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Abstract

We construct and analyze a family of semi-discretized difference schemes with
two parameters for the Korteweg-de Vries (KdV) equation. The scheme possesses
the first four near-conserved quantities for periodic boundary conditions. The
existence and the convergence of its global solution in Sobolev space L (0, 7;H?)
are proved and the scheme is also stable about initial values. Furthermore, the
scheme conserves exactly the first two conserved quantities in the special case.
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1. Introduction

In this paper, we are concerned with the semi-discretized difference methods which
are capable of approximating to the KdV equation to a considerable extent. Consider
the periodic initial-boundary problem:

U + Uty + Ugyr = 0, —o<r<+oo, t>0 (1.1)
u(x 4+ 1,t) = u(z,t), —oo <z <400, t>0
u(z,0) = u,(z), —00 < T < 400

where u,(z) is a given 1-periodic function and belongs to H3. Let J be a positive
integer, put the spatial mesh length h = 1/J. Discrete periodic function V}, = {V}|j =
0,%1,£2,---} takes the values on the net points x; = jh. Denote A,, A, and A_, re-
spectively, of the centered, the forward and the backward difference quotient operators,

ie.,
Vig1 — Vi1 Vig1 =V Vi =V
AO‘/j: ! 2h : ’ AJr‘/]: . h ]7 A7%: : h] (14)
and FE is a mean operator as follows
1
EVj = §(Vj+1 + Vj-1). (1.5)
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As similar as [13], for real 1 < p < oo, denote by W, =W,,(0,1) the usual discretized

real Sobolev spaces on (0, 1) and by || - ||, the associated norm:
4 pp\ /P
IVallp = (X IVilPR) ™, 1< p< oo, (1.6)
j=1

For integer s > 0, let H®* =W} and the inner product on Wy(0,1) is denoted by (-, -).
The KdV equation (1.1) can be shown to have an infinite hierarchy of conservation
quantities and the first four of them can be written as follows!™:

Fo(u) = ; 3udzx (1.7a)
1

Fi(u) = /0 %uzd:n (1.7h)
L1 1

Fy(u) = /0 (Eug - iui)dx (1.7¢)
L/5 ) 1

F3(u) = /0 (7—Ou4 - Euui + iuix)dx (1.7d)

Unfortunately, it is difficult for discretizations of (1.1) to preserve more than two exact
conserved quantities. Although the numerical studies of the KdV equation have been
largely developed since Zabusky and Kruskal used the second order accuracy Leap-
Frog scheme to solve this evolution equation, there were seldom works discussing about
multiple conservation laws of difference approximation of (1.1) or estimates of difference
solutions under norm || - ||« and their higher order difference quotients. Recently, the
various computational instabilities occurring in difference approximating to the KdV
equation were observed by several scholars(l:1%11 One was conscious that high order
discrete conserved quantities are very significant for restraining numerical instabilities.
In authors’ previous papers [3], [4] and [5], several semi-discrete difference schemes
were studied. They have three or four near-conserved quantities. Recently, we presented
a method in [9] to construct schemes with multiple near-conserved quantities. The
method draws construction of infinite conservation laws in continuous situation, which
can be refered in Lax [7], and utilizes discretizations of the gradients of the invariant
functionals. By the way, we obtained a family of schemes with a real parameter :

1 1-8
‘/jt + §A0V}2 + AOAJrA,‘/j + —12

—2
+ §h2VjA0A+AVj + %h4A+AVjAOA+AVj =0 (1.8)

R2AV;AL AV

for J odd, the condition required by the inverse operation of difference operators. The
schemes presented in [3] and [5] are the special cases of (1.8) for 5 =1 and 5 = 0
respectively.

In this paper, we prove that the scheme (1.8) possesses the first four near-conserved
quantities for J any positive integer. We gain the estimates of the difference solution
and its difference quotients up to order 3 using the theory of discrete functional analysis
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due to Zhou'3 and the technique of coupled priori estimating?. Thanks to these
estimates, the convergence and the stability of the scheme (1.8) are proved.
In addition, we present a new scheme with two parameters based on (1.8)

1 1—
Vit AV + Do AV 4 S ERANAL ALY,
+ §h2VjAOA+AJ/j - %h4AO(|A+AJ/j|2) ~0. (1.9)

