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Abstract

In this paper, we first give a new equivalent optimization form to nonlinear
complementarity problems and then establish a damped Newton method in which
penalty technique is used. The subproblems of the method are lower-dimensional
linear complementarity problems. We prove that the algorithm converges globally
for strongly monotone complementarity problems. Under certain conditions, the
method possesses quadratic convergence. Few numerical results are also reported.
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1. Introduction

Consider the following nonlinear complementarity problems NCP(F) of finding an
x € R™, such that
x>0, F(z) > 0and 27 F(z) =0 (1.1)

where F' is a mapping from R"™ into itself. It is an important form of the following
variational inequality VI (F, X) of finding an = € X, such that

(y—2)'F(z)>0, VYyeX (1.2)

where X C R" is a closed convex set. When X = R, (1.1) is equivalent to (1.2).
NCP(F) and VI (F, X) can be transformed into optimization problem to be solved. So,
many good techniques for solving optimization problems can be used. The first one
may due to Marcotte and Dussault!s) who introduced a line search technique in the
traditional linearized Newton method. A gap function was used as the merit function.
When F is strongly monotone the algorithm converges globally and local quadrati-
cally. However, there is a disadvantage, i.e. the difficulty of the calculation of the
merit function. In 1993, a new damped Newton method was established by Taji,
Fukushima and Ibarakil® based on an equivalent differentiable optimization problem
given by Fukushimal?. The method still possesses global and local quadratic conver-
gence if F' is strongly monotone. The drawback of the method is that the merit function
relies on a projective operator. Moreover, one has to estimate a positive definite matrix
in practice.
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In both of the methods, the subproblems are linear complementarity problems of
dimension n. In this paper, we will give another equivalent optimization of NCP(F) by
using penalty technique. We also present a damped Newton method with the subprob-
lems being lower-dimensional linear complementarity. Global convergence is obtained.
For some special problems, local quadratic convergence is also established.

The paper is organized as follows: in the next section, we first deduce a new equiv-
alent optimization problem of NCP(F) and then describe the algorithm. In section 3,
we prove the global convergence and local quadratic convergence of the algorithm. At
last, in section 4, we give some numerical results.

2. The Equivalent Form and the Algorithm

It is easy to see that NCP(F) is equivalent to the following optimization problem
(e.g. see [4]):

min f(z) = 27 F(z)

st.x >0, F(x) >0

—~
oo
[N

S—

with the optimal f(z*) = 0. Generally, the feasible domain D = {z € R"|x > 0,

F(z) > 0} is not convex. In 1992, Fukushima considered the merit function below
1
f@) = =F(2)" (H(z) - x) = 5(H(x) — 2)" G(H () - 2). (2.3)

and cast NCP(F) as the following optimization problem

min f (2), (2.4)

where H(x) = Proj(z — G™1F(x))),and Projg(x) denotes the unique solution of the
following mathematical programming:

min |y — alle = {(y —2)" Gy — x)}'/* .
y>0

Of course, the feasible domain (2.4) is convex. However, the calculation of f(x) relies
on the projective operator H(x). To overcome these disadvantages, we give a new
equivalent optimization problem of NCP(F).

Our approach follows the way of Fukushima’s. We consider the following mathe-
matical programming problem

min ¢, (z) = 27 max{F(z),0} + %T‘H min{F(zx),0}||? (2.5)
st.xz>0 (2.6)

Obviously, ¢,(x) = 0 if and only if = solves NCP(F).
The function ¢, in (2.5) is not differentiable but directional differentiable. The
derivative of ¢, at z along direction p is given by

8 (w,p) = Tim_ [y (@ +ap) = 6r(w)] = p7 max{F(),0}
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+ Z x; max{VFIp, 0} + Z e VEp+r Z EVELp.
F;=0 F;>0 F;<0 (2.7)

We wish to find a direction p to be a descent direction of ¢,. In the paper we choose p
as the solution of the following lower-dimensional linear complementarity problem:

x; +p; =0, if F,(m) > 0, (2.8)
T +p; >0, F(z) + VFEIp>0
and (z; + p;)(Fi(z) + VFp) =0, if F(z) <0, (2.9)

where z;,p; and F;(x) denote the i-th elements of z,p and F'(x) respectively. VF; be
the gradient of F; at x. It is clear that if p = 0 is a solution of (2.8) and (2.9), then x
is a solution of NCP(F).

