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SUPERCONVERGENCES OF THE ADINI'S ELEMENT FORSECOND ORDER EQUATION�1)Ping Luo(Department of Computer S
ien
e and Te
hnology, Qinghua University, Beijing 100084,China)Qun Lin(Institute of Systems S
ien
e, A
ademia Sini
a, Beijing, 100080, China)Abstra
tIn this paper, the asymptoti
 error expansions of Adini's element for the se
ondorder imhomogeneous Neumann problem are given and the super
onvergen
e esti-mations are obtained. Moreover, a numeri
al example to support our theoreti
alanalysis is reported.Key words: Adini's element, Super
onvergen
e estimation, Asymptoti
 expansion.1. Introdu
tionIt is well known that the Adini's element is 
ommonly used for approximating thesolution of high order partial di�erential equations (su
h as plate problem). What re-sults 
an we get if we solve se
ond order imhomogeneous Neumann ellipti
 problemusing Adini's element ? We shall �nd by this paper that Adini's element is a naturaland simple super
onvergen
e element and it has many advantages| it not only pro-vides dire
tly values of the �nite element solution and its derivatives at the verti
es ofre
tangular elements, but also has fewer degree of freedoms and higher approximatea

ura
y than that of the standard bi
ubi
 element. Moreover we have further obtainedthe natural super
onvergen
es of derivatives at the verti
es.We 
onsider the following inhomogeneous Neumann problem:8>>><>>>: �4 u+ u = f in 
;�u�n = 0 on �
; (1)where 
 is a re
tangle ( or a paralleogram ).� Re
eived July 31, 1997.1)Supported by the National Natural S
ien
e Foundation of China.



570 P. LUO AND Q. LINThe weak form of equation (1) is given by :8>><>>: �nd u 2 H1(
) suth thata(u; v) = (f; v); 8v 2 H1(
); (2)where a(u; v) = Z
(rurv + uv)dxdy:Let T h = feg be a re
tangular partition of 
, h denote the diameter of the largestelement in T h and V h � H1(
) be the Adini's �nite element spa
e satisfying boundary
ondition asso
iated with T h. Then the FE{approximation of the problem (2) is asfollows: 8>><>>: �nd Rhu 2 V h su
h thata(Rhu; v) = (f; v); 8v 2 V h: (3)Let ih : C(
) �! V h(
) be a standard interpolation operator. For a �xed re
tanglee = (xe � he; xe + he) � (ye � ke; ye + ke) with the 
enter p = (xe; ye) and two widths2he and 2ke, we de�ne the following quadrati
 error fun
tions as that in [5℄{[7℄:E(x) = 12 �(x� xe)2 � h2e� ; F (y) = 12 �(y � ye)2 � k2e� :Lemma 1. For any x0 2 e 2 T h, we havef(x0) Ze udxdy = Ze ufdxdy +O(h)jjf jj1;2jjujj0;2= Ze ufdxdy +O(h2)jjf jj2;2jjujj1;2:Lemma 2. For any v 2 V h, we have the following expansion formulas if thepartition T h of 
 is a uniform meshXe Ze(u� ihu)xvx = O(h4)jjujj5jjvjj1; (4)Xe Ze(u� ihu)yvy = O(h4)jjujj5jjvjj1; (5)
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ond Order Equation 571where vx denotes the partial derivative of v for x.Proof. We have by Taylar expansion formula:vx(x; y) = vx(xe; ye) + vx2(xe; ye)Ex + vxy(xe; ye)Fy + 12vx3(xe; ye)(x� xe)2+vx2y(xe; ye)ExFy + 12vxy2(xe; ye)(y � ye)2 + 12vx3y(xe; ye)(x� xe)2(y � ye)+16vxy3(xe; ye)(y � ye)3:We get by a detailed 
al
ulationZe(u� ihu)xvx(xe; ye) = 16vx(xe; ye) Ze F 2uxy4 = O(h4)jjujj5jjvjj1;Ze(u� ihu)xFyvxy(xe; ye) = 190vxy(xe; ye) Ze(F 3)yuxy4 = O(h4)jjujj5jjvjj1;Ze(u� ihu)x(x� xe)2vx3(xe; ye) = O(h4)jjujj5jjvjj1;Ze(u� ihu)xExFyvx2y(xe; ye) = O(h4)jjujj5jjvjj1;Ze(u� ihu)x(y � ye)2vxy2(xe; ye) = O(h4)jjujj5jjvjj1;Ze(u� ihu)x(x� xe)2Fyvx3y(xe; ye) = O(h4)jjujj5jjvjj1;Ze(u� ihu)x(y � ye)3vxy3(xe; ye) = O(h4)jjujj5jjvjj1;Ze(u� ihu)xvx2(xe; ye)Ex = �h4e45vx2(xe; ye) Ze ux4 � h2ek2e9 vx2(xe; ye) Ze ux2y2+O(h4)jjujj5jjvjj1:Using vx2(xe; ye) = vx2(x; y) �Exvx3(x; y)� Fyvx2y(x; y) +ExFyvx3y(x; y);we have further expansion if the mesh is uniform:



