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CONTACT ALGORITHMS FOR CONTACT DYNAMICAL
SYSTEMS*

Abstract

In this paper, we develop a general way to construct contact algorithms for
contact dynamical systems. Such an algorithm requires the corresponding step-
transition map preserve the contact structure of the underlying contact phase space.
The constructions are based on the correspondence between the contact geometry
of R?"*1 and the conic symplectic one of R?"*2 and therefore, the algorithms are
derived naturally from the symplectic algorithms of Hamiltonian systems.

Key words: Contact algorithms, contact systems, conic symplectic geometry, gen-
erating functions.

1. Introduction

Contact structure is an analog of a symplectic one for odd-dimensional manifolds,
it stems from manifolds of contact elements of configuration spaces in mechanics and,
therefore, it is also of basic importance in physical and engineering sciences. We apply,
in this paper, the ideas of preserving Lie group and Lie algebra structure of dynamical
systems in constructing symplectic algorithms for Hamiltonian systems to the study of
numerical algorithms for contact dynamical systems and present so-called contact al-
gorithms, i.e., algorithms preserving contact structures, for solving numerically contact
systems.

A contact structure on a manifold is defined as a nondegenerate field of tangent
hyperplanes and, therefore, it is determined by a differential 1-form, uniquely up to
an everywhere non-vanishing multiplier function, such that the zero set of the 1-form
at a point on the manifold is the tangent hyperplane of the field at the point. So,
contact structures occur only on manifolds of odd-dimensions. In this paper, we simply
consider the Euclidean space R*"*! of 2n + 1 dimensions as our basic manifold with
the contact structure given by the normal form
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n dx
a= indyi +dz = zdy +dz = (0,27,1) | dy |, (1.1)

here we have used 3-symbol notation to denote the coordinates and vectors on R?*+!

l‘:(l‘l,"',l‘n)T, y:(yla"'7yn)T7 Z:(Z). (1'2)

A contact dynamical system on R?**! is governed by a contact vector field
f=(a",b",c"): R?**! — R®*! through equations

d
:'v:a(x,y,z), y:b(xayaz)7 73:6(337?472)7 = Ey (13)
where the contactivity condition of the vector field f is
Lia = Ara (1.4)

with some function Ay : R?"*t! — R, called the multiplier of f. In (1.4), L ra denotes
the Lie derivative of o with respect to f and is usually calculated by the formulal%!

LfOé = ideé + d’ifOé. (1.5)

It is easy to show from (1.4) and (1.5) that to any contact vector field f on R** 1
there corresponds a function K (z,y, z), called contact Hamiltonian, such that

a=-K,+Kua, b=K, c=K-12"K,=K.. (1.6)

In fact, (1.6) represents the general form of a contact vector field. Its multiplier, denoted
as Ax from now, is equal to K,.
A contact transformation ¢ is a diffeomorphism on R?*"+!

T &(x,y, 2)
g:ly | = | iy 2
2 Z(x,y, 2)

conformally preserving the contact structure, i.e., g*o = pgcr, that means
n n
N didgi + dz = ug(z idy; + dz) (1.7)
i=1 =1
for some everywhere non-vanishing function g, : R?"*t1 — R, called the multiplier of
g. The explicit expression of (1.7) is
Ty Ty T

(07 ‘iTu 1) QZ‘ gy yz = Mg(07 xT7 1)
2y &y %,
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A fundamental fact is that the phase flow gl of a contact dynamical system associated
with contact Hamiltonian K : R?"*! — R is a one parameter (local) group of contact
transformations on R?"*1 i.e., gl satisfies

g% = identity map on R?""; (1.8)
IR =gk ogk, Vi sER;
(gﬁ() o= pgt @ (1.10)

for some everywhere non-vanishing function figt. R?"*t! — R. Moreover, we have the
following relation between Hhgt. and the Hamiltonian K:

t
[yt = exp/0 (K, o g¥)ds. (1.11)

For general contact systems, condition (1.9) is stringent for algorithmic approxi-
mations to phase flows because only the phase flows themselves satisfy it. We will
construct algorithms for contact systems such that the corresponding algorithmic ap-
proximations to the phase flows satisfy the condition (1.10), of course probably with
different, but everywhere non-vanishing, multipliers from gt - We call such algorithms
contact ones.

