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SEMI-DISCRETE AND FULLY DISCRETE PARTIALPROJECTION FINITE ELEMENT METHODS FOR THEVIBRATING TIMOSHENKO BEAM�1)Min-fu Feng Xiao-ping Xie Hua-xing Xiong(Department of Mathemati
s, Si
huan University, Chengdu 610064, China.)Abstra
tIn this paper, the partial proje
tion �nite element method is applied to thetime-dependent problem{the damped vibrating Timoshenko beam model. It isproved that this method allows some new 
ombinations of interpolations for stressand displa
ement �elds. When assuming that a smooth solution exists, we obtainoptimal 
onvergen
e rates with 
onstants independent of the beam thi
kness.Key words: Timoshenko beam, Finite element.1. Introdu
tionThe Timoshenko beam model is given by8<: ��xx + d�2(� � !x) = 0 on I;d�2(� � !x)x = g(x) on I;�(0) = �(1) = !(0) = !(1) = 0where the beam is 
onsidered damped, d represents the beam thi
kness and I = [0; 1℄.�(x) is the rotation of verti
al �bers in the beam and !(x) is the verti
al displa
ementof the beam's 
enterline(under a verti
al load given by g(x)).Analogous to the situation one would meet in studying the Reissner{Mindlin platemodel, the standard �nite element methods fail to give good approximation when thebeam thi
kness is too small, owing to a "lo
king" phenomenon. Instead, mixed meth-ods, based on the introdu
tion of the shear term as a new variable, have proved to besu

essful([1℄,[8℄,et
.). D.N. Arnold[1℄ studied the dis
retization with emphasis on thee�e
t of the beam thi
kness and used a mixed �nite element method{redu
ed integra-tion approa
h. He obtained optimal-order error estimates with 
onstants independentof the beam thi
kness.On the baisis of [11℄, B.Semper 
onsidered the following time-dependent vibratingbeam equations 8>>>>><>>>>>: �tt + Æ�t � �xx + d�2(� � !x) = 0 on I � (0; T ℄;!tt + Æ!t + d�2(� � !x)x = g(x; t) on I � (0; T ℄;�(0) = �(1) = !(0) = !(1) = 0; 8t 2 [0; T ℄;�(x; 0) = �0(x); �t(x; 0) = �1(x); 8x 2 I;!(x; 0) = !0(x); !t(x; 0) = !1(x); 8x 2 I: (1:1)� Re
eived De
ember 4, 1995.1) This work was sponsored by State Major Key Proje
t for Basi
 Resear
h.



354 M.F. FENG X.P. XIE AND H.X. XIONGWhere Æ represents a damping 
onstant.B.Semper dis
ussed some semi-dis
rete and fully dis
rete approximations for thismodel.Following Arnold's idea, he also obtained optimal-order error estimates with
onstants independent of the beam thi
kness under the assumption of the regularity ofthe solution of (1.1), whi
h we will derive in this paper(see Theorem 3.1).As we have known, in studying of the Reissner{Mindlin plate model, Prof. ZhouTianxiao [15℄ proposed a new mixed method:PPM{Partial proje
tion method of �niteelement dis
retizations, whi
h has attra
ted more and more resear
hers' interest[2,7℄.In
omparison with Galerkin formulations, this method enhan
ed stability and is promis-ing for the plate and shell problems. In this paper, we extend the idea of PPM to thetime-dependent problem. Semi-dis
rete and fully dis
rete s
hemes are proposed for thevibrating beam model (1.1). As desired, this method allows some new 
ombinations ofinterpolations for stress and displa