572 P. LUO AND Q. LINXe h4e45vx2(xe; ye) Ze ux4 = Xe h4e45 Ze[Fux4y(vx � ihvx)xy � Fyux5(vx � ihvx)x℄+O(h4)jjujj5jjvjj1 = O(h4)jjujj5jjvjj1;Xe h2ek2e9 vx2(xe; ye) Ze ux2y2 = O(h4)jjujj5jjvjj1;where ih denotes the bilinear interpolation operator and we have used the 
ontinuityof ihvx a
rross the adja
ent elements and the zero boundary 
ondition for ihvx. This
ompletes the proof of (4) by above all identities. Similarly the (5) 
an be proved.Lemma 3. For any v 2 V h, we haveZe(u� ihu)v = O(h4)jjujj4jjvjj02. Super
onvergen
es and Numeri
al ExampleTheorem. Suppose that the partition T h of 
 is a uniform mesh, u and Rhu satisfy(2) and (3), respe
tively. Then we have, if u 2 H5(
),jjRhu� ihujj1 = O(h4); (6)j(u�Rhu)(x)j = O(h4j lnhj 12 ); 8x 2 
 (7)and, if u 2W 5;1, j 5 (u�Rhu)(z)j = O(h4j lnhj); (8)where z is the vertex of re
tangular element e 2 T h.Proof. From Lemma 2, Lemma 3 and the v{ellipti
 of the bilinear form a(u; v), weget (6) immediately. From the interpolation error estimate andjjihu�Rhujj0;1 � 
j lnhj 12 jjihu�Rhujj1;we dedu
e (7).Let �zGhz 2 V h, for any z 2 
, denote the derivative of dis
rete Green fun
tion. Wesee by Lemma 2 and Lemma 3 that5(ihu�Rhu)(z) = a(ihu�Rhu; �zGhz ) = a(ihu� u; �zGhz ) = O(h4)jjujj5;1jj�zGhz jj1;1;
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h shows (8) 
ombining the de�nition of interpolation operator with jj�zGhz jj1;1 =O(j lnhj) (see [13℄).In order to demonstrate our theoreti
al analysis, we give a numeri
al example inthe following. We 
onsiderf = sin(x� 13x3)sin(y � 13y3) + sin(x� 13x3)(1 � x2)2sin(y � 13y3)+sin(y � 13y3)(1 � y2)2sin(x� 13x3) + 2x
os(x� 13x3)sin(y � 13y3)+2y
os(y � 13y3)sin(x� 13x3)and 
 = [�1; 1℄� [�1; 1℄ in equation (1). Then the solution of the equation (1) isu = sin(x� 13x3)sin(y � 13y3):The numeri
al results, written in the following tables, 
oin
ide with the above theory.Table 1. Finite element errors.Mesh size max jr(u�Rhu)(z)j error order maxj(u�Rhu)(z)j error order4� 4 2.007911E-2 4.861653E-48� 8 2.411752E-3 h4j lnhj 4.565716E-5 h4j lnhj 1216� 16 2.724797E-4 h4j lnhj 3.367662E-6 h4j lnhj 12Table 2. Finite element errors at the �xed point z0 = (�0:5;�0:5).Mesh size jr(u�Rhu)(z0)j error order j(u�Rhu)(z0)j error order4� 4 2.314583E-3 4.303604E-48� 8 1.067789E-4 h4 3.483759E-5 h416� 16 3.266993E-6 h4 2.533197E-6 h4Referen
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