + dg)) — Vf(xk)]T(dl + dg)

= limsup

£10 t
< limsup [V f @k + tdy + tdy) — V f(z), + td)]" dy
£10 t
+ lim sup [V f (g + tdy + tdy) — V f (), + td1)]" dy
£10 t
4 limsup [Vf (2 + tdy) = V()] dy
£10 t
4 limsup [Vf(zx + td2)t— Vi(z)]"dy
£10

< 2[fh(wrdr) + fp(zk; dy)].

2. f]5(zg;d) is upper semi-continuous with respect to (zy;d), ie., if z; — z; and

d; — d, then
limsup f7)(zi;di) < fp(ar; d). (2.9)
1—00
3.
" (zr;d) = max{d'Vd, V € 0°f(z})}. (2.10)

According to Rademacher’s thorem V f is F-differentiable almost everywhere. Let
Dy be the set of points where V f is differentiable. The generalized Hessian in the
sense of Clarke [3] is defined to be

O f(zy) = cof lim V2f(zi): 2 € Dyy},

where co stands for the convex hull of all n x n matrices obtained as limit of sequence of
Hessian matrices V2f(x;), and 9% f(z}) is a nonempty convex compact subset of R™*™.
We also call
2 IR N oo
Opf(zr) = {w}gralck Vi(zi): = € DVf}

the second order B-subdifferential of f at z;. From mean value theorem 2.6.5 of [3],
we have

Vf(y) = V() € co{@®f(ly,2])(y — 2)}.
For the sake of convenience, we also give the following definitions and lemmas in

which the definition and property of weak semi-smooth are new, others come from [11]
[12] [16].
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Definition 2.1. A function Vf : R" — R" is said to be semi-smooth at © if V[ is
locally Lipschitzian ot = and the limit

li 2
h—>1dr,r/{¢0{Vh}’ Ve od*f(z+ M\h)

exists for any d € R".
Definition 2.2. A function Vf : R — R" is said to be weak semi-smooth at x if
V f is locally Lipschitzian at x and the limit

limsup{Vh}, V € 0*f(x + \h)
h—d,\ 0

exists for any d € R".

From the definitions above, there is an obvious result as follows.

Proposition 2.3. A function f is weak semi-smooth if f is semi-smooth. But, in
general, the opposite is not true.

Lemma 2.4. If Vf : R® — R" is semi-smooth at x, then Vf is directionally
differentiable at =, and for any V € 0%f(z + h),h — 0, we have

Vh — (V) (z;h) = o(||Al])-
Similarly, we have that
W'Vh — f"(w; h) = o(||Al]*).
Furthermore, if Vf : R" — R" is weak semi-smooth at x, we have
Vh = (Vf)p(z;h) = o([[R]]).
Lemma 2.5. If Vf: R* — R" is a LC' function, then there exist A € [0,1] and
V € ?f(x+ Ay —z)) such that
1
fly) = f@) = V@) (y =) = Sl —2)"V(y - ).

In following two propositions we discuss the optimality conditions.
Proposition 2.6. Let f : D C R™ — R be a LC" function on D, where D C R™ is
an open subset. If x is a solution of LC" optimization problem (2.2), then

fl(@;d) =0 (2.11)

and
p(z;d) > 0,Vd € R". (2.12)

Proof. The result is obvious. In fact, if z is a solution of (2.2), then f'(z;d) =
Vf(z)'d = 0. Therefore

[z +td;d) >

o~ | =

[f (z +td) - f(z)] = 0.
From the above inequality we have immediately
1
D(x;d) = limsup E[f'(w +td,d) — f'(x;d)] > 0.
t10

Similarly, we can get the sufficiency condition.
Proposition 2.7. Let f : D C R™ — R be a LC" function on D, where D C R™ is
an open subset. If x satisfies

f'(a;d) =0 (2.13)
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and
D(x;d) >0, Vd #0, d € R™, (2.14)

then x is a strict local minimizer of (2.2).

Proof. Suppose that z is not a strict local minimizer of f. Then there exists a
sequence {zx} C D,z — x,Vk, such that f(zg) < f(x).

Let z, = x+trd. From the definition of the second order Dini directional derivative
we have

1
flar) = @) = eV f(@)"d = StEfp (w5d) + o([|d]]*).
Since Vf(z) = 0, it follows that f}(z;d) < 0 which contradicts (2.14).

3. An Algorithm and Related Properties

For solving LC! optimization problem (2.2), we present an algorithm which uses
the second order Dini upper directional derivative. At the k-th iteration the direction-
finding subproblem is

min &p(d) = Vf(wx)"d fD(xka d), (3.1)

where f})(zy;d) stands for the second order Dini upper directional derivative at zj in

the direction d. Since f is LC! function, f})(zk;d) always exists for all d € R". If L

is the Lipschitzian constant of f, it is also the Lipschitzian constant of V f. Here, in

(3.1), ®x(+) is called an iteration function. It is easy to see that ®4(0) = 0 and Pk(-) is

Lipschitzian on R™. The following lemma indicates that ®(-) is also coercive.
Lemma 3.1. Assume that V € 9*f(zy) satisfies

d"'vd > m||d||*, m > 0.