2. Contactization and Symplectization

There is a well known correspondence between the contact geometry on R?"+!
and the conic (or homogeneous) symplectic geometry on R?"*2. To establish this
correspondence, we introduce two spaces Ri"” and Ry x R

a. We use the 4-symbol notation for the coordinates on R?"+?2

bo

P11 qi1
Z; , po=(po), q@=1(q), pr=| 1 |, =] 1 |- (2.1)
a Pin qdin
Consider
RY2 = {(po,p1,q0,71) € R*"*2|py > 0}, (2.2)

a conic symplectic space with the standard symplectic form
w = dpg A dqgo + dp1 A dq;. (23)

Definition 1. Function ¢ : Ri"” — R is called a conic function if it satisfies

P
$(po,p1, 00, 01) = pod (1, p—o,qo,ql), Vpo > 0. (2.4)
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So, a conic function on R?"*2 depends essentially only on 2n + 1 variables.
Definition 2. A map F : Rﬁ_”” — Rﬁ_”” is called a conic map if

Fol\=T\oF, VA>0, (25)
where Ty, is the linear transformation on R*"2

wQ-C) () () e

The conic condition (2.5) for the map F' : (po,p1,90,q1) — (FPo, P1,Qo, Q1) can be
expressed as follows

Po(posp1, 90, q1) popo(l,pl,%,ql) >0, Vpo>0,
P1(po,p1,90, 1) = 0P1(1, 7QO7Q1)

Qo(po,P1,90,q1) = Qo( 7QO7Q1) (2.7)
Q1(po,p1,90,q1) = Q1 (1, 7(]07(]1)

So, a conic map is essentially depending only on 2n + 2 functions in 2n + 1 variables.
It should be noted that, in some cases, we also consider conic functions and conic
maps defined on the whole Euclidean space. The following lemma gives a criterion of
a conic symplectic map.
Lemma 1. F : (po,p1,90,91) — (FPo, P1,Qo,Q1) is a conic symplectic map if and
only if (0,0, PT, PIYF, — (0,0,pd, p¥) = 0, where F is the Jacobi matriz of F at the

point (po,P1,q0,q1)-
Proof. For F : (po,p1,90,q1) — (Po, P1,Qo,Q1), the condition

(0,0, P, PLYF, —(0,0,p%,pT) =0 (2.8)
is equivalent to the condition
PydQo + P1dQ1 = podgo +p1dqy  or  PdQ = pdq, (2.9)

where P = (P07P1)7 Q = (QOle)v b= (p07p1)7 q= (QOJh)- Hence in matrix fOI'Hl, it
can be written as

QP =0, QP =p. (2.10)

Notice that a function f(z1,x2, -, z,) is homogeneous of degree k, i.e., f(Az1, A2,

%y )‘wn) - )‘kf(xlu T2,y xn)7 if and OHIY if infl‘i(xlax27 e 71'71) - kf($1,$2, Ty
i=1

Zn). Therefore, the condition (2.7) is equivalent to

Po(p,@)p = P(p,q), @p(p,q)p = 0. (2.11)
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If F'is conic symplectic then Q;;FPP—P];*FQP =0, QqTPq—PqTQq =0, Q:}FPP—P;*FQP =
I. Combining with (2.11) we get p = QqTPpp — Pprp = Q;FP, 0= ;;FPpp — Pngp =
Q;;FP. This proves the “only if” part.