ement �elds, and, when assuming a smooth solu-tion, we obtain optimal-order error estimates with 
onstants independent of the beamthi
kness .We now give the arrangements of this paper.In se
tion 2 some notations are 
olle
tedand variational formulations are presented.In se
tion 3 a prioi estimates are derived 3.Inthe following se
tion new variational formulations are given. In the last two se
tionssemi-dis
rete approximations and fully dis
rete approximations are 
onsidered and their
onvergen
e are analysed .Throughout this paper we denote by C a 
onstant independent of h and d, whi
hmay be di�erent at its ea
h o

urren
e.2. Notations and the Original Variational FormulationsAt �rst we introdu
e some notations. We will use the standard notations for theSobolev spa
es Hr and Hr0 with norm jj � jjr, with H0 = L2.The L2-inner produ
t isdenoted by (f; g) = Z 10 f(x)g(x)dx:Furthermore we denote the dual spa
e of H�r by Hr. For any ve
tors 	 =< 1;  2 >;� =< �1; �2 >2 [Hr℄2, we interpret(	;�) = ( 1; �1) + ( 2; �2);jj	jj2r = (	;	)r � ( 1;  1)r + ( 2;  2)r = jj 1jj2r + jj 2jj2r ;(here (�; �)r represents the [Hr℄2�inner produ
t).We also de�ne the following bilinearforms (for abbreviation, we denote H10 (I) = H10 ; L2(I) = L2 in what follows):For < 	;� >2 [H10 ℄2 � [H10 ℄2; a(	;�) = (( 1)x; (�1)x);For < 	; � >2 [H10 ℄2 � L2; b(�;	) = (�;  1 � ( 2)x);For < 	;� >2 [H10 ℄2 � [H10 ℄2; 
(	;�) = ( 1 � ( 2)x; �1 � (�2)x);Given any Bana
h spa
e V with norm jj � jjV , for any v : [0; T ℄ ! V whi
h isLebesgue integrable, we de�ne the normsjjvjjLp(0;T ;V ) = (Z T0 jjv(�; t)jjpV dt)1=p; p = 1; 2
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rete and Fully Dis
rete Partial Proje
tion Finite Element Methods ... 355jjvjjL1(0;T ;V ) = sup0�t�T jjv(�; t)jjVWe also use the notation jjvjjr(t) = jjv(�; t)jjr :We de�ne the following Bana
h spa
es:Lp(0; T ;V ) = fv : [0; T ℄! V; jjvjjLp(0;T ;V ) <1g; p = 1; 2;1The standard variational formulations of (1.1) 
an now be written as:Given g(x; t) 2 L2(0; T ;H�1); �nd �(x; t) =< �(x; t); !(x; t) >2 L2(0; T ; [H10 ℄2) su
hthat �t;�tt 2 L2(0; T ; [H�1℄2) and8>><>>: (�tt;	) + Æ(�t;	) + a(�;	) + d�2
(�;	) = G(	); 8	 2 [H10 ℄2(�(�; 0);	) = (�0;	); 8	 2 [H10 ℄2(�t(�; 0);	) = (��0;	); 8	 2 [H10 ℄2�0 =< �0; !0 >; ��0 =< �1; !1 >; (2:1)where G(	) � (g;  2):If we introdu
e the auxiliary shear variable�(x; t) := d�2(�1 � (�2)x)whi
h is related to the shear stress,we get the mixed variational formulations of (1.1):Given g(x; t) 2 L2(0; T ;H�1); �nd < �; � >2 L2(0; T ; [H10 ℄2 � L2) su
h that �t;�tt 2L2(0; T ; [H�1℄2) and8>><>>: (�tt;	) + Æ(�t;	) + a(�;	) + b(�;	) = G(	); 8	 2 [H10 ℄2b(�;�) � d2(�; �) = 0; 8� 2 L2(�(�; 0);	) = (�0;	); 8	 2 [H10 ℄2(�t(�; 0);	) = (��0;	); 8	 2 [H10 ℄2 (2:2)3. Regularity ResultTo assert that the problem (2.1)(also (2.2)) is well posed, we will prove the followingregularity result:Theorem 3.1. Let � =< �1(x; t); �2(x; t) > be the solution of the problem (2.1),�t;�tt 2 L1(0; T ;L2).Then for any t 2 (0; T ℄,there exists a 
onstant C independent of hand d su
h that: jj�1jj2 + jj�2jj2 + d�2jj�1 � (�2)xjj1 � C (3:1)To prove this theorem, we �rst 
