Journal of Computational Mathematics, Vol.17, No.6, 1999, 569-574.

SUPERCONVERGENCES OF THE ADINI’'S ELEMENT FOR
SECOND ORDER EQUATION*!

Ping Luo
(Department of Computer Science and Technology, Qinghua University, Beijing 100084,
China)
Qun Lin
(Institute of Systems Science, Academia Sinica, Beijing, 100080, China)

Abstract

In this paper, the asymptotic error expansions of Adini’s element for the second
order imhomogeneous Neumann problem are given and the superconvergence esti-
mations are obtained. Moreover, a numerical example to support our theoretical
analysis is reported.
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1. Introduction

It is well known that the Adini’s element is commonly used for approximating the
solution of high order partial differential equations (such as plate problem). What re-
sults can we get if we solve second order imhomogeneous Neumann elliptic problem
using Adini’s element 7 We shall find by this paper that Adini’s element is a natural
and simple superconvergence element and it has many advantages— it not only pro-
vides directly values of the finite element solution and its derivatives at the vertices of
rectangular elements, but also has fewer degree of freedoms and higher approximate
accuracy than that of the standard bicubic element. Moreover we have further obtained
the natural superconvergences of derivatives at the vertices.

We consider the following inhomogeneous Neumann problem:

—-Au+u = f in €,

B
s — 0 ondQ,

where () is a rectangle ( or a paralleogram ).
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The weak form of equation (1) is given by :

find u € H'(Q) suth that

a(u,v) = (f,v), Yo € HY(Q),

where

a(u,v) = / (VuVu + uv)dzdy.
)

Let T" = {e} be a rectangular partition of (2, h denote the diameter of the largest
element in T" and V" ¢ H'(2) be the Adini’s finite element space satisfying boundary
condition associated with 7". Then the FE approximation of the problem (2) is as

follows:

find Ryu € V" such that
(3)
a(Rpu,v) = (f,v), Yo e Vh,

Let i" : C(Q) — V"(Q) be a standard interpolation operator. For a fixed rectangle
e = (e — he,Te + he) X (Ye — ke, Ye + ke) with the center p = (z,,y.) and two widths
2h, and 2k., we define the following quadratic error functions as that in [5]-[7]:

1 1

Bla) =3 ((e—z)® =h2). Fly) =5 ((s-v)" —k2).

Lemma 1. For any zg € e € T", we have

12[ullo,2

£ (o) / udzdy = / ufdzdy + O(h)||f]

= [ wrdady+ 001

2.2/|ul|1,2.

Lemma 2. For any v € V", we have the following expansion formulas if the

partition T" of Q is a uniform mesh

> [~ inw)sve = O ulls ol (@

S [t vy, = O lullslio, 6
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where v, denotes the partial derivative of v for x.

Proof. We have by Taylar expansion formula:
ve(T,y) = Va(Tes Ye) + V2 (T, Ye) Br + Vay (Tes Ye) Fy + 5043 (e, ye) (& — )
0,2 (T, Ye) Ba Fy + 3032 (Te, e ) (Y — Ye)? + 3023y (Te, Ye) (T — 26)2 (Y — ye)
20,3 (T, ye) (Y — ye)?.

We get by a detailed calculation

. 1
[ = v ) = G0l e) [ Fougs = 00 ulsllolh,

e

1

[ inw)aFyy @) = givan(er ) [ (Fytteys = O sl ol
€ Je

/ (1 — ip ) o (1 — ) 2053 (Lo, ye) = O(h")||ull5]]v]]1,

e

[ i) Ba Py (5, e) = O sl ol

Je

/ (4 — inw)o (Y — Ye) *vgy2 (T, ) = O(hY)|Julls][0]]1,

e

[ inu)a(a 52 Fyvy (e ) = O lulls o]l

Je

[ = in)ay = )P e ) = OB ullsl o,

e

h4 h2k?
/(u - ihu)xvzz (Ieaye)Ea: = —4;’UI2 (Ieaye) /UJ,A - 69 evxz (Ieaye) /ux2y2
e e e

+O (R Jul 5 ]v]]1-
Using

Vg2 (Iea ye) = Up2 (:Eu y) — FEyv,3 (5177 y) - Fyvxzy(xa y) + EwaUz3y($a y)7

we have further expansion if the mesh is uniform:
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Z ﬁvxz (:Eeu ye) /uz4 = Z ﬁ [Fuz4y(vm - Zh”a})my - Fyuz5 (Um - Zhvm)w]
e € e €

+ORY)[[ull5 /o]y = OB |[ulls|lv]],

2K ,
a0 ye) [z = OWllullslIolh,

e

>

e

where 4, denotes the bilinear interpolation operator and we have used the continuity
of i,v, acrross the adjacent elements and the zero boundary condition for i,v,. This
completes the proof of (4) by above all identities. Similarly the (5) can be proved.

Lemma 3. For any v € V", we have

/e(u —ipu)v = O(hY)||ull4]|v]]o

2. Superconvergences and Numerical Example

Theorem. Suppose that the partition T" of Q is a uniform mesh, u and Ryu satisfy
(2) and (3), respectively. Then we have, if u € H(Q),

||Rpu — ipully = O(hY), (6)
|(u — Ryu)(z)| = O(h*|Inh|7), Vz € Q (7)

and, if u € W5,
|V (u— Ryu)(2)] = O(h'| nhl), (8)

where z is the vertex of rectangular element e € T".
Proof. From Lemma 2, Lemma 3 and the v—elliptic of the bilinear form a(u,v), we

get (6) immediately. From the interpolation error estimate and

. 1.
linw — Rpullo,co < c/Inh|2[|ipu — Ryully,

we deduce (7).
Let 8ZG’; € VP, for any z € §, denote the derivative of discrete Green function. We

see by Lemma 2 and Lemma 3 that

Vv (ipu — Rpu)(z) = alipu — Rpu, HZG};) = a(ipu — u, GZG};) = O(h4)|\u| 5700\|GZGZH1,1,
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1,1 =

which shows (8) combining the definition of interpolation operator with ||9,G?|
O(|Inh]) (see [13]).
In order to demonstrate our theoretical analysis, we give a numerical example in

the following. We consider

f = sin(z— %:I;g)sm(y - %y‘g) + sin(x — %x‘g)(l — 22)%sin(y — §y3)

+sin(y — 3y°) (1 — y?)?sin(z — 12%) + 2zcos(z — 12%)sin(y — 3y°)

+2ycos(y — 3y°)sin(z — 323

and Q = [—1,1] x [-1,1] in equation (1). Then the solution of the equation (1) is
1 1
u = sin(z — gzrg)sm(y ~3Y )

The numerical results, written in the following tables, coincide with the above theory.

Table 1. Finite element errors.

Mesh size | max |V(u — Rpu)(2)| | error order | max|(u — Ryu)(2)| | error order

4 x4 2.007911E-2 4.861653E-4
8 x 8 2.411752E-3 h*| In A 4.565716E-5 4| In h|2
16 x 16 2.724797E-4 k| In A 3.367662E-6 ht|In h|?

Table 2. Finite element errors at the fixed point zy = (—0.5, —0.5).

Mesh size | |V(u — Rpu)(zg)| | error order | [(u — Rpu)(zp)| | error order
4 x4 2.314583E-3 4.303604E-4
8 x 8 1.067789E-4 h* 3.483759E-5 h*
16 x 16 3.266993E-6 ht 2.533197E-6 h?
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