Conversely, if F' satisfies the condition (2.8), then it satisfies (2.9), which means
that it is symplectic. We know that if a matrix is symplectic then its transpose is also
symplectic. Therefore, PquT — PquT = 0, QqQZ; — QpQg = 0, PpQg — Png = 1.
Combining with (2.10), we get P = PquTP — PqQZ;P =Py, 0= QqQZ;P — QpQgP =
Qgp. This means that F' is conic. This finishes the proof.

b. Consider Ry x R?"*1, the product of the positive real line R and the contact
space R?"*1. We use (w,,y, z) to denote the coordinates of Ry x R?"*! with w > 0
and with z,y, z as before.

Definition 3. A map G : Ry x Rt — R, x R?*! is called a positive product
map if it is composed by a map g : R*"T1 — R2"*1 and a positive function v : R*"1 —
R in the form

w
X
v | WEwye, XY2) =geye). (210

VA

N e 8 g

We denote by v ® g the positive product map composed by map g and function ~.
c. Define map S : Ry x R?"+! — R2H2

w Po—=w
X = wxr
N . (2.17)
Yy qgo = =
z qa =Y

Then the inverse S—1 : R%r”” — Ry x R?"*1 is given by

Do w = Po
b1 T = n
— po |- (2.18)
q0 y=aq
q1 Z=4qo

Lemma 2. Given a transformation F : (po,p1,q0,q1) — (Po, P1,Qo, Q1) on Rﬁ_””
and let G =S Yo FoS. Then we have

(1) F is a conic map on Ri"” if and only if G is a positive product map on
R, x R?*tL; in this case, if we write G =~ ® g, then

7(x7y7 Z) = P0(17x7 Z7y)7 (2'19)
and g: (x,y,2) — (X,Y, Z) is given by

o P1(17$>Z>y)

X = L d)
*P()(17x72:7y)7

Y = Ql(l,l’, Z7y)7 Z = Q0(17x7 Z7y)' (220)
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(2) F is a conic symplectic map if and only if G is a positive product map, say
v ® g, on Ry x R?™ 1 with g also a contact map on R* 1. Moreover, in this case,
the multiplier of the contact map g is just equal to v~ ' = Po_l(l,x, 2,9).

Proof. The conclusion (1) is easily proved by some simple calculations. Below we
devote to the proof of (2). Let F send (po,p1,q0,q1) to (Po, P1,Qo,RQ1) and G send
(w,z,y,2) to (W, X,Y,Z). Then by using the conclusion (1), we have

PyoS=wP(l,z,z,y) =wy, ProS=wP(l,z,z2y) =wyX(z,vy,2),

1 0 0 0 YWYy WYy WY
g _|® wl, 0 0) a :G(W,X,Y,Z) _ 0
* o 0 o0 1}’ T 0(w,z,y, 2) 0 Jx ’
0 0o I, O
1 0 0 0
X WI, 0 0
S,0G = 0 0 01
0 0o I, O

and compute
(10,0, , PFYF\ — (0,0,p¢ , p1)] 0 S)S. = ((0,0, PY, P{") 0 S)(F, 0 S)S.
—((0,0,pF,pT) 0 8)S, = (0,0, wy, wyXT)(F, 0 S)S, — (0,0, w, wzT)S,
=(0,0,wy, wyXT) (S, 0 )G, — (0,0, w, wzT)S,
=uwn[0, (0, X7, 1)g.] = wy[0,77H(0,27, 1)].

Noting that S is a diffeomorphism, S, is non-singular, w > 0, v > 0, we obtain
0,0, P, PYF, — (0,0,pF,pT) =0 < (0,X7,1)g. — v71(0,27,1) = 0, which proves
the conclusion (2).

Lemma 2 establishes correspondences between the conic symplectic space and the
contact space and between conic symplectic maps and contact maps. We call the
transform from F to G = S~'o F oS = v ® g contactization of conic symplectic maps,
the transform from G = y® g to FF = S oG o S~! symplectization of contact maps and
call the transform S : R x R?"! — R%r”” symplectization of the contact space, and
the transform C = S~!: Ri"” — R, x R?"*! contactization of the conic symplectic
space.

3. Contact Generating Functions for Contact Maps

With the preliminaries of the last section, it is natural to derive contact generating
function theory for contact maps from the well known symplectic analog.