ite a lemma proved by D.N.Arnold [1℄:Lemma 3.1. Let F;G 2 H�1; 0 < d � 1: Then there exists a unique pair offun
tions < �1; �2 >2 [H10 ℄2 su
h that((�1)x; ( 1)x) + d�2(�1 � (�2)x;  1 � ( 2)x) =< F; 1 > + < G; 2 >;for any <  1;  2 >2 V 2 � [H10 ℄2.Moreover,for p = 0; 1; :::, there exists a 
onstant Cdependent on p su
h thatjj�1jjp+1 + jj�2jjp+1 + d�2jj�1 � (�2)xjjp � C(jjF jjp�1 + jjGjjp�1): (3:2)



356 M.F. FENG X.P. XIE AND H.X. XIONGNow we take two steps to prove Theorem 3.1:Step 1:to bound jj�tjjL1(0;T ;L2) and jj�ttjjL1(0;T ;L2).Let 	 = �t in (2.1),then we have(�tt;�t) + Æ(�t;�t) + a(�;�t) + d�2
(�;�t) = G(	t)or equivalentlyddt jj�tjj20 + 2Æjj�tjj20 + ddt jj(�1)xjj20 + d�2 ddt jj�1 � (�2)xjj20 = 2 < g; (�2)t > (3:3)Integrate (3.3) from 0 to t, we havejj�tjj20(t) + 2Æ R t0 jj�tjj20 + jj(�1)xjj20(t)+d�2jj�1 � (�2)xjj20(t)= jj�tjj20(0+) + jj(�1)xjj20(0+) + 2 R t0 < g; (�2)t >+d�2jj�1 � (�2)xjj20(0+) (3:4)Now we estimate the last term of (3.4).The B{B 
ondition(Lemma 5.3)and (2.1)imply thatd�2jj�1 � (�2)xjj20(t) = jj�jj0(t)� 1�0 sup	 b(�;	)jj	jj1 = 1�0 sup	 1jj	jj1 [�(�tt;	)� Æ(�t;	)� a(�;	) +G(	)℄� 1�0 [jj�ttjj0(t) + Æjj�tjj0(t) + jj(�1)xjj0(t) + jjgjjL1(0;T ;H�1)℄Then we haved�2jj�1�(�2)xjj20(0+) � 1�0 [jj�ttjj0(0+)+Æjj�tjj0(0+)+jj(�1)xjj0(0+)+jjgjjL1(0;T ;H�1)℄Note that Æ > 0; d > 0; by (3.4) we have(assuming d 2 (0; 1))jj�tjj20(t) � C + 2T jjgjjL1(0;T ;H�1)jj�tjjL1(0;T ;L2)where C is dependent on Æ; jj�tjj0(0+); jj(�1)xjj0(0+); jjgjjL1(0;T ;H�1); jj�ttjj0(0+):so we get jj�tjjL1(0;T ;L2) � C; (3:5)where C is independent of h and d.Now di�erentiate the �rst equation of (2.1) with respe
t to t and let 	 = �tt,Similarly we have jj�ttjjL1(0;T ;L2) � C; (3:6)where C is also independent of h and d.Step 2: from (2.1) we have((�1)x; ( 1)x) + d�2(�1 � (�2)x;  1 � ( 2)x)= �((�1)tt + Æ(�1)t;  1)� ((�2)tt + Æ(�2)t;  2)+ < g; 2 >



Semi-dis
rete and Fully Dis
rete Partial Proje
tion Finite Element Methods ... 357Denote �((�1)tt + Æ(�1)t;  1) =< F; 1 >and �((�2)tt + Æ(�2)t;  2)+ < g; 2 >=< G; 2 >then by virtue of triangle inequality and Lemma 3.1 we get(taking p = 1)jj�1jj2(t) + jj�2jj2(t) + d�2jj�1 � (�2)xjj1(t)� C(jjF jj0 + jjGjj0)� C(jj�ttjj0 + Æjj�tjj0 + jjgjj0)� C(jj�tjjL1(0;T ;L2) + Æjj�ttjjL1(0;T ;L2) + jjgjjL1(0;T ;L2))� C(Æ; jj��0jj1; jj�0jj1; jjgjjL1(0;T ;L2); jjgtjjL1(0;T ;H�1); jjgjjL1(0;T ;H�1))This 
ompletes the proof.24. New Variational Formulations of the ProblemTo begin with, we introdu
e a weighted fa
tor � whi
h is generally assumed to bein (0,1℄.The new variational formulations equivalent to (2.2) are presented as follows:Find < �; � >2 L2(0; T ; [H10 ℄2 � L2) su
h that(�tt;	) + Æ(�t;	) +B1(�; �; 	; �) = G(	); 8 < 	; � >2 [H10 ℄2 � L2; (4:1)whereB1(�; �; 	; �)= a(�;	) + �
(�;	) + (1� �d2)d2(�; �) + (1� �d2)[b(�;	)� b(�;�)℄= ((�1)x; ( 1)x) + �(�1 � (�2)x;  1 � ( 2)x) + (1� �d2)d2(�; �)�(1� �d2)[(�; �1 � (�2)x)� (�;  1 � ( 2)x)℄or equivalently 8<: (�tt;	) + Æ(�t;	) + a(�;	) + �
(�;	)+(1� �d2)b(�;	) = G(	);�(1� �d2)[b(�;�) � d2(�; �)℄ = 0 (4:2)with 
onditioons � (�(�; 0);	) = (�0;	); 8	 2 [H10 ℄2(�t(�; 0);	) = (��0;	); 8	 2 [H10 ℄2 (4:3)5. Semi-Dis
rete Approximations and Convergen
e AnalysisFor our numeri