In the rest of the paper, we assume that

Assumption (A). F : R" — R™ is continuously differentiable and is strongly
monotone, i.e. there is a constant p > 0 such that

[F@) = F)" (@ —y) > pllz —yl?,  VYa,y. (2.10)
If we denote F” the Jacobian of F' at x, then (2.10) is equivalent to
v Fl(z)v > p|lv]|?, Vz, v e R™ (2.11)

To describe the algorithm, we first justify the descent property of ¢,.
Proposition 2.1. Let assumption (A) hold. x > 0, p is determined by (2.8) and
(2.9). If r > 1/(2u), then

1 %
¢ (x,p) < —§pTF’(w)p < —§HpH2- (2.12)

Proof. Notice that p satisfies (2.8), we have VFIp > 0 when Fj(z) = 0. Thus from
(2.7) we deduce that

Oh(xp)= > piF+ Y o VE'p+ > a;VEp+r Y EVEp

F;>0 F;>0 F;=0 F;<0
=— Y wF— Y pVF'p+ Y zi(F;+VE'p)+r Y (F+VEp-FE)F
F;>0 F;>0 F;=0 F;<0
<= pVEp—r Y F'=—p"F(x)p+ Y pVF'p—r|mn{F(z),0}
F;>0 Fi<0 F;<0
= —p Fl(x)p+ > pi(F; + VF'p) — p" min{F(z),0} — r|| min{F(z),0}||*
F;<0
1 1pT F'(x)p ) .
< 5 Flalp - {5 Sl 4 5 min{F(2),0) -+ | min{F(2),0)1?)
Lr, 1p" F'(x)p Ipl> . 2
—_—T'p -z F(z),0
7 @ g P ey w0
Ipl? . 2
- (7" - m) | min{F(z), 0}
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< L@ - (- =) min{ (e, 03
- 2 2pT F'(x)p ’
1 T 1/ 1 : 2
< —5p Fap = (r = ) lmin{F (), 0}
1
Ifr > 2 then (2.12) holds true. Q.E.D.

Now, we state the damped Newton method.

Algorithm 1. Initial. Given constants p,o € (0,1). Take 2° € R". k <= 0.

Step 1. Solve (2.8) and (2.9) for = z* to get pF.

Step 2. Select Ay = p"**, where my, is the smallest nonnegative integer satisfying
that:

br(a® + ") — o) < oGP F ()t (2.13)

Step 3. zFt! = zF + \pp®, k+1 =k, go to Step 1.

3. Global and Local Convergence

In this section, we will prove the global and locally quadratic convergence of algo-
rithm 1. First, we see that the sequence {2*} generated by algorithm 1 are in RY if
2% € R". The following lemma shows that {z*} is bounded.

Lemma 3.1. For any 2° € R?, every r > 0, if F is strongly monotone, then the
level set

Q, = {z|z >0, ¢r(z) < ¢r(2°)} (3.1)
18 bounded.

Proof. Assume that {u*} is an unbounded nonnegative sequence. Then for every
r > 0, by a simple inequality that

max(a,0) + min(b,0) < max(a + b,0) < max(a,0) + max(b,0) (3.2)
we get

¢r(u") = (uh)T max{F(u*), 0} = (u")" max{[F(u*) — F(0)] + F(0), 0}
> max{ (u*)T[F(u*) — F(0)],0} + min{(«*)TF(0),0}
> gl = (| FO)]),

this implies that ¢,(u*) tends to co. Thus €2, is bounded since ¢,(x) < ¢,(z°) for all
x € (. Q.E.D.

From lemma 3.1, it is easy to see that {z¥} generated by algorithm 1 is bounded.
So there is a subsequence {z*} with a limit z* € Q,..

Let I,J C Z, = {1,2,---,n}. We say I,J a partition of Z,, if INJ = O and
1uJ=2,.

Lemma 3.2. Let assumption (A) hold. Then the sequence {p*} is bounded.

Proof. Since F' is strongly monotone, for every partition I, J of Z,, we claim that
the matrix G(I, J,z) = ((e)ier, (VFj(z))jes)T is uniformly nonsignular, that is there
is a constant g1 > 0 independent of I, J such that

\G(I,J,z)v|| > pi|jv|, Vv € R", Vo € R}
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Recall that for every ¢ € Z,, we have either
:Ef + pf =0

or
Ey(zF) + VE; (%) Tpk =0

That is to say, there is a partition Iy, Ji of Z,, such that

where H(z%) = (hy(2F), ha(2F), -, hy(2F)), hi(z¥) = 2F or Fi(z¥). But {2} C Q, is
bounded and F(x) is continuous, we conclude the proof by the uniform nonsingularity
of G(I,.J,z%). Q.E.D.

The following lemma is useful for the proof of the global convergence of algorithm
1.