The following two lemmas are easily proved.

Lemma 3. Hamiltonian ¢ : R*™2 — R is a conic function if and only if the
associated Hamiltonian vector field ay = JV ¢ is conic, i.e., a(Tyz) = Tha(z) for X # 0

with z € R* 2 where J = (;) _(f" )
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Lemma 4. Linear map (p> —C (p) is a conic transformation on R?"*2, i.e.,
q q

Co O
CoTy =1Tyo0C, if and only if the matriz C has the diagonal form C = < 00 c >
1
with (n + 1) x (n + 1) matrices Cy and C.
Noting that the matrix in gl(2n + 2)
1 T 1)
C:§(I+JB), B=B" €sm(2n+2)", (3.1)

establishes a 1-1 correspondence between near-zero Hamiltonian vector fields z —
a(z) = JV¢(z) and near-identity symplectic maps z — g(z) via generating relation

9(z) =2 = JVe(Cy(2) + (I = C)z), (3.2)

and combining Lemmas 3 and 4, we find that matrix

/G 0
c_<0 1—00T>’ Co € gl(n+1) (3.3)

establishes a 1-1 correspondence between near-zero conic Hamiltonian vector fields
z — a(z) = JV¢(z) and near-identity conic symplectic maps z — ¢(z) via generating
relation (3.2).
T
e}
Write Cy = < b
v 6

relation (3.2) with generating matrix C' given by (3.3) can be expressed as

) with a € R, 8,7 € R" and § € gl(n). Then the generating

Do — Po = _¢qo(p’ _)7
p1— — 4, (P, 9),

(3.4)
Go — qo = Ppo (P, ),
(jl —q1 = ¢p1(ﬁa (j)y
where p = (p()) and q = (QO) are given by
b1 q1
po = apo + (1 — a)po + BT (H1 — p1),
P1 =5p1+( d)p1 +v(Po — po), (3.5)

= (1 —a)Go +ago — 7" (1 — q1),

@1 =(1—=0")gq 46" q1 — B(do — qo)-

Every conic function ¢ can be contactized as an arbitrary function ¢(z,y,z) as
follows

w($7yvz) :¢(17$7Zay)' (36)

D sm(2n + 2) denotes the set of all (2n + 2) x (2n + 2) real symmetric matrices.
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i.e., (po, 1,90, q1) = Pod(1,p1/Po,q0,q1) = o (p1/Po,q1,qo) for po # 0 and we have
the partial derivative relation

Pqo (P0s P15 G0 q1) = P00 (T, Y, 2),

bq1 (Po, P15 90, q1) = oty (T, Y, 2), (37)
Dpo (P, D1, G0, 1) = V(2,y, 2) — 2T (2, y, 2) = Ye(2,y, 2),

Gp1 (P0s P15 G0, 1) = Va(2, Y, 2)

with = = ]2, Y = q1,z = qo on the right hand sides. So, under contactizing transforms
Po

w Po w w Po w
x P1 wx T P1 wT
S : — = 5 ~ - ~ = ~ )
Y q0 z Yy do z
z T Yy z Q1 Y
w Do w
et =T (3:8)
Y qo0 z
z Q1 Y
the generating relation (3.4) turns into
w—w=—w,(T,7,z),
W — wr = —wY, (T, ¥, Z),
: o 7y( ) (3.9)
-z :1/}6( 7y72)7
:’3 —Yy= ¢$(‘f7g7 2)7
and Eq. (3.5) turns into
W= o+ (1 — a)w + T (03 — wz),
wT = 0wz + (1 — d)wzx + y(w — w),
(1= 6wz + (i — w) 510

2=(1-a)i+ar—7"(5-y),
g=1-0")j+0Ty— Bz —2).
Since the pg-axis is distinguished for the contactization in which we should always
take po # 0, it is natural to require 8 = 0 in Eq. (3.5). Let i = w/w = po/po and
A= w/w = py/Po, we obtain from Eq. (3.9) and (3.10)
1+ o). (2,9, %)
1- (1 - 0‘)7/12(57177 2)7

and the induced contact transformation on the contact (z,y, z) space R?"*! is

= p=1+a.(2,9,%2), (3.11)