al methods, we assume I is partitioned quasiuniformly by a sequen
eof grids �h: 0 = x0 � x1 � x2 � ::: � xn = 1su
h that for any grid Cmini (xi+1 � xi) � h = maxi (xi+1 � xi);where C is independent of h and the partition.On su
h a partition,we de�ne Ti =[xi; xi+1℄ and



358 M.F. FENG X.P. XIE AND H.X. XIONG(�) V1;h = fv 2 H10 (I) : vjTi 2 PK ; i = 0; 1; :::; n � 1gV2;h = fv 2 H10 (I) : vjTi 2 PL; i = 0; 1; :::; n � 1gWh = fw 2 L2(I) : wjTi 2 PJ ; i = 0; 1; :::; n � 1gwhere PK ; PL and PJ are polynomials of degrees at most K;L and J , respe
tively.Based on (4.1) or (4.2), we present a semi-dis
rete approximation s
heme:For a �xed t 2 (0; T ℄ , �nd < �h(�; t); �h(�; t) >2 [V1;h � V2;h℄�Wh su
h that:(�htt;	) + Æ(�ht ;	) +B1(�h; �h; 	; �) = G(	);8 < 	; � >2 [V1;h � V2;h℄�Wh (5:1)with the 
onditions � (�(�; 0) � �0;	) = 0; 8	 2 V1;h � V2;h;(�t(�; 0) � ��0;	) = 0; 8	 2 V1;h � V2;h (5:2)or equivalently (�htt;	) + Æ(�ht ;	) + a(�h;	) + �
(�h;	)+(1� �d2)b(�h;	) = G(	); (5:3a)�(1� �d2)[b(�;�h)� d2(�h; �) = 0 (5:3b)The existen
e and uniqueness of the �nite element solution of (5.1) are trivial.Mostof our work is about the error estimates.At �rst we introdu
e an auxiliary steady-state Galerkin problem:Find < �̂; �̂ >2 [V1;h � V2;h℄�Wh su
h that:B1(�̂; �̂; 	; �) = B1(�; �; 	; �); 8 < 	; � >2 [V1;h � V2;h℄�Wh (5:4)where < �; � > is the exa
t solution of (4.1).The equivalent form of (5.4) is given by:( A(�̂� �;	) + (1� �d2)b(�̂� �;	) = 0; 8	 2 V1;h � V2;h�[b(�; �̂� �)� d2(�̂� �; �)℄ = 0; 8� 2Wh (5:5)where A(�;	) = ((�1)x; ( 1)x) + �(�1 � (�2)x;  1 � ( 2)x).Lemma 5.1. There exists a 
onstant C1 independent of d su
h that: for any� 2 [H10 ℄2 A(�;�) � �C1jj�jj21Proof. In [H10 ℄2 we de�ne a new norm jj � jjB by:jj�jj2B = ((�1)x; (�1)x) + (�1 � (�2)x; �1 � (�2)x)It is easy to see that the norm jj � jjB is equivalent to the norm jj � jj1 and then wehave C1jj�jj1 � jj�jjBso we get A(�;�) � �jj�jj2B � �C1jj�jj21: 2Lemma 5.2. A(�;	) � 2jj�jj1jj	jj1
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rete and Fully Dis
rete Partial Proje
tion Finite Element Methods ... 359b(�;	) � jj�jj0jj	jj1for any �;	 2 [H10 ℄2; � 2 L2.Proof. Omitted.Lemma 5.3. (Babuska{Bressi 
ondition)8� 2 L2, there exists a � =< �1; �2 >2[H10 ℄2; su
h that b(�;�) � �0jj�jj0jj�jj1(in fa
t, �0 = 1=p22)Proof. We solve �(�2)x + �1 = �;�i(0) = �i(1) = 0;(for i = 1; 2) to obtain �2 = Z x0 (�1 � �)dxLet �1 = ax(1� x); then �2(1) = 0 impliesZ 10 �dx = Z 10 �1dx = a Z 10 x(1� x)dx = 1=6 athus �1 = 6x(1� x) Z 10 �dx;�2 = Z x0 (�1 � �)dxTo prove b(�;�) � �0jj�jj0jj�jj1 is to prove(�; �) � �0jj�jj0jj�jj1or jj�jj0 � �0jj�jj1Obviously, jj�1jj20 = 36 Z 10 x2(1� x)2dx(Z 10 �dx)2 � 6=5jj�jj20Similarly we get j�1j21 = jj(�1)xjj20 � 12jj�jj20jj�2jj20 � 22=5jj�jj20j�2j21 � 22=5jj�jj20Combine the above four inequalities we obtainjj�jj21 = jj�1jj21 + jj�2jj21= jj�1jj20 + j�1j21 + jj�2jj20 + j�2j21� 22jj�jj20



360 M.F. FENG X.P. XIE AND H.X. XIONGThis gives the desired 
on
lusion (with �0 = 1=p22):2Lemma 5.4. (Dis
rete Babuska{Bressi 
ondition)Let V1;h; V2;h andWh be de�ned as (*). Assume that there exists a fun
tion �1 2 V1;hsu
h that R 10 �1dx = 1 and j�1j1 � C0; and that L� 1 � J; then for any � 2 Wh; thereexists a � =< �1; �2 >2 V1;h � V2;h; su