Because that the term h*A,(|A, A_V;|?) can be dominated by the forth conserved

quantity, (1.9) also has the first four near-conserved quantities. In particular, (1.9)

keeps the first two exact conserved quantities for « = 5 = % A numerical example

is given, which shows that the conservation properties of the approximation solution

agrees with our analysis.
& Y 2. Main Results

We set

Q= %thOVjA+AJ/}+§l12VjAOA+AJ/}+%h4A+AJ@AoA+A_Vj (2.1)

then the scheme (1.8) can be rewritten as a form of
1
Vit + 5Aon +AA A V;+Qj=0. (2.2)

We introduce the discrete periodic boundary condition

Vita(t) =Vj(t), Vi, t>0 (2.3)
and the initial value

(2.2) is also a five-point scheme and has an equivalent form:

25 -5 7T+
Viet 808, A i+ [ w0 1w - T v Ay,
-2 1+
220+ v + 2 A 4 v =0 (25

The scheme (2.2) approximates to the KdV equation (1.1) to a considerable extent.
We obtain the following results about the priori estimates, the near-conservation, the
convergence and the stability.

Theorem 1. Suppose u,(r) €H?. For any given T > 0, if h is small enough, the
scheme (2.2) has the first four near-conserved quantities

J
FR(Va(t) = 3 3V, (0)h (2.60)
j=1
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1
Fl(Vu(t) = 5 (Va(t) Va()) (2.6b)
1 1
FX(Vi(t) = E(th’ Vi) — §(A+Vh, A V) (2.6¢)
h I A V24 (A V)2 + S(A.A AN
F(Va(®) = (Vi Vi) = 5 (Ve (A Va)" + (A VR)7) + 5 (AL A Vi, ALA V)
(2.6d)
which satisfy the restrictions for any t € [0,T):
%Fé‘(Vh(t)) =0 and ‘%Eh(vh(t))‘ <Ch? i=1,2,3 (2.7)

where and below C; (i =1,2,---) are constants independent of h and T.
Theorem 2. Suppose u,(x) €H3. For any given T > 0, if h is small enough, the
solution V3, (t) of the difference method (2.2)—(2.4) satisfies the priori estimates:

ax [[Va(®ll» < Cs (2.8)
max [Va(®)ll s < 1 (2.9)
max ||V (t)]l2 < Co (2.10)

0<t<T

where and below C; (i=1,2,---) are constants independent of h.

The proof of Theorem 1 and Theorem 2 will be given in the section 4. Having the
priori estimations in Theorem 2, basing on the framework of Zhou in [13], we know
that the global solution of the difference scheme (2.2)—(2.4) exists in Sobolev space
Lo (0, T;H?) and get following convergence theorem:

Theorem 3. Suppose u,(x) €H?. For any T > 0, the difference solution Vj,(t)
of scheme (2.2)—(2.4) converges to the differential solution u(x,t) of (1.1)~(1.3) in
Lo (0,T;H?) as h — 0.

Having the bounded estimations in Theorem 2, we also get the stability of the
scheme (2.2) and state it in theorem 4. Its proof is similar to that of Theorem 3 in Ref.
[3].

Theorem 4. Under the conditions of Theorem 2, the scheme (2.2) is stable about
initial values in the sense of

th(t) - Vh(t)”HQ < 6'3 eXp(é4t)|’uo - ao”Hw Vit € [OvT] (2’11)

where Vi, is the solution of scheme (2.2)~(2.4) with another initial 1, (z) €H3.

3. Two-parameter Schemes

In the scheme (1.8), the last term h4A+AJ/}AOA+AJ/} is not by no means con-
troled. We improve the scheme (1.8) through introducing another parameter o and
write it as

1-p

1
Vit & 586V + DA A Vy + —o= WAV AL ALY
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+ ghQVjAoA+AVj - %h4A+AJ/}AOA+AJ/’j = 0. (1.8)
It is easy to see that
h4
RHA, A VRAMA A Vi, AL A AA V)| =— y( (ALALA V)P
1
<4h[|A, A V3|3 < 4RZ(|A, A V45, (3.1)

Thanks to (3.1), although it is quite rough, the proving process in section 4 is still
tenable for the scheme (1.8') and the corresponding results to Theorem 1-4 can be
derived for smaller h, but

1
SE )| < oyt 0.7) (32)

where V},(t) is a solution of (1.8") and C% is a constant independent of h and T

1
Now, we replace A, A_V;A,A_ A_V; by iAO(A+AJ/j)2 in the scheme (1.8") and

obtain a new scheme (1.9). Because that

1
R (AG(ALA V)2 ALA ALA V3| <8hZ|A, A Vi3, (3.3)

the scheme (1.9) has the properties as same as (1.8').