Then the iteration function ®(-) is coercive.
Proof. From the assumption, there exists M > 0 such that

Nz d) = <Vd,d >= M|d|?,
D(zr; d) pomax ]|

then
1
—L|id]| + 5 MHdH2 < Vi(zp)Td+ fp(f% d) < Ll|d|| + §M||d||2-

Therefore we immediately have
lim ®(d) = oo.

lldl|—o0
This establishes the coercivity of ®@(-).

The coercivity of ®(-) assures that the optimal solution of problem (3.1) exists.
Besides it also means that dj is a bounded sequence on R" which will be shown in the
following lemma.

Lemma 3.2. The direction sequence {dy} is bounded.

Proof. In fact, if it is not true, we could choose a subsequence {d; : kK € K; C N}
with the property that ||dg|| > k Vk € K, where K is a subset of natural number set
N. But, from the coercivity, it implies that ®(d;) — oo, which contradicts @ (di) < 0
for all k € N.
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With the above lemmas, we may give the following algorithm for solving LC! op-
timization.
Algorithm 3.3. (Dini Algorithm for LC' Optimization)

Step 0. Given g € R", e > 0,p,0 € (0,1). Set k = 0.

Step 1. If ||V f(zr)|| < €, stop; otherwise, approximately solve subproblem
(3.1) to obtain dg;

Step 2. Take the smallest nonnegative integer my such that
[k + p™ di) — f(2x) < —%Upm’“fg(xk; dk); (3.2)
Step 3. Set xx11 = x + Pk dy;
Step 4. k:=k + 1 and go to Step 1.
Remarks.

1. In the algorithm we require f})(xg;dy) satisfies
cilldell” < f(zxs di) < ealldi])?, (3.3)

where ¢; and co are the positive constants with 0 < ¢; < ¢o. If (3.3) is not
satisfied, one replaces f})(xg;d) with By, a symmetric positive definite matrix
satisfying (3.3), for example, By, = f7,(zg; di) + pI, p > 0.

2. In Step 2, the alternative line-search rule is as follows:
1
flag + p™di) — flax) < —§Upm"’Vf(l‘k)Tdk- (3.4)

In this case, if cosf, > 3, where 3 > 0 and 6 is an angle between —V f(z) and
dy, then we also can establish the global convergence of Algorithm 3.3.

3. In practice, we only need to approximately solve subproblem (3.1). For example,
we may consider the following inexact version of subproblem (3.1):

IVf (@) + (V) (@i d)ll < mell VS () (3.5)
where 0 < 7 < n < 1 for some number 7 (see Yuan and Sun [21]).

4. Convergence

In this section we establish the convergence results of Algorithm 3.3. We give the
global convergence in Theorem 4.3, and then, in Theorem 4.4, establish the superlin-
ear convergence under the conditions that V f is semi-smooth and weak semi-smooth
respectively.

Proposition 4.1. If d # 0 is a solution of (3.1), then for any o € (0,1) there
exists i > 0 such that for all u € (0, ),

flan -+ pdy) — () < — 5ol d) (@.1)
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Proof. Suppose by the contrary that there does not exist such a g > 0 with the
required property. Then there exists a sequence {A;} | 0 such that for each j € N,

Flan+ dyde) = f(o) > —50 (s de)

and then
flor + Njdi) — f(x)
Aj

__UfD(xkv k)-
Hence we get
[ di) > —%Ufg(wlddk) > —%fg(xk;dk)- (4.2)
But, from the assumption, di # 0 is a solution of (3.1) and ®;(0) = 0. Therefore
D(dy) = V() e+ 5 fils i) < 0

which means

s de) <~ (ows di). (4.3

The above inequality (4.3) contradicts (4.2).
Remarks.

1. This proposition indicates that the line-search rule (3.2) in Step 2 of Algorithm
3.3 holds, where y = p™*

Lemma 4.2. The following statements are equivalent:
1. d =0 is a globally optimal solution of the problem (3.1);
2. 0 is the optimum of objective function of problem (3.1);

3. the corresponding xy is a stationary point of the objective function f, i.e., Vf(xg) =
0.