h thatb(�;�) � �jj�jj0jj�jj1where C0 and � are 
onstants independent of d.The proof is similar to that of Lemma 5.3.By virtue of the last four Lemma(5.1{5.4), we easily get the following importantresult:Theorem 5.1. Under the same assumption as in Lemma 5.4, problem (5:4) or itsequivalent form (5:5) has a unique solution < �̂; �̂ > . Moreover we havejj�̂� �jj1 + (1� �d2)jj�̂� �jj0� C( inf 1;h2V1;h jj�1 �  1;hjj1 + inf 2;h2V2;h jj�2 �  2;hjj1 + inf�h2Wh jj�� �hjj0)� Ch(jj�1jj2 + jj�2jj2 + jj�jj1) (5:6)where C is dependent on �;C1; �.Proof. Existen
e and uniqueness are trivial. To analyse the estimate jj�̂ � �jj1 +(1� �d2)jj�̂� �jj0, we rewrite (5.5) as follows:8>>>>><>>>>>: A(�̂�	h;	) + (1� �d2)b(�̂� �h;	) = A(��	h;	)+(1� �d2)b(�� �h;	);8	;	h 2 V1;h � V2;hb(�; �̂�	h)� d2(�̂� �h; �) = b(�;��	h)� d2(�� �h; �);8�; �h 2Wh (5:7)Take 	 = �̂�	h; � = �̂� �h; then we haveA(�̂�	h; �̂�	h) + (1� �d2)d2(�̂� �h; �̂� �h)= A(��	h; �̂�	h) + (1� �d2)b(�� �h; �̂�	h)+(1� �d2)d2(�� �h; �̂� �h)� (1� �d2)b(�̂� �h;��	h)� 2jj��	hjj1jj�̂�	hjj1 + (1� �d2)jj�� �hjj0jj�̂�	hjj1+(1� �d2)d2jj�� �hjj0jj�̂� �hjj0 + (1� �d2)jj�̂� �hjj0jj��	hjj1� [2jj��	hjj1 + (1� �d2)jj�� �hjj0℄jj�̂�	hjj1+(1� �d2)[d2jj�� �hjj0 + jj��	hjj1℄jj�̂� �hjj0 (5:8)
In light of LEMMA 5.4, we have�jj�̂� �hjj0 � sup	2V1;h�V2;h b(�̂��h;	)jj	jj1= sup	2V1;h�V2;h b(�̂��+���h;	)jj	jj1� 1=(1 � �d2) sup	2V1;h�V2;h A(�̂�	h+	h��;	)jj	jj1 + jj�� �hjj0� 2=(1 � �d2)[jj�̂�	hjj1 + jj��	hjj1℄ + jj�� �hjj0 (5:9)



Semi-dis
rete and Fully Dis
rete Partial Proje
tion Finite Element Methods ... 361Substitute (5.9) into (5.8) and employ Lemma 5.1 we get�C1jj�̂�	hjj21� A(�̂�	h; �̂�	h)� [2jj��	hjj1 + (1� �d2)jj�� �hjj0℄jj�̂�	hjj1+(1� �d2)[d2jj�� �hjj0 + jj��	hjj1℄�1=�f2=(1 � �d2)[jj�̂�	hjj1 + jj��	hjj1℄ + jj�� �hjj0g� (assuming d 2 (0; 1); 1 � �d2 2 (0; 1))� [(2 + 2=�)jj� �	hjj1 + (1 + 2=�)jj� � �hjj0℄jj�̂�	hjj1+1=�[jj� � �hjj0 + 2jj��	hjj1℄2 (5:10)
A series of simple operations on the inequality (5.10) show us thatjj�̂�	hjj1 � 1=(�C1)[(2 + 2=�)jj� �	hjj1 + (1 + 2=�)jj� � �hjj0℄+2=p��C1[jj�� �hjj0 + 2jj��	hjj1℄� C[jj�� �hjj0 + jj��	hjj1℄where C is dependent on �; �;C1.Employing triangle inequality we obtainjj�̂��jj1 � jj�̂�	hjj1 + jj��	hjj1� C[jj�� �hjj0 + jj��	hjj1℄ + jj��	hjj1� C[jj�� �hjj0 + jj�1 �  1;hjj1 + jj�2 �  2;hjj1℄ (5:11)Sin
e 	 2 V1;h � V2;h is arbitrary, (5.11) together with standard results from �niteelement interpolation theory yieldsjj�̂� �jj1 � C( inf 1;h2V1;h jj�1 �  1;hjj1 + inf 2;h2V2;h jj�2 �  2;hjj1 + inf�h2Wh jj�� �hjj0)� Ch(jj�1jj2 + jj�2jj2 + jj�jj1)Similarly , from (5.9) we get(1� �d2)jj�̂� �jj0 � Ch(jj�1jj2 + jj�2jj2 + jj�jj1)The sum of the last two inequalities is (5.6).2Remark 5.1. In appli
ations we usually takeV1;h = V2;h = fv 2 H10 (I) : vjTi 2 PL; i = 0; 1; :::; n � 1gRemark 5.2. Note that the shear term � = d�2(�1� (�2)x); and that theorem 3.1has given the bound of (jj�1jj2 + jj�2jj2 + d�2jj�1 � (�2)xjj1).Remark 5.3. With an easy duality argument we also have the estimatejj�̂� �jj0 � Ch2 (5:12)Remark 5.4. Similarly,we get the estimatejj(�̂� �)tjj0 � Ch2by di�erentiating (5.4) with respe
t to t.



