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Abstract

The main purpose of the present paper is to examine the existence and lo-
cal uniqueness of solutions of the implicit equations arising in the application
of a weakly algebraically stable general linear methods to dissipative dynamical
systems, and to extend the existing relevant results of Runge-Kutta methods by
Humphries and Stuart(1994).

Key words: General linear methods, Dissipative dynamical systems, Weak algebraic
stability, Solvability.

1. Introduction

The numerical approximation of dissipative initial value problems on R™ by fixed
time-stepping Runge-Kutta methods has been considered by Humphries and Stuart[1],
and it was shown that the numerical solution defined by an algebraically stable method
has an absorbing set and is hence dissipative for any fixed step-size h > 0. In 1996,
Xiao[8] extended the corresponding relevant results in [1], and showed that two classes
of algebraically stable general linear methods applied to dissipative dynamical systems
on R™ are dissipative and possess an absorbing set. But the results in [8] have an
implicit assumption that the implicit equations arising in the application of the general
linear method to dissipative dynamical systems are soluble.

The main purpose of the present paper is to examine the existence and local unique-
ness of solutions of the implicit equations arising in the application of a weakly alge-
braically stable general linear methods to dissipative dynamical systems, and to extend
the existing relevant results of Runge-Kutta methods by Humphries and Stuart[1].

Consider the dissipative initial value problem on R™(cf.[1])

y'(t) = fly), t>0;  y(0) =yo€RY, (1.1)

where the map f : RN — RYN is assumed to be locally Lipschitz and continuous,
and satisfies the following condition:

<z flx) > <a-B|r|? VzeR™, (1.2)

where and throughout the following, «>0, 8 > 0, < .,. > is the standard inner product
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on R™ with the corresponding norm ||.|| denoted by |lu||* =< u,u >. By means of the
theory of ordinary differential equations, we can know that the problem (1.1) is locally
uniquely soluble with the solution y(t).

The problem (1.1)-(1.2) arises in many applications and the class defined by (1.1)-
(1.2) contains many-known problems ( such as some forms of Cahn-Hilliand equa-
tions, the Navier-Stokes equations in two dimensions, the Lorenz equations, etc.). The
problem (1.1)-(1.2) defines a dynamical system on R™ and possesses an absorbing set

B = B(0, (%)% + ¢) (i.e. an open ball with the radius (%)% + ¢ and the center 0) for

any € > 0 and a global attractor A defined by A = w(B), where w(B) is the w-limit set
of B (cf.[1]).
Consider the r-value s-stage general linear method(cf.[4,6,7]) applied to (1.1)

( S
Yti :hECzH ( )+Zcz]y] )7 i:1727"'737
J=
S
y ™ :hz Lr(Y, )—I—chy] Vo= 12-r (1.3)
T]_
Yn zgi%'y](-),
\ =
1J

where h > 0 is the given stepsize, ¢;; and o; are real constants, the vectors Y; are
the internal stages of the current step and are approximations to y(t, + p;h); the

(n)

vectors y; ~ are the external stages which contain all information from the previous
step necessary for the computation of the new approximation and are approximations
to H;(t, + v;h); y, approximates to y(t, + nh). t, = nh, p;, v; and n are real con-

stants, each H;(t,+wv;h) denotes a piece of information about the true solution y(¢). Let

n T n T n T T
y(™ Z(yg) ,yé) ooyt TeRNT
Y =yl .. yHTerms,
FY) =("M), M (Ya),-, 1 (Ys)"eR™,
Cry = [ij]]a Cry=Cry®Ip, I,J=1,2,

o = (017027"'70T)T€Rmr7 6:U®Im7

where I, is an mXxm unit matrix, the symbol A®B denotes Kronecker product of
the matrices A and B. Then the method (2.5) can be written in more compact form

Y = héllF(Y) + éuy(n—l),
y(n) = héglF(Y) + ézgy(n_l), (1.4)
Definition 1.1.(cf.[6,7]) Let k,p,q be real constants with k > 0 and pqg < 1,
G = [gi;] o real positive definite symmetric rxr matriz, D = diag(di,ds,---,ds) a

real nonnegative definite diagonal sxs matriz, furthermore, for I > 0, D denotes an
IxI nonnegative definite diagonal matriz. The method (1.3) is said to be (k,p, q)-weakly

algebraically stable (about the matrices G,D,1/J(l~))) if the matriz

_( My My
M= ( My Ma >

1s nonnegative definite, where N
My = kG—CzTQGCQQ—pclTQDCm—FQS(D), My = szi = CszD—CzTQGCﬂ—pcszDCH,
My = CL D+ DCyy — CLGCyy — pCLDCY, — gD
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see [6,7] about the meaning of (D).
As an important special case, a (1,0,0)—weak1¥ algebraically stable method is called

weakly algebraically stable for short. When ¢(D) = 0, a (k,p,q)-weakly algebraically
stable method is said to be (k, p, ¢)-algebraically stable.