T—z= _wy(j7g7 2) + 1/&(537@75)((1 - a):’i’ + Oé.’,l'),
z
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with the bar variables on the right hand sides given by

T =d1Z + dex + dp,
g=00-0")g+ 0"y, (3.13)
z=(1-a)i+az—7"(5—vy),

where
dy = (1 - (1 _a)¢z(ivgv 2))57 dy = (1+a¢z(j>g7 2))(1_5)7(10 = _¢z(jvgv 2)7' (314)

Summarizing the above discussions, we have
Theorem 1. Relations (3.12)-(3.14) give a contact map (x,y,z) — (,9,2) via

0
contact generating function ¥ (x,vy, z) under the type Cy = (a 5).
2

However, the difficulty in the algorithmic implementation lies in the fact that, unlike
y and Z, which are linear combinations of ¢, y and 2, z with constant matrix coefficients,
since T = d12& + dox + do and dy, dy are matrices with coefficients depending on v, =
¥,(Z, 7, z) which in turn depends on Z, 7, Z, the combination of Z from & and z is not
explicitly given, the entire equations for solving Z,9, 2 in terms of z,y, z are highly
implicit. The exceptional cases are the following.

(E1) a=0,6=0,,v=0.

f=1-v.(2,9,2), p=1, (3.151)
T —x=—y(z,9,2) + (2,9, 2),
§—y=1va(z,9,2), (3.152)
£ —z=1e(2,9,2) = (2,5, 2) — 2T (2,9, 2)

f=p=14v.(y,2), (3.161)
T—x= —T/Jy(f,% Z) +$¢Z(j>y> Z)v
?J—yZ%(i’,yyz), (3.162)
Z—z= we($7y7z) - ¢(§j7y7z) - quﬁx(:p,y,z)

(E3)0z:%,5:%]n,7 0

N L Y /S-) I U

v R A (347
T—x= _wy(j7g72) +1/1z(537§75) x;xa
J—y=1:(2,9,%2), (3.172)
E— 2 =e(,9,2) = (2,9, 2) — T (2, 9, 2),
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with
) . A
x;x—z 7,5, %)(& _ Yty e (3.175)

1+ 35X 1
L= =14+ -\ 3.18
M 1_ %)\7 H + 57 ( 1)
) o __ . THx
$—$=—¢y($7y72)+1/1z(337y72) 2 )
Z—z= T/Je(!f,ﬂ, 2) = ¢(j7g7 Z) - _T¢$(‘f7g7 2)7
with
1 N ~
p= o i-e), =Y s=200 (3.185)

Note that the symplectic map induced by generating function ¢ from the relation
(3.2) can be represented as the composition of the maps, non-symplectic generally,

z—zand Z — 2
z=24+CJV@(2), 2=z+(1—-C)JVe(2).

Theorem 2. Contact map (x,y,z) — (&,7, 2) induced by contact generating func-
tion ¢ from the relations (3.12)-(3 1 ) can be represented as the composition of the

maps (z,y,z) — (Z,y,2) and (Z,y,2) — (Z,9,2) which are not contact generally and
given, respectively, as follows
z T = _5¢y(j>y, ) ¢ (33‘ y7 )33—’7¢Z(£E y7 )7
g—y=~-0".(2,7.2), (3.19)
z z = (1 _a)¢6($7g 2) Y TIZ):E(QZ‘ Y, 2 )7
and
‘%_i’:_(‘[—é)wy(i’7g72) (1_04)1/12('% y7 ).’L’—F’Yl/}z(x y7 )7
§—9=0".(2,9,2), (3.20)
Z—z= we(‘r Y, 2 )+7T¢x(x Y,2 )