362 M.F. FENG X.P. XIE AND H.X. XIONGNow we 
ome to estimate the error jj���hjj0. The following theorem is the mainresult of this se
tion.Theorem 5.2. Let < �h; �h > be the semi-dis
rete Galerkin approximation givenby (5:1) and (5:2), and let < �; � > be the solution of (4:1) and (4:3). Then if �;�t 2L1(0; T ;H2); there exists a 
onstant C independent of h and d su
h thatjj�� �hjjL1(0;T ;Hr) � Ch2�r[jj�jjL1(0;T ;H2) + jj�tjjL1(0;T ;H2)℄ (5:13)for r = 0; 1.Proof. From (4.1),(5.1) and (5.4) we get((�� �̂)tt;	) + Æ((� � �̂)t;	)= (��̂tt;	) + Æ(��̂t;	)�B1(�; �; 	; �) +G(	)= (��̂tt;	) + Æ(��̂t;	)�B1(�̂; �̂; 	; �)+(�tt;h;	) + Æ(�t;h;	) +B1(�h; �h; 	; �)= ((�h � �̂)tt;	) + Æ((�h � �̂)t;	) +B1(�h � �̂; �h � �̂; 	; �);for any < 	; � >2 [V1;h � V2;h℄�Wh.Let E = �h � �̂; ê = �� �̂; E� = �h � �̂; we have(êtt;	) + Æ(êt;	) = (Ett;	) + Æ(Et;	) +B1(E;E�; 	; �) (5:14)Taking � = 0 in (5.14) we get(êtt;	) + Æ(êt;	)= (Ett;	) + Æ(Et;	) + a(E;	) + �
(E;	) + (1� �d2)b(E�;	) (5:15)Taking 	 = 0 in (5.14) we get(1� �d2)[d2(E�; �) � b(�;E)℄ = 0 (5:16)Integrate (5.15) from 0 to t ,we then get(êt;	) + Æ(ê;	) + (Et(�; 0);	) + Æ(E(�; 0);	)= (Et;	) + Æ(E;	) + (R t0(E1)x; ( 1)x)+�(R t0 [E1 � (E2)x℄;  1 � ( 2)x) + (1� �d2)b(R t0 E�;	) (5:17)Now let 	 = E; � = R t0 E� in (5.16) and (5.17), and we easily getddt jjEjj20 + 2ÆjjEjj20 + ddt jj R t0 (E1)xjj20+� ddt jj R t0 [E1 � (E2)x℄jj20 + (1� �d2)d2 ddt jj R t0 E�jj20= 2[(Et; E) + Æ(E;E) + (R t0 (E1)x; (E1)x)+�(R t0 [E1 � (E2)x℄; E1 � (E2)x) + (1� �d2)d2(R t0 E�; E�)℄= 2[(êt; E) + Æ(ê; E) + (Et(�; 0); E) + Æ(E(�; 0); E)℄If we integrate this equation from 0 to t ,we also getjjEjj20 + jj R t0 (E1)xjj20 + �jj R t0 [E1 � (E2)x℄jj20+(1� �d2)d2jj R t0 E�jj20� jjEjj20(0) + 2 R t0(êt; E) + 2Æ R t0(ê; E)+2 R t0 (Et(�; 0); E) + 2Æ R t0 (E(�; 0); E)� C[jjEjj0(0) + jjêtjjL1(0;T ;L2) + jjêjjL1(0;T ;L2) + jjEtjj0(0)℄jjEjjL1(0;T ;L2) (5:18)
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tion Finite Element Methods ... 363Note that by Remark 5.3 and Remark 5.4 and (4.3)jjEjj0(0) = jj�h � �̂jj0(0)� jj�� �hjj0(0) + jj�� �̂jj0(0)� Ch2jj�jjL1(0;T ;H2)jjêtjjL1(0;T ;L2) = jj(�� �̂)tjjL1(0;T ;L2)� Ch2jj�tjjL1(0;T ;H2)jjêjjL1(0;T ;L2) = jj�� �̂jjL1(0;T ;L2)� Ch2jj�jjL1(0;T ;H2)jjEtjj0(0) = jj(�h � �̂)tjj0(0)� jj(�� �h)tjj0(0) + jj(�� �̂)tjj0(0)� Ch2jj�tjjL1(0;T ;H2)We have from (5.18)jj�h � �̂jjL1(0;T ;L2) = jjEjjL1(0;T ;L2)� Ch2[jj�jjL1(0;T ;H2) + jj�tjjL1(0;T ;H2)℄ (5:19)Also we get from (5.18) and (5.19)jj R t0 (E1)xjj20 + �jj R t0 [E1 � (E2)x℄jj20� Ch2[jj�jjL1(0;T ;H2) + jj�tjjL1(0;T ;H2)℄2 (5:20)It is not diÆ
ult to prove that in H10 �H10 ; the norm jj � jj� de�ned byjj�jj� = supt [jj Z t0 (�1)xjj20 + jj Z t0 [�1 � (�2)xjj20℄1=2is equivalent to jj � jjL1(0;T ;H1), so we havejj�jjL1(0;T ;H1) � Cjj�jj� (5:21)Now (5.20) and (5.21) lead tojj�h � �̂jjL1(0;T ;H1) = jjEjjL1(0;T ;H1)� CjjEjj�� Ch2[jj�jjL1(0;T ;H2) + jj�tjjL1(0;T ;H2)℄ (5:22)The error estimate (5.22) is over-optimal.Finally, by means of triangle inequality, (5.6),(5.12),(5.19) and (5.22) imply the