It is clear that there holds%F&L (Vi (t)) = 0 for any solution V4 (t) of equation (1.9).

Multiplying (1.9) by V; and summing them up for j from 1 to J and considering
the periodic boundary condition (2.3), we get

d 1 1-
T Va(6) = = 5(A0Vi2, Vi) — Tﬁh%vh,onhAA,vh)

- §h2<vh2, DAL A Vi + SR A, AV, Vi)
561 3h2(vh,A ViA A Vh)+ﬁ—h4(A Vi, (A, A_V3)?).

d
Hence, EF{‘(Vh(t)) =0, for f=a= g In this case, (1.9) can be rewritten as follows

h2
Vit ViAoV |1+ - (Visa = 2Vin + V5 = 2Vjoa + Vi) [ AA LAV = 0. (3.4)

The scheme (3.4) possesses the first two exact conserved quantities and the succeeding
two near-conserved ones. A numerical example using scheme (3.4) to compute an initial
monochromatic wave is given in section 5. Its momentum and energy (the first two
invariants) are preserved indeed for ever and a better recurrence of the initial state is
obtained.

4. The Proof of Theorem 1 and Theorem 2
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To prove the theorems in section 2, several lemmas used in paper [3] are required
again. For convenience, we list them here.
Lemma 10, Let V), is a discrete function. For any constants p, q, r and integers

1 1
k, n which satisfy 1 < q, r < o0; 0 < k < n, —(n— k— —) < = < 1, there exists a
r

constant K such that the following interpolation formula holds
1A Vally < K(IVallg™* IAT Vall? + [[Vallg) (4.1)

where the constant o is fived by

1 1—- 1
E_k: qa—l—a(;—n).

Lemma 28, For any discrete periodic function Vi, there holds

1 J 2
IVal3 < J1AValB + (3o vih) s Jh=1. (42)
j=1

Lemma 3. Suppose z(t) is a non-negative function on [0,T] and satisfies the
inequality:

t
2(t) < Dy +D1/ 12(s)|¥/3ds, Vi € [0,T] (4.3)
0
where Dy, D1 > 0. Then, if Dy is small enough that
5 _5/3 1
e < = .
3D0 DT < g (4.4)
(4.3) implies the estimate
z(t) < 2Dy, Vte[0,T]. (4.5)

Lemma 40!, Set Aj, and By, are any discrete functions. There are relationships:

A,A A=A (AA_A)) +A_(AjA,A))

:2AjA+A7Aj + (A+Aj)2 + (AiAj)2, (46)

1
A AN By + AAJA_Bj = 20,410, + ShPA A AN A B, (4.7)
A AN By — A AN B = h{AAA A B+ ABiA A A}, (4.8)

A, A AjA Bj+ A A A;A B
=2A,A_A;AB; + h2[AA A _A;A, A Bj+ AB;A A A A A
(4.9)

Lemma 5. Set A, and By, are periodic discrete functions. The inner product
satisfies the formulas:

(An, AoBp) = —(AoAp, By), (Ap, A, By) = —(A_Ap, By) (4.10)
1 1
(Aj,, ByA,By) = _§(A0Ah, B?) + Zh2(A+Ah, (A, Bp)?) (4.11)
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(A1 A A BuABY) = (B, A (A, By)°) (4.12)

(AnBi, DA, A_By) = (AoAp, A, ByA_By) + %(A+EAh, (A, By)?)
+ %(Bh, Ao, ApA, By + AgA_ApA_By) (4.13)

and
4
(A, AR+ (A A% AA LA Ay) = g(A+A,A2, AA LA Ap)
+ %hZ(AOAhA+A7Ah, A A_A A Ay
2
— Bh4(A+A7AhAOA+A7Ah,A+A7A+A7Ah) (4.14)
Lemma 6[4]. For anya, b>0,0<60 <1 and T > 1, the following inequalities are

valid
a0 <Ba+ (1 -0, o +b < (a+b).