Theorem 3.3. Let F : R — R" be continuously differentiable. {z*} and {p*} are
generated by algorithm 1. If there are subsequences {x*} e and {p*}rek taking limits
Z and p respectively with p =0, then T is a solution of NCP(F).

Proof. We verify the conclusion by partition the index set Z, into three subsets.
Define

a = {i|F;(z) > 0}, B ={i[Fi(z) =0}, 7= {i|F;(z) < 0}
We will show that z; =0, Vi € &, Z; > 0, Vi € 6 and 7 is empty. This means that Z is
a solution of NCP(F).

For i € &, when k € K sufficiently large, F;(2*) > 0. Which implies from (2.8) that
o¥ 4+ pk =0, Vi € @ and k € K sufficiently large. So we get that 7; = 0, Vi € a.

For i € 7, it is clear that when k € K sufficiently large, (2.9) is always true for
r =2 and p = p*. Thus F;(z¥) + VET (2*)p* > 0 for all i € ¥ and k € K sufficiently.
Taking limits in the inequality, we get that F;(Z) > 0, Vi € 4. This contradiction means
that 5 = 0.

For the case i € 3, we have from (2.8) and (2.9) that ¥ + p¥ > 0 for all i € 5 and
k. This, of course, implies that z; > 0, Vi € . Q.E.D.

Now we prove the global convergence of the algorithm 1.

Theorem 3.4. Let assumption (A) hold. Let also r > % Then for any x° €
R, the sequence {xFY generated by the algorithm converges to the unique solution of
NCP(F).

Proof. Since the level set €2, is bounded, there exists a convergent subsequence
{z*Y1ek. By lemma 3.3, we only need to find a subsequence {pFlrerr C {p*lrex
taking the limit p = 0.

From the line search condition (2.13) and the monotonity of {¢,(z*)} we get

Jim Ag[lp** = 0. (3.3)

Denote \* = inf{\x|k > 0}. If \* > 0, then p* — p = 0.
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Now, we consider the case that \* = 0. Without loss of generality, we assume that
{p*}rex — P. By the line search rule, it is clear that when k € K sufficiently large,
A, = Ag/p does not satisfy (2.13). That is to say that when k € K sufficiently large,

G0 (2* + NopF) — o (2F) > —%axg(pk)TF/(xk)pk. (3.4)

For convenience, in the following proof we omit the index k. Consider the left side of
(3.4). Denote

n; =(z; + N'p;) max{F;(x + X'p),0} — z; max{F;(x), 0}
+ %r[min2{Fi(:p + X'p), 0} — min®{ Fy(x), 0}].

Then

n

¢r($k + /\;cpk) - ¢r(33k) = 2772'- (3.5)

i=1
Let @, and 7 be defined by lemma 3.3. If i € &, then when k € K sufficiently
large F;(z) > 0, and F;(z + X'p) > 0. Thus

n; = @i[Fy(x + Np) — Fi(2)] + NpiFy(x + X'p) = N[z VF] p+ piFy(z)] + o(X) .
If i € 4, then when k € K sufficiently large Fj(z) < 0, and F;(z + X'p) < 0. Thus
i = %T[Fi(m +N'p) + Fi(2)][Fi(x + X'p) — Fi(x)] = NrEVEFp+o(X) .
If i € (3, from the inequality (3.2) and that
min(a + b,0) > min(a, 0) + min(b, 0),
we deduce that
i =zi[max{Fi(z + \'p), 0} — max{Fj(z), 0}] + \'p; max{F;(z + \'p), 0}
+ grimin{F(z + Xp), 0} + min{F(x), 0} min{F(x + Np), 0} ~ min{F(x), 0)]
<wz; max{Fj(z + X'p),0} — F(x),0} + X'pi max{F;(z + \'p), 0}
+ grimin{Fi(z + Xp),0} + min{F(x), 0}] min{Fi(z + Np) ~ F(z),0}
=N [z; max{VElp,0} + p; max{F;(z),0} + X F;(z) min{VE] (x)p,0} + o(\) .
Substitute all the above estimation to (3.5), we get that

or(ab + Mp") = 0, () N N @ VEp+piF@)]+r Y. F@)VEp

Fy(z)>0 F;(z)<0
+ > [wimax{VF]p,0} + p; max{F;(z),0}
Fl(:?:):O

+ rFy(z) min{VFE p, 0}} +o(XN).
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Using this inequality to (3.4) and dividing by A, then taking limit as k € K and k
tends to infinity, we deduce that

> [wVE@p+pF@)|+r Y R@VE (@)p
F;(z)>0 Fy(7)<0
+ [z; max{VF;(z)"p,0} + p; max{F;(z),0}
Fi(3)=0
+rF (T )min{VFZ-T(a_j)ﬁ,O}}
>— %UﬁTF'(i’)ﬁ-

But the left side of the above inequality is just ¢/(Z,p). So by means of (2.12), this

implies that

1 _ 1 .
—§pTF/(33)P > —§UPTF/(33)

From this we claim that p = 0 since o € (0,1). Thus Z solves NCP(F).