on
lusion (5.13).26. Fully Dis
rete Approximations and Convergen
e AnalysisWe now 
onsider a fully dis
rete Galerkin s
heme for (1.1). Suppose [0,T℄ is par-titioned into equal subinternals of size � . The following Crank{Ni
holson s
heme may



364 M.F. FENG X.P. XIE AND H.X. XIONGbe used for approximating (4.2) and (4.3). For n = 0; 1; 2; :::; J; �nd < �n; Qn; �n >2[V1;h � V2;h℄� [V1;h � V2;h℄�Wh su
h that:8>>>>>>>>>>>><>>>>>>>>>>>>:
(��Qn;	) + Æ(���n;	) + a(�n+1=2;	)+�
(�n+1=2;	) + (1� �d2)b(�n+1=2;	)= Gn+1=2(	); 8	 2 V1;h � V2;h�(1� �d2)[b(�;�n+1=2)� d2(�n+1=2; �)℄ = 0; 8� 2Wh���n = Qn+1=2(�0;	) = (�0;	); 8	 2 V1;h � V2;h(Q0;	) = (��0;	); 8	 2 V1;h � V2;h(�0; �) = d�2b(�;�0); 8� 2Wh (6:1)

where for any 	 2 V1;h � V2;h; ��	n = 1=� [	n+1 �	n℄	n+1=2 = 1=2[	n+1 +	n℄Gn+1=2(	) = (1=2[g(�; (n + 1)�) + g(�; n�)℄;  2)(Similar expressions hold for fun
tions in Wh).It is not diÆ
ult to show that (6.1) has a unique solution for ea
h time step. Usingte
hniques of baker[3℄, we 
an easily prove the following result:Theorem 6.1. Suppose �(x; t) is a solution of (4:2) and (4:3) su
h that �;�t 2L1(0; T ;H2);�3��t3 ; �4��t4 2 L2(0; T ;L2): If �n is the solution generated by (6:1), there exists a 
onstantC independent of �; d and h, su
h that for n = 0; 1; :::; Jjj�(�; n�) � �njj � C[h2 + �2(jj�3��t3 jjL2(0;T ;L2) + jj�4��t4 jjL2(0;T ;L2))℄ (6:2)We give a rough proof for this result. Some tri�ing 
al
ulating are omitted. Forthe sake of simpli
ity, we denote 	(�; k�) = 	(k); for any 	 2 [H10 ℄2 and jj � jj0 = jj � jj.Proof. Let En = �n � �̂(n);P n = Qn � �̂t(n);ê = �� �̂;Mn = �n � �̂(n);�n1 = �� (�t(n))� �tt(n+ 1=2);�n2 = �� (�(n))� �t(n+ 1=2);then we have from (6.1) and (4.1)(��P n;	) + Æ(��En;	) +B1(En+1=2;Mn+1=2; 	; �)= (��n1 + �� êt(n) + Æ�n2 � �� ê(n);	) (6:3)



Semi-dis
rete and Fully Dis
rete Partial Proje
tion Finite Element Methods ... 365and ��En = P n+1=2 + �� ê(n)� êt(n+ 1=2) � �n2 (6:4)then we get ��E0 = P 0 + �=2��P 0 + �� ê(0) � êt(1=2) � �02 (6:5)��En = P 0 + �=2 nX0 ��P k + �=2 n�1X0 ��P k + �� ê(n)� êt(n+ 1=2) � �n2 (6:6)Now 
ombining (6.5) ,(6.6) with (6.3), we have(��E0;	) + �=2Æ(��E0;	) + �=2B1(E1=2;M1=2; 	; �)= �=2(��01 + �� êt(0) + Æ�02 � �� ê(0);	)+(P 0 + �� ê(0) � êt(1=2) � �02;	) (6:7)and (��En;	) + �=2Æ( nP0 ��Ek + n�1P0 ��Ek;	)+�=2B1( nP0 Ek+1=2 + n�1P0 Ek+1=2; nP0 Mk+1=2 + n�1P0 Mk+1=2; 	; �)= �=2( nP0 + n�1P0 )(��k1 + �� êt(k) + Æ(�k2 � �� ê(k));	)+(P 0 + �� ê(n)� êt(n+ 1=2) � �n2 ;	) (6:8)Let 	 = 2En+1=2 = En+1 +En = 2( nX0 Ek+1=2 � n�1X0 Ek+1=2);� = 2( nX0 Mk+1=2 � n�1X0 Mk+1=2);so we have from (6.8)1=�(jjEn+1jj2 � jjEnjj2) + Æ=2jjEn+1 +Enjj2+�B1( nP0 Ek+1=2; nP0 Mk+1=2; nP0 Ek+1=2; nP0 Mk+1=2)��B1(n�1P0 Ek+1=2; n�1P0 Mk+1=2; n�1P0 Ek+1=2; n�1P0 Mk+1=2)= 2Æ(E0; En+1=2)+�( nP0 + n�1P0 )(��k1 + �� êt(k) + Æ(�k2 � �� ê(k)); En+1=2)+2(P 0 + �� ê(n)� êt(n+ 1=2) � �n2 ; En+1=2) (6:9)