Set
5 2 5 2 2 5 3
9 =0 A A A Vi+ AN VE-S[(A V)P + (A V) + 5V (415)
Then
d
(Vhts gn) = 3 F5 (Vi (8)). (4.16)

Multiplying (2.2) by g; and summing them up for j from 1 to J, we have

%Fﬁ(vh(t)) = —%(Athz,gh) — (AoA LA Vi, gn) — (Qns gn)- (4.17)

For convenience, we emit the foot-symbol ;, of discrete functions below. Thanks to
the formula (4.14) in Lemma 5 and the formula below:

(AVA,A VA, A A A V)
1
=2VA,A, A V + §h2A+A, VAA A V,ALA AATY) (4.18)

we get

1
(AA,A V,g) :§(A+A,v2, AA, A V) + %(V% AA, A V)
—(Q,A,A_A A V) (4.19)
Substituting (4.19) into (4.17), we obtain

d 5

h _ 5 2 2 2 5 3
SEIV) == 2(Q8,8. V) + (@ (A V) + (AV)) — 2@,V
5 2 2 2 5 2 3 5 3

ot AV AV 4+ (A V) = (A2 V) = (VA AL A ).

(4.20)
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Applying the formulas in Lemma 3 and Lemma 4 again, there are

3 1
(V3 AA A V) :Z(AOW, (A, V)2 +(A V) - 5h2(A0v2, (A, A V)P

1
- 5h?(VAOV, (A, A V)?) (4.21)
and
1
(A2, V3) = (A, VP, A,V — sk (A V) + (A VP VD), (422)
therefore,
d
—FY(V(t) =L+ 1 (4.23)
with dt
n Z%M(on? FVAV(ALA V) - (@ 2A+A,v2 - 1—52[(A+V)2 Ay
9 BN, 2 2 oy, 9B 9 2
_%(H §)h (AoVE (A A V) 4+ 5 hA VAV (AL A V) )
+ Wh4(VAOA+AV, (ALA V) + %iﬁ(VAOAA,V, AAAATY)
_5(6-2)

AL A VAA A V(A V) + (A V)?)

432
and

=~ ih%mm?,mv% F ALV (A VYY) - Q)

5
36 18
1 1
= IR, VP ALV BB, V) (A V) V)

36
5(8—-2) 4 3 506
+ A VA A VA A V) - 2

R (A, V)% A, (EVEV?)).
It is easy to see that I; and I above can be estimated as follows:

1] < Kah? |Vl A, V|| A, AV
1 1
Bl < K VIB 1A, VIE,  (5+=1)

q
. 25
where, the absolute constants K4 and K5 are not large, for instance, K4 = =1 and
K5 = 3 if 5 = 0. Furthermore, from the interpolation formula (4.1), we have

8/7 6/7
IV ool A, Vo < 22|V 1A, A VST + VIR
22/7 13/7
V1214, VI3, < 6K°(IVIETIA, A VY + 1vVI3)

Thus, (4.23) results in the inequality:

d 7 7
| GE W) <K {IVIET 1A, A VYT VI
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7
+ KR AL A VIEIVIYTIA A VYT VI3
(4.24)

In the other hand, according to the interpolation formula again, there holds

5 5
SV V(A VP <EIVILIA, VIR,
2 1 8/3 14/3
<IVIE+ 1A A VIE+ R V5" + KoV,
(4.25)

Making an integral of (4.23) for ¢ from 0 to t, considering (4.25), and we get
1 8/3 14/3
1A, A VB + IV < Co+ Kol VI + Kulv ol
¢ 22/7 13/7
Fasoh® [{IVEERTIA A V) + V() s

t
+asah? 1A A VEBIVEITIA, A VEIE+ V()i
0 (4.26)
where

5 5
Co =201, A ug3 = 5 (ug, (A ug) + (A wy)*) + o llug

Now, multiplying (2.2) by V; and summing them up for j from 1 to J, we have
1
(V. Vi) + gh*(V, AVALA V) +(Q,V) =0 (4.27)
Using the formulas (4.11), (4.12) and (4.13), we get the estimate
1
SR (V.AVAA V) +(Q.V)] < Kroh?|A, V()
Hence, there is
d
S IVOIB| < 2Kk’ 1A, V)3 (4.28)
. N
where the constant Ko is also very small and it is — for 3 =0.
From (4.28), we get

t
VO < gl + 26128 [ 1A, V(5. (4.29)
Using Lemma 1 and Lemma 6, we obtain the following inequalities from (4.29)

t
8/3 4/3 40/21 44/21
IV < Valuglly” + Kish®6 [V @I A, A VEIY + IV ©)li)ds
(4.30)
and
t
14/3 7/3 10/3 11/3
V5 < 293 15+ Kaah 5 [V @71, A V()5 + [V (s) s
(4.31)
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Substituting (4.30), (4.31) into (4.26) and standing by Lemma 6 again, we obtain
the estimate for any ¢t < T

1
1A, A V@3 + SV < Co + KisTh*[1 + (Th*)'? + (Th?)"?)