Definition 1.2.(cf.[6]) The method (1.3) is said to be reducible if there exists a
permutation matriz ™ such that

All A12

T _
7'('01171' == < 0 A22

> ) 0217TT - (0732)7

where Agy is an § X § matriz, By is an v X § matriz, 1<s < s. The method (1.3)
is said to be irreducible if it is not reducible.

2. Existence

Lemma 2.1.(cf.[6]) If the method (1.3) is irreducible and (k,p,q)- weakly alge-
braically stable, then when p>0, D must be positive definite.
Let D is the set of positive definite diagonal matrices. For DED, we define an inner
product on R™ by
<X,Y >p=XT(DlI,)Y

and the corresponding norm on R™® by

S
IY [p=<Y,Y >p="> dillY; |I*,
i=1
where X, Y €R™5. Let
L .<Cung & >p _ s
Yp(Cin) = %% <tésp Po(Ch1) = 15)161%¢D(011)7 feER.
Lemma 2.2.(cf.[5]) If Cﬁl exists, Pp(C11)>0, then

¥p(C11)IC11 |Ip° <¥p(C")<en(C1)lICH 1D,

Cué llp _ Cite o
0 o= sup Iy, g 190 E D,
e20 1€ lp £-£0

1€ 1D

Lemma 2.3. If the method (1.3) is irreducible and weakly algebraically stable (
about the matrices G, D, ¢(D)), Cr;* exists, then
¥p(CH)20,  %o(Cy)20.
Proof. 1t follows from Lemma 2.1 that D is positive definite and

S
<EE>p=) difl >0
=1
for all £ = (&1,&, -+, &)Y € R®, ££0. Further, it follows from

< On,€ >p=ETD0uE = 2€7 Mank + 5(Cn8) G(Cn8)20

that 1p(C11)>0. Thus it follows from Lemma 2.2 that the conclusions hold.
Theorem 2.1. If Cy; is invertible with
Po(Cy1h) + hB > 0, (2.1)
then the implicit equations of the method (1.8) applied to the problem (1.1)-(1.2) are
soluble.

where
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Proof. Tt easily follows from (2.1) that there exists D € D such that
$p(Cr') + kB3 > 0.
Using this D we have that
YH(DCH' ®Ln)Y 24p(Ci)|IY I,
YH(DCH'®Ln)2<|Y |l 1(Cr' ®Inm)z I,

S
Y'(DRIL,)F(Y)<a) di —BlY I} -
=1

where z = élgy("*l). Let
A(Y) = (C'®In)(Y — 2 = h(Cri®Iy) F(Y)). (2:2)
It follows from the above four formulae that

S
<Y,A(Y) >p 2(4p(CH") + WOIY | 1Y llp I(CH'®In)z D —ha Y d;.
i=1
It follows from (2.1) that for R sufficiently large we have that
<Y,A(Y)>p>0
for all Y satisfying ||Y ||p >R. It follows from a classical result, given by Ortega &
Rheinboldt[9], that there exists a Y€R™ such that ||Y ||p< R and A(Y) =0, i.e.
Y —z—-h(Cu®Ily,)F(Y)) =0.
It follows from Lemma 2.1, 2.3 and Theorem 2.1 that
Theorem 2.2. If the method (1.3) is irreducible and weakly algebraically stable
( about the matrices G,D,d)(ﬁ)), C11 is invertible, then the implicit equations of the
method (1.3) applied to the problem (1.1)-(1.2) are soluble for any stepsize h > 0 and
any z = élgy(”*I)GRmS.
Now we consider the more general case where C'1; may be singular. Let

2= (2,23, 2)" = Cray" " VeR™,
X=Y—-2 F(X)=hF(X+2).
Using the notation, the method (1.4) may be expressed in the form

Yy = C:'nF(X) + 2,
Yy = Co1 F(X) + Copy™ b, (2.3)

Lemma 2.4. Suppose there exists D € D and p>0 such that
DCyy + CLD — pCL, DCy1 >0.
Then C41 + 71 is invertible for all 7 > 0 and
< ((Ch1 +7I) '@ X, X >p zmux 12 .