Proof. (1) = (2): It is obvious.
(2) = (3):  Let 0 be a global optimal value of (3.1), then VA > 0 and Vd € R",

0 < Op(Ad) = AV f(z1)"d + fD(xka d).
Dividing both sides of the above inequality by A, using (2.5) and letting A | 0, we have
0 < Vf(zp)ld, vd
which means z is a stationary point of f.
(3) = (1):  Let zx be a stationary point of f, i.e.,

Vf(zr)'d>0,vd € R". (4.4)
Suppose that d # 0 is the optimal solution of the problem (3.1). From the property of
the iterative function,

Vf(zp)'d < ——fp(%'k, d)

which implies
Vf(zp)Td < 0. (4.5)
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The above two inequalities (4.5) and (4.4) are contradictory.
Now we are in the position to give the global convergence theorem. The proof of
this theorem is different from that of the existing theorems of nonsmooth optimization.
Theorem 4.3. Suppose that f € LC' is bounded below on the level set

L(zo) = {z € R"| f(z) < f(z0)}- (4.6)
Suppose that there exist constants co > c¢1 > 0 such that for oll d € R"
crdd < fh(x;d) < cpd’d. (4.7)

Then every accumulation point of the sequence {xy} generated from Algorithm 3.3 is a
stationary point of problem (2.2).

Proof. First, from Algorithm 3.3, we know the sequence {z} is strictly decreasing,
ie., f(zks1) < f(zg). In addition, the sequence {f(zk)} is bounded below from the
assumption. Therefore {f(zy)} is convergent and we have

f(zry1) = flzg) = 0.

Second, from the assumption (4.7) and the mean value theorem, we have that, for
all z € L(zp), there exists ¢ € (0,1) such that

F@) = F(wo) = V)" (5 = a0) + 5 b0 + o — o) — a0)

v

1
=~V (zo)lllle = zoll + 5erllz — wol|. (4.8)

This implies that
2
lz = zoll < IV F (o)l (4.9)

i.e., the level set L(zg) is bounded. Since zp € L(zo) from Algorithm 3.3, it follows
that the sequence {zy} is bounded. Therefore there exist accumulation points of the
sequence {zj}.

Finally, let & be an arbitrary accumulation point of {zj}, but not a stationary
point of f. Then, from Lemma 4.2, the corresponding direction vector d # 0. From
line-search Armijo rule, my is the smallest nonnegative integer such that Armijo rule
(3.2) holds. Then the number mj, — 1 satisfies the following inequality

_ 1 _
fzr) = f o+ p™ tdp) < 300" LD (ks dy). (4.10)
Set 7, = p™ 1. Dividing both sides in the expression (4.10) by 7%, passing to limit
k — oo and using limy_,o0 Ty = limy_s o0 P! = 0, we get
_ 1 _ 1 _
Vi@)'d > —gofp(a;d) > =5 fp(#;d). (4.11)
But, from the property of the iterative function ®(-), we have

V@) d <~ () (4.12)

Therefore we get a contradiction.

In the following, we establish the superlinear convergence results. The following
theorem is obtained under the conditions that V f is weak semi-smooth and BD-regular
at the minimal point z*, the latter means that all elements in OpV f(z*) are nonsingular.
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Theorem 4.4. Let f : D C R"® — R be LC" function and D an open convex set.
Assume that V f is weak semi-smooth and BD-regular at x* € D. Let the sequence {z}
be generated by Algorithm 3.3. Then {z} converges Q-superlinearly to z*.

Proof. Let e, =z — x* and di = 41 — k. Then both sequences {ex} and {dj}
converge to zero.

From subproblem (3.1), Algorithm 3.3 and Lemma 2.4, we have

Vf(zk) + (V) p(zns i) + o(lldell) = 0 (4.13)

which means

IV f (k) + (V) (s di) |

hl?isogp A =0. (4.14)
Also,
V(")
= [Vf(zk) + (V) de)] = [Vf(zk) — V(") = (V)p(zk; ex)]
—(VI)plaks exs1) + o(lldrll) + o(llexl) + ollex+ll)- (4.15)

The weak semi-smoothness of Vf and (4.14) imply that the first two square brackets
approach to zero as k — oo. Note also that (Vf)’,(2g; ex+1) — 0. Therefore, by taking
the limsup in both sides of (4.15), we have V f(x*) = 0.

Using the BD-regularity and (4.15), it follows that

lim Ll (4.16)
koo |[leg|
which establishes the Q-superlinear convergence of our algorithm.
Immediately, we have the following corollary for semi-smooth function f.
Corollary 4.5. Let f : D C R® — R be LC* function and D an open conver set.
Assume that Vf is semi-smooth and BD-regular at ©* € D. Let the sequence {xy} be
generated by Algorithm 3.3. Then {x} converges Q-superlinearly to x*.