¢ 1
+ Kigh® (1 4+ (TH)Y + (10 [ {18, A V(s) 5+ IV ()11 s
(4.32)

According to Lemma 2, for any T > 0, if A is small enough there is an estimate

2 1 4
s {|A,A_VOI + VOl < Cro (4.33)
therefore,
max {[|V(t)]loc + [[A,V()]loo + [[ALA_V()[]2} < Cu1. (4.34)

0<t<T

So, we gain the forth near-conserved quantity (2.6d) with (2.7) from (4.24) and

(4.34). The first conserved quantity (2.6a) of scheme (2.2) is proved immediately be-
J

cause ZVJf = 0 and the second (2.6¢) is obtained with (2.7) from (4.28) and (4.34).
j=1

1
To derive the third one (2.6c), we make the inner product of A, A_Vj, + §th and
equation (2.2). There is

d(l, 1 B 1,
FEVAY) - VA VI = |@A AV oV
<Kih?[|A, Vsl A, A_VIB+ [V oA, VA, A V2] < Croh?

i.e., (2.6¢) also satisfies (2.7). Theorem 1 is proved.
The estimate (2.8) in Theorem 2 is obtained directly from (4.33). To prove (2.9),
(2.10), we set Vj’ = Vj; and make the derivation of (2.2) with respect to t, then get

o+ Do(ViVi) + AgA LA _V] 4+ Qjy = 0. (4.35)

Equation (4.35) is linear with respect to V}, therefore the follows estimate is valid
because of (4.34):

d
F @5 < Cus Vi@ 113

or, by Gronwall’s inequality, [Jnax, IVi®)[13 < [|[Vi(0)])3eCT = Cs.

Finally, from the difference equation (2.2) and above estimate, we have

ax |AA A_ V(B2 < Cs.

The proof of Theorem 2 is completed.
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5. Numerical Result

We apply the scheme (3.4) to solve the periodic initial-boundary problem of the
KdV equation:

U + Uy + EUpgy = 0
u(z,t) = u(x + 2,t)
u(z,0) = 2C), cos(mz)

where € and C), are constants. In the computation, we take ¢ = 0.484 x 1073 and
Cp = 0.1. Such a solution has the properties as same as the problem studied by
Zabusky and Kruskal in [12]. And it has about four solitons and its recurrence time is
not much large® therefore a quiet lager space mesh may be enough for accuracy and
the total integration time is short.

For the time discretization procedure, we use implicit Runge-Kutta (IRK) method
of Gauss-Legendre type which conserves numerically the first two invariants (see Ref.
[16]). We write (3.4) as follows

dVy,

=~ Hi(Vi (1) (5.1)

h2
where Hj(V;) = V;A,V; + [1+ % (Viez =2V +V; =2V + Vi2)| AgA, A Vj. The
IRK scheme is:

Valt + Af) = Va(t) — S H (V) (52)
Vi (t 4+ At) = Vi (t) — AtHy(V3) (5.3)

where At is the time step.

The nonlinear system (5.2) is solved by a simple fixed-point-type iteration of the
form

- At -
VY = Vi) = S Ha(VY) (5.4)

with an iteration initial ffh(o) = 1.5V} (t) — 0.5V, (t — At).
We take h = 2.0 x 1072 and At = 5.0 x 1073 /7, in this case, the nonlinear iteration
is convergent and the number of itaerations is not larger than 3 (the iteration accuracy

criterion < 1071%). We made a numerical time integration up to the recurrence time
T, = 67.4/m (the definition of T, was referred in [12] and [15]).
The computation results show that the first several discretized conserved quantities

are in good agreement with the theoretical analysis, |F}| < 10715, |Ff* —0.02| < 10715,
|FJ +0.00009451| < 3.0 x 107%, |F£* — 0.00008379| < 2.0 x 1076,
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Fig. 1. The temporal development of the wave form Fig. 2. Time evolution of the first Fourier cofficient

Figure 1 gives the numerical solutions, curve A for the initial, curve B for ¢t = 15.0/7,

and curve C for the recurrence time 7,.. Figure 2 gives the time evolution of the first

J
one Fourier coefficient |aq(t)|, with a1 (t) = Z Vj(t) exp(—imz;)h and a1(0) = 0.2. The
j=1

amount |ai(t)| depicts the degree of the recurrence of the initial wave state. Here,
|a1(T;)| = 0.19877 and a better recurrence is obtained.
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