The above discussion has shown that there is an accumulation point of {z*} which
solves NCP(F). Again by the monotonity of {¢.(z*)}, every accumulation point of
{x*} takes the same value ¢,(z*) = 0, i.e. a solution of NCP(F). However the strong
monotonity of F' guarantees the uniqueness of the solution. The proof is completed.

We now analyze the convergent rate of algorithm 1. From the proof of lemma 3.2
and theorem 3.4, we get {p*} — 0.

Theorem 3.5. Let the conditions of theorem 3.3 hold. Let also that F'(z) is
Lipschitz continuous on §,., i.e. there is a constant L > 0 such that

IF'(z) = F'(y)ll < Lllz —yll, Y,y € Q. (3.6)
Then there exists a constant C' > 0 such that when k is sufficiently large
l* +p* — 2™ < Clla® — ¥, 3.7)

where x* is the unique solution of NCP(F).
Proof. Set

o ={i|Fi(z") > 0}, 0" ={i|Fi(z") = a7 = 0}, 7" = {i|z7 > 0}. (3.8)

Then o* U 3 U~* = Z,. For all i € o*, it follows that =} = 0 and that Fj(z*) > 0
when k is sufficiently large. Thus from (2.8), we get

w4 pf—xr=0, Viea (3.10)
For every i € 3*, we have either (3.10) or
Fi(z®) — Fi(z*) + VEL (z")p* = 0. (3.11)

For ¢ € v*, we get that xf + pf > 0 when £ is sufficiently large, and so (3.11) holds.



A Penalty Technique for Nonlinear Complementarity Problems 47
On the other hand (3.11) can be rewritten as
VE (@) (a* +p* — %) = —(F;(a") - Fy(a*) = VF (2")(«* - 2¥)) (3.12)
The above discussion shows that when k is sufficiently large
Gr(z® + p* — 2*) = —H,, (3.13)

where Gy = (g1 (%), g3 (2%),---, g (2%)) with g;(2¥) = e; or VF,(2F) and H) =
(Y, hE -~ hE) with h¥ = 0 or the right side of (3.12). Since F is strongly mono-
tone, G} is uniformly nonsingular. Moreover, (3.6) implies that there is a constant
Cy > 0 such that ||Hg|| < C1||z* — 2*||2. Therefore we get (3.7) from (3.13). Q.E.D.
We now want to get the quadratic convergence.
Theorem 3.6. Let the conditions of theorem 3.4 hold. Let also that there is a
neighbourhood of x*, say N(x*), such that

Fi(y) — Fy(z) < VE (2)(y — x), Vi € 4" and 2,y € N(z*) N RY. (3.14)

If we take o < 1/2 in algorithm 1, then algorithm 1 has locally quadratically convergent
property.

Proof. From theorem 3.5, it suffices to verify that when k is sufficiently large,
A = 1. In other words, we only need to verify that

¢ (2", ") + o[Ip"1%). (3.15)

N =

¢r($k +pk) — ¢p(z ) <

Then proposition 2.1 guarantees A\ = 1. To prove (3.15), first we note that when k is
sufficiently large, both ¥ and z* + p* are in N(z*) N R%. We rewrite (3.15) in another
form by means of (2.7)

Ty + T3 < o), (3.16)

where

= Z o= i[(w’“ + pf) max{Fi(z* + p*), 0} — 2} max{F ("), 0}]
2—01 =0
R

Z ©) + 2f VE (")t
zk)=0

n

min® {F; (" + p*),0} — D (F2(a") + B )VE (a%)p"),
0 F;(z*)<0

s l
7
1 2 7,

|||

TQE

(2

1
5
[ 2t +pz ymax{Fi(e* + ), 0} — 5(ok + ph)Fi(a?)