(3.19) and (3.20) are the 2-stage form of the generating relation (3.12) of the contact

0
map induced by generating function 1 under the type Cy = <a 5>' Corresponding
y

to the exceptional cases (E1), (E2) and (E3), the above 2-stage representation has
simpler forms, we no longer write them here.
4. Contact Algorithms for Contact Systems
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Consider contact system (1.3) with the vector field a defined by contact Hamilto-
nian K according to Eq. (1.6). Take ¢(z,y,2) = sK(x,y,z) in (3.12)-(3.14) as the
generating function, we then obtain contact difference schemes with 1st order of accu-

0
racy of the contact system (1.3) associated with all possible types Cy = (a 5 > The
Y

simplest and important cases are (write K, = K,(Z,7, Z), etc.) as follows.
Q. Contact analog of symplectic method (p, Q)Y (o =0, 6 =0, v = 0).

1-stage form: & =+ s(—Ky(x,9,2) + 2K.(x,7, 2))

9,
Y+ SKx(l‘, U, 2)

1y =

Z=2z+sK.(z,7,2), (4.1)
2-stage form: T =z, §=y+sK,, z=2z+sK,,

t=z+s(—Ky,+2K,), =9, 2=2.

P. Contact analog of symplectic method (P,q) (o = 1,8 = I,y = 0).

l-stage form: I =z + s(—Ky(,y,2) + 2K,(&,y,2))
g=vy+sK.(2,y,2)
Z=z+4sK.(Z,y,2), (4.2)
2-stage form: T =z+s(—K,+zK,), §=y, ZzZ=z2,

C. Contact version of centered Euler method (a =

2-stage form:

f:x+§(—_y+xf(z), g:y+§l§’x, 5:z+§_e,

N _ S =, . _ S - S — \—1

x:x+§(— y + 2 x):(x_iKy)(l_iKz) , (4.3)
S - S —

g:g"i_g x:2g_y7 2:5+§Ke:22—2

One might suggest, for example, the following scheme for (1.3): & = = + sa(Z,y, 2),
g =y+sb(z,y,z), 2 =2+ sc(z,y,z). It differs from (4.2) only in one term for Z,
ie., 2K(&,y, z) instead of x K (Z,y, z). This minute but delicate difference makes (4.2)
contact and other non-contact!

It should be noted that the @ and P methods are of order one of accuracy and the
C method is of order two. The proof is similar to that for symplectic case. In principle,
one can construct the contact difference schemes of arbitrarily high order of accuracy

DFor Hamiltonian system p = —Hq(p,q), ¢ = Hp(p,q), the difference scheme p = p — sHq(p, §),
G = q+ sHp(p,q) is symplectic and we call it (p, Q) method because the pair (p,§), composed by the
old variables of p and the new variables of ¢, emerges in the Hamiltonian. The following (P, q) method
has the similar meaning.
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for contact systems, as was done for Hamiltonian systems, by suitably composing the
@, P or C method and the respective reversible counterpart. Another general method
for the construction of contact difference schemes is based on the generating functions
for phase flows of contact systems which will be developed in the next section.

5. Hamilton-Jacobi Equations for Contact Systems

We recall that a near identity contact map ¢ : (z,y,2) — (£,7,2) can be gener-
ated from the so-called generating function ¥ (zx,y, ), associated with a matrix Cy =

0

(a 5 ), by the relations (3.12)-(3.14). Accordingly, to the phase flow el of a contact
8

system with contact Hamiltonian K, there corresponds a time-dependent generating

function ¥*(z,y, z) such that the map e, : (z,y,2) — (&,9,2) is generated from ¢’
by the relations (3.12)-(3.14) in which 1) is replaced by ¢! and Cj is given in advance
as above. The function 1! should be determined by K and Cy. Below we derive the
relevant relations between them.