5. Another Algorithm and Its Convergence

Trust region methods are an important class of iterative methods for solving op-
timization problems. They have been proved to be efficient and robust not only for
unconstrained and constrained optimization [10] [1], but also for nonsmooth optimiza-
tion [22] [21]. It is worth mention that the works of Fletcher [5] and Yuan [22] built an
important base for solving nonsmooth optimization by means of the trust region meth-
ods. In this section, following this line, we give an approach that combines the trust
region technique with subproblem (3.1). At the k-th iteration the direction-finding
subproblem now is

win @4(d) = Vf(eg) " d+ 5 s )
st [ld|| < Ag (5.1)

for some bound Ag. This is a typical subproblem which the trust region method will
solve repeatedly for different pairs (zj, Ag). The norm |- || is arbitrary but it is usually
chosen as the I, norm. About the basic theory and the background of trust region
methods, please consult [21].
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Now we state this algorithm in which we only solve the subproblem (5.1) approxi-
mately. Assume dj, and dj, are the exact and an inexact solution of (5.1) respectively.
We require that the decrease in ®j(dy) must be at least a fraction of the optimal
decrease in P, i.e.,

flzk) — x(dy) > Bolf (zk) — Pi(di)], (5.2)
where 0 < By < 1. In the following algorithm, Aredy = f(zx) — f(xr + di) and
Predy = f(x) — Pr(dy) stand for the actual reduction and the predicted reduction in
the objective function respectively.

Algorithm 5.1. (Dini-TR Algorithm for LC!' Optimization)

Step 0. Given g € R", ¢ > 0,20 > 0,61 > 1> (2 >0,0< (3 < By < 1,k :=
0.

Step 1. If ||V f(zr)]| < €, stop; otherwise, determine an approximate solution
d, to subproblem (5.1).

Step 2. Compute ry = Aredy,/Predy.

Set
i T +d, ifry>0
Thtl = { T, otherwise. (5-3)
Step 3. Update Ay and the model ®y.
A lf re < /62
Apos (B3, Ba] Ay if 7y < 5.4
hH { L, 1]Ar  if g > fBo. (5.4)
Step 4. k:=k+ 1, go to Step 1.

The following lemma is necessary to prove the global convergence.
Lemma 5.2.

predy, = @p(0) — Ox(dy)

B 19 )l min{ay, VL]

C2

Vv

s (5.5)

where By and ¢y satisfy (5.2) and (3.3).
Proof. From the definition of dj, for any « € [0, 1], we have

1 (0) — Op(di)
> Bol®x(0) — Px(dy)]

> o [0(0) - @p(—a— ot 19 ax)

IV F @)
= ol IV (@)~ 50 A3 fi (s )1V Fp)|]

BlaAIV F(r)] — 507 M), (5.6

v

where ¢ is defined in (3.3). Therefore we have

1
Pred, > fy Orélgécl[aAkHVf(xk)H - §a2A%C2]

2 %Ilvf(wk)ll min{Ay, [[Vf(2x)l/c2}- (5.7)
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In the following, we establish the global convergence of Algorithm 5.1. Our goal is to
prove the sequence {zj} generated from Algorithm 5.1 satisfies lim infy,_,o ||V f (zk)| =
0. Since our optimization problem is LC! problem, the conclusion is positive. The
following proof is typical and essentially similar to [10] [7] and [21].

Theorem 5.3. Let f € LC' and f be bounded below on R™. Assume the condition
(3.3) holds. Then the sequence {x} generated from Algorithm 5.1 satisfies

liminf ||V f(x¢)|| = 0. (5.8)
k—o00
Proof. Assume that the conclusion is not true. Then there exists an ¢ > 0 such
that V f(zg) > € for all k£ sufficiently large. Let
K=A{k: r, > P2}

be the set of successful iterations. From Algorithm 5.1 and Lemma 5.2, we have obvi-
ously that

flzk) — flzp +di) > Bo[®y(0) — p(dy)]
> SBIV )l minf Ay, 197 @l /ea}. (59)
Since f is bounded below on R™, we have
> Ap < oo. (5.10)
keK

From the above inequality, the updating rules of the trust region in Algorithm 5.1 and
(2.1) in Powell [10], we have

ZAk§(1+1ﬂl ) > Ap < oo (5.11)
k=1 — P
This means
A — 0,VEk. (5.12)
But, on the other hand, Lemma 5.2 shows
1
(I)k(O) - (I)k(dk) Z iﬁoeAk. (513)

Using f € LC! and (3.1), we know that there exists a sequence {¢j} converging to zero
such that

|[f (k) = flan + dp)] — [24(0) — r(di)]] < €A (5.14)
Dividing the both sides of (5.14) by ®;(0) — ®(d;) and passing to the limit yield
re — 1 (5.15)

which means from Algorithm 5.1 that
Agi1 > Ag, VE sufficiently large. (5.16)

Therefore we get a contradiction from (5.16) and (5.12). The global convergence is
proved.

Besides, from Theorem 4.4, it is easy to know that Algorithm 5.1 is also superlinearly
convergent.
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