2 (Fi(2%) + VET (2*)p"), if Fj(@*) >0,
(zF + p¥ max{F(m + pk), 0}, if F;(z%) <0
min?{ F;(z* + p*),0}, if F;(2%) >0,
min?{F;(z* + p*), 0} — F(aF)(F;(2%) + VET (2%)p¥), if F;(2*) <0
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We now estimate 77 and T5. For convenience, in the later of the proof, we still omit
the index k. For every i € o, it follows that F;(x) > 0 when k is sufficiently large and
thus z; + p; = 0. Therefore

1
ei = —5@i(Fi(2) + V] (2)p) < 0.
For i € 5%, xf = Fy(z*) = 0. So
ei < (i + p; — &) max{Fj(z + p),0} = o([|p?)-

For ¢ € ~*, 7 > 0. This implies that x; + p; > 0 when k is sufficiently large. So
Fi(r) <0 and Fj(z) + VEL (z)p = 0. In this case, by the assumption of the theorem
we have

e; = (z; + p;) max{Fj(z + p) — F;(x) — VF (2)p,0} = 0.

We have now proved that when k is sufficiently large
Ty < o(|lpl*)- (3.17)

We turn to estimate T,. For i € o, when k is sufficiently large, & = 0. For
i€ 0*U~*, Fi(2*) = 0. From this we deduce that

Fi(z +p) = Fi(z +p) — Fi(«*) = VF (&)(z + p - %) = o(|]p||*),
where Z is a point between x + p and x*. This follows that
min®{F(z + p),0} = o(||p|]?).

So we have the estimation that

iz{mwwx if Fy(z) >0,
"L ollpl?) = (Fi(x) = Fi(a*)(Fi(x) — Fi(z*) + VF (2)p), if Fi(x) <0.
=o([lpl1?).

Anyway, we have
Ty = o|p|l*). (3.18)

The estimation (3.17) and (3.18) imply (3.16). The proof is completed. Q.E.D.

Remark 1. The condition (3.14) means that Vi € ~*, F; is concave in some
neighbourhood of x*. For some practical problems such as the piecewise linear elastic-
plastic problem etc, these conditions are often satisfied.

Remark 2. For algorithm 1, we see that the descent property and global conver-

gence of algorithm 1 rely on the requirement that r > o This is not convenient in

practice since it is difficult to estimate p in advance. To overcome such disadvantage,
we can change 1 successively by obeying the following rule which very like the way
used in [7] for constrained optimization problem. If

1
& (wk, pi) < —§ng/($k)pk, (3.19)
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then we need not change ry, i.e. ry41 = rg. Otherwise we choose rgy1 by

A& !

T =max|2ry, —————
k+1 { k 2pfF’(xk)pk

The following theorem shows that the global and locally quadratic convergence
results for the revised algorithm remain true.

Theorem 3.7. Let assumption (A) hold. Then there exists an integer ko such that
when k > rg, rj, = i, -

Proof. By the rule for the determination of the penalty factor, it suffices to verify
that there exists a constant > 0 such that (3.19) holds for all » > . This is just the
conclusion of proposition 2.1. Q.E.D.

4. Numerical Results

In this section, we present our numerical results. Two test functions are considered.
Problem 1.
F(z)=C(z)+ Az + b,

where
C(z) = (c1(z1), ca(m2), - "cn(azn))T, ¢i(x;) = arctan (x;), i=1,2,---,n
and
2 -1
-1 2 -1
-1 2 -1
A= ,
-1
-2 2
b=(-n/2,—n/2+1,-n/2+2,---,—n2+ (n—1),—n/2 +n)T.

Problem 2. (Simplified as P2)

):3:13%—1—2:171:132—1—2:1:%—1—@—1—3:174—6,
$):2$%+x1+$%+3m3+2x4—2,

) = 322 + 120 + 203 + 223 + 314 — 1,
x) = 2% + 323 + 223 + 314 — 3.

By using ||p*||.c < 1079 as the stopping criterion, the iterative numbers are given
in table 1 and table 2. Table 1 shows the iterative number of problem 1. In the table,
Taji stands for the method proposed by Taji et al. (1993) with G = I and LZ stands
for the algorithm 2 in our paper. We choose the initial penalty factor rp = 1 in the
revised algorithm.
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Remark. In the two problems, F' is strongly monotone for problem 1 but not for
problem 2.
Table 1.
20 (1,---,1) ] (,---,0) [ (1,---,n) | (n,---,1) | (10%,---,10%)
o _s | Tail 6 3 7 3 15
LZ 4 4 4 5 5
n =10 Taji 16 16 16 16 25
LZ 9 10 9 11 11
n =20 Taji 23 23 23 20 31
LZ 16 15 15 17 17
Table 2.
z° | (1,1,1,1) | (10,20,30,40) | (1,0,0,0) | (1,0,1,0) | (10,10,10,10) | (10%,---,10%)
P2 8 7 4 4 7 7
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