Let H(po, p1,90,q1) = poK (p1/po,q1,q0) for pg # 0. With this conic Hamiltonian
Co 0

(0 I_C0>where00:<3 g),weget

and with normal Darboux matrices C =

the Hamilton-Jacobi equation
0 .
Eqbt(U) = H(u+ (I = C)JV¢'(w)) with u= (po,p1,q0,01)" (5.1)

satisfied by the generating function ¢'(u) of the phase flow g%, of the Hamiltonian
system associated with the Hamiltonian H, while the phase flow g%, is generated from
¢! by the relation

gk (w) —u = JVG' (Caly(w) + (I = C)u). (5.2)

On the other hand, according to the discussions of Section 3, we have ¢'(po, p1,q0,q1) =
poYt(x,y, z), with © = p1/po,y = q1,2 = qo. So, by simple calculations,

po — (1 — )¢y, po(1— (1 —a)y.)
t _ p1+ 7¢QO - (I - 5)¢£]1 o pO(gj + ’77/)2 - (I - 5)1/@)
I OIVEO = ady 700 | 7| ot |

a1+ 0Ty, y+ 0T,
and
H(u+ (I —C)JV'(u) =po(1 — (1 — a)ib.)

T — (I - 5)¢y + v,
- (1 —04)1/&

Therefore, from Eq. (5.1), ¥!(x,vy, 2) satisfies

x— (I = 0)by + e
1- (1 - a)wz

K( W+ 2+ ave +97 ).

Ot = (- (- o) K Y+ e 2+ ath +970). (5.3)
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Now we claimb: for all u, the following equality is valid
H(u+ (I —C)JV$ (u)) = H(u— CIVP (u)). (5.4)

So, replacing C by C' — I in above discussions or, equivalently, replacing o and ¢ by
a—1 and § — I with v unchanging in (5.3), we obtain another equation satisfied by the

¢t
x + 0y + Y,

o .,
P —(1+a1/JZ)K( e

Y+ 0" = Dbz + (@ = o +770). (5.5)

(5.3) and (5.5) define the same function ¢*. When ¢ = 0, el is identity, so we
should impose the initial condition

V(a,y,2) =0 (5.6)

for solving the first order partial differential equation (5.3) or (5.5). We call the both

equations the Hamilton-Jacobi equations of the contact system associated with the
a 0

contact Hamiltonian K and the matrix Cy = ( >

A
Specifically, we have Hamilton-Jacobi equations for particular cases:

(El) a=0,0=0,v=0.

YA
T_d}?v%z) = K(z,y — ¢5, 2 — ¢p); (5.7)

0
ot = (K (

(E2) a=1,0 =1I,,v=0.

9 4 t £y _ t T+, )
5?0 = Koy + 0z 400 = (L 0O K (Tt v 2)s (5.8)
1 1
9 v (1 z — 30} 1 1
ot = (1= ) K (i e+ 5ul)
—( +§¢z) (T%’y—ilﬂmz—i%) (5.9)

Remark on the construction of high order contact difference schemes. If
K is analytic, then one can solve ¥!(z,y, z) from the above Hamilton-Jacobi equations
in the forms of power series in time ¢. Its coefficients are recursively determined by the
K and the related matrix Cy. The power series are simply given from the corresponding
conic Hamiltonian generating functions ¢'(po,p1,q0,q1) by ¥'(z,y,2) = ¢'(1, 2, 2,y),

DProof of the claim: let @ = u + (I — C)JV¢'(u) and @ = u — CJVe'(u). Then we have u =
Ctu+(I—C)u. From (5.2), it follows that & = g% (@). The claim is then proved since H (g% (%)) = H(u).
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since the power series expressions of ¢! with respect to ¢ from the conic Hamiltonian
H(po, p1,90,q1) = poK (p1/po,q1,q0) have been well given in [7]. Taking a finite trun-
cation of the power series up to order m, an arbitrary integer, with respect to the
time ¢ and replacing by the truncation the generating function v in (3.12)—(3.14), then
one obtain a contact difference scheme of order m for the contact system defined by
the contact Hamiltonian K. The proofs of these assertions are similar to those in the
Hamiltonian system case and are omitted here.
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