Theorem 2.3. If the method (1.3) is irreducible and (k,p,0)-weakly algebraically
stable with k > 0, p>0 (about the matrices G,D,d)(ﬁ)), then the implicit equations of
the method (1.83) applied to the problem (1.1)-(1.2) are soluble for any stepsize h > 0
and any z = élgy(n_l)ERms.

Proof. It follows from Lemma 2.1 that D is positive definite and

DCy + CL D — pClDCy >0.
For given 7 > 0, let

U (X) = ((Cry +7L,) " '®IL,) X — F(X).
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It follows from (1.2) and Lemma 2.4

S
p 2
v (X), X >(=————+he)||X ||p —h d;
< U(X).X >p 2 G W)X I a; Z
This implies < ¥.(X), X >p >0 for all X satisfying
X hB)tha ) d;)
IX 1o > + 1) az

It follows from a classical result, given by Ortega & Rhemboldt[ ], that there exists an
X (7)eR™S with

Vo (X(7) =0, [ X(7) o< (GrT—rs

+ hf) lhaZd 3,

2(1 + 7)
Now consider a positive sequence {73} with limit zero. Slnce the corresponding
sequence {X(7;)} is bounded, there is a sub-sequence {X ()} which converges to
some X* € R™S. Since {¢;} has limit zero and
X(tk) - ((Cll + tkIs)®Im)F(X(tk)) =0, k= 1,2,3,---,
it follows from the continuity of F' that Y* = X* + 2 is a solution of the implicit
equations of the method (1.3).

3. Local Uniqueness

Humphries and Stuart[1] have given a special example of the problem (1.1)-(1.2)
for which the backward Euler method has multiple solutions with h arbitrarily small.
Therefore we can only establish a local uniqueness result.

Lemma 3.1. If f satisfies the globally Lipschitz condition with szschitz constant
L, then the implicit equations of (1. 3) is uniquely soluble when h < -, where

a—max2|c |+max2|c

Furthermore, set the iteration

i—1
YN =z +n) O YN + hZC“ M), Y =z, (3.1)
J=1 J=t
where z; = Z cU yj ), i =1,2,---,s. Then ¥; = lim Y}V exists and defines the
N—oco

solution of the 1mp11(:1t equations of (1.3).

Lemma 3.1 is an extension of Theorem 14 about Runge-Kutta methods in Butcher[3],
their proofs are completely similar.

Theorem 3.1. Let BCR™ be a compact set, € > 0 a real constant. Suppose f is

Lipschitz on N(B,€) and that R= sup || f(y) || s finite. Then when
yEN(Be)
e 1
h < . X A
mm(aR La)
for Vz;€B, the implicit equations of the method (1.3) have the unique solution Y; such
that
Wi—=zll<e, i=1,2,---,s,
and hence Y;€B(z;,€)CN(B,¢) for all i and the iteration (3.1) converges to this solu-
tion, where B(z;,€) is an open ball with the radius € and the center z;, N(B,¢) is the
e-neighbourhood of B with
N(B,e) = {a: inf [lo—y <<}
y
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Proof. Consider the iteration (3.1). Denote the cartesian product of s closed balls

s _
B(z;,¢) by [I B(z;,¢). Now suppose
i=1

S
(Y1N7 Y2N7 T 7YsN)E H B(Z“ 6)'
i=1
Then (3.1) and h < -3 imply

(LY Y e T] B e).
Furthermore, since f is Lipschitz on N(B,¢), the ilt:elration (3.1) defines a continuous
map from the convex compact set f[l B(z;,€) to itself. Thus by Brouwer’s Fixed Point
i=
Theorem[10] there exists a fixed point of the iteration (3.1) within ﬁ B(z;,¢€). Further-
more, it follows from Lemma 3.1 that the fixed point is unique whe;:llz < Lia Therefore,

when
€ 1

E’L_a)’

this defines the required unique solution of the implicit equations of the method (1.3).

h < min(
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