Sum them from 0 to l � 1; (1 � l � J) then we getjjEljj2 � jjE0jj2 + 2Æ�(E0; l�1P0 En+1=2)+�2 l�1P0 ( nP0 + n�1P0 )(��k1 + �� êt(k) + Æ(�k2 � �� ê(k)); En+1=2)+2� l�1P0 (P 0 + �� ê(n)� êt(n+ 1=2) � �n2 ; En+1=2) (6:10)



366 M.F. FENG X.P. XIE AND H.X. XIONGLet �n1 = ( nX0 + n�1X0 )(��k1 + �� êt(k) + Æ(�k2 � �� ê(k))�n2 = P 0 + �� ê(n)� êt(n+ 1=2) � �n2Using the inequality 2ab � �a2 + 1=�b2; (� > 0); we have2Æ�(E0; l�1P0 En+1=2) � 2Æ�l(jE0j; max0�n�J jEnj)� ÆT (4ÆT jjE0jj2 + 1=(4ÆT ) max0�n�J jjEnjj2)= 4Æ2T 2jjE0jj2 + 1=4 max0�n�J jjEnjj2 (6:11a)�2 l�1P0 (�n1 ; En+1=2) � �3T l�1P0 jj�n1 jj2 + 1=4 max0�n�J jjEnjj2 (6:11b)2� l�1P0 (�n2 ; En+1=2) � 4�T l�1P0 jj�n2 jj2 + 1=4 max0�n�J jjEnjj2 (6:11
)Substitute (6.11a),(6.11b) and (6.11
) into (6.10), we have1=4 max0�n�J jjEnjj2� jjE0jj2 + 4Æ2T 2jjE0jj2 + �3T l�1P0 jj�n1 jj2 + 4�T l�1P0 jj�n2 jj2� jjE0jj2 + 4Æ2T 2jjE0jj2 + �2T 2 max0�n�J jj�n1 jj2 + 4�T l�1P0 jj�n2 jj2 (6:12)Now the work left to us is to estimate ea
h term on the right side of (6.12). It iseasy to prove that�k1 = 1=(2�) (k+1)�Zk� [(k + 1)� � s℄[k� � s℄�4��t4 (�; s)ds;�k2 = 1=(2�) (k+1)�Zk� [(k + 1)� � s℄[k� � s℄�3��t3 (�; s)ds;we have jj�k1 jj2 � C�3 (k+1)�Zk� jj�4��t4 jj2ds;jj�k2 jj2 � C�3 (k+1)�Zk� jj�3��t3 jj2ds;and therefore �( nX0 + n�1X0 )jj�k1 jj2 � 2� JX0 jj�k1 jj2 � 2C�4jj�4��t4 jj2L2(0;T ;L2) (6:13a)
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tion Finite Element Methods ... 367�( nX0 + n�1X0 )jj�k2 jj2 � 2� JX0 jj�k2 jj2 � 2C�4jj�3��t3 jj2L2(0;T ;L2) (6:13b)Thus we get�2jj�n1 jj2 � �2[( nP0 + n�1P0 )(jj�k1 jj+ Æjj�k2 jj)+jj( nP0 + n�1P0 )(�� êt(k)� Æ�� ê(k))jj℄2� 8�2J( JP0 jj�k1 jj2 + Æ JP0 jj�k2 jj2) + 2jjêt(n+ 1) + êt(n)�2êt(0)� Æê(n+ 1)� Æê(n) + 2Æê(0)jj2� C�4[jj�4��t4 jj2L2(0;T ;L2) + jj�3��t3 jj2L2(0;T ;L2)℄ + Ch4 (6:14)
and � l�1P0 jj�n2 jj2 � � l�1P0 (jjP 0jj+ jj�� ê(n)jj+ jjêt(n+ 1=2)jj + jj�n2 jj)2� 4�(l�1P0 jjP 0jj2 + l�1P0 jj�� ê(n)jj2+ l�1P0 jjêt(n+ 1=2)jj2 + l�1P0 jj�n2 jj2)� 4TCh4 + 4C�4[jj�4��t4 jj2L2(0;T ;L2) + jj�3��t3 jj2L2(0;T ;L2)℄+Ch4 +Ch4� Ch4 + C�4[jj�4��t4 jj2L2(0;T ;L2) + jj�3��t3 jj2L2(0;T ;L2)℄ (6:15)
where the following relations are used:� l�1P0 jj�� ê(n)jj2 = � l�1P0 jj1=� (k+1)�Rk� êt(�; s)dsjj2� � l�1P0 1=� (k+1)�Rk� jjêtjj2ds� jjêtjj2L2(0;T ;L2) � Ch4jjP 0jj2 = jjQ0 � �̂t(0)jj2 = jj�t(0)� �̂t(0)jj2 � Ch4Also we have jjE0jj2 = jj�0 � �̂(0)jj2 = jj�(0) � �̂(0)jj2 � Ch4 (6:16)Combining (6.12) with (6.14),(6.15),(6.16), we havemax0�n�J jjEnjj2 � C[h4 + �4(jj�4��t4 jj2L2(0;T ;L2) + jj�3��t3 jj2L2(0;T ;L2))℄or equivalentlymax0�n�J jjEnjj � C[h2 + �2(jj�4��t4 jj2L2(0;T ;L2) + jj�3��t3 jj2L2(0;T ;L2))℄ (6:17)



368 M.F. FENG X.P. XIE AND H.X. XIONGFinally by employing the triangle inequality, we obtain from (6.17) and Remark 5.3the desired 
on
lusion.2A
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