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Abstract

In this paper we use the spectral method to analyse the generalized Kuramoto-
Sivashinsky equations. We prove the existence and uniqueness of global smooth
solution of the equations. Finally, we obtain the error estimation between spectral
approximate solution and exact solution on large time.

1. Introduction

The following nonlinear evolution equation

1
or + §¢g2g +vo+ a¢mm + ﬁgbxmp + 7¢mmmm =0, aaﬁa v >0, (11)

arises in different problem of physics. Kuramoto!! derived it for the study of dissipative
structure of reaction-diffusion. Sivashinsky!? derived it independently in studying the
propagation of a flame front in case of mild combustion. Then it was obtained in
bifurcating solution of the Navier-Stokes equation[® and in viscous film flow(*. In [5-
8], the bifurcating solution, universal attractor was studed for (1.1). The paper [9]
proposed a class of generalized KS equations. In [10-11], for some equations of the
generalized K S type, the author studed the existence, the uniquness of the global
smooth solution, the asymptotic behaviour at ¢ — oo, the structure of traveling wave
solution and approximate solution by Lie group and infinitesimal transformation.

In infinite dimensional dynamical system, as the Navier-Stokes equation, the
Boussinesq-Newton equation produced many important physical phenomena, for ex-
ample, the universal attractor, the chaos etc. It was need to study the large time new
computational methods and convergence proof. Similar , it is need to study the large
time convergence and error estimation of the approximate solution for K.S equation.

* Received April 17, 1993.
Y The project was supported by the National Natural Sciences Foundation of China.
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In this paper we use the spectral method to analyse the periodic initial value problem
of the generalized K S equations of the form

Uy + QUgy + Bu:{:x:c + YUgzzx + f(u):c
+ ¢(u)ze = g(u) + h(x,t), t>0,z€R,a,y>0, (1.2)
u i=0=up(z),z € R,u(z + 2m,t) = u(x,t), t>0,z €R.

We prove the convergence of the approximate solution and estimate the error for ¢ > 0.
If differentiating (1.1) with respect to z and setting u = ¢,, then (1.1) is particular
form of (1.2).

2. On Large Time Priori Error of Approximate Solution, the
Existence and the Uniqueness of Global Solution

Let Q = [0,27], L?(£2) denote the set of all square integrable functions with the in-
ner product (u,v) = [&" u(x)v(z)de and the norm ||u||? = (u,u). Let L=(2) denote the
Lebesgue space with the norm |lu|| e~ = ess sup,cq | u(x) | and H}" denote the periodic
Sobolev space with the norm [|ul, = (3 )aj<m ||Dau\|2)% We define L?(R*; H'(€2))
{u(z,t) € H'(Q)] JoF Ju(z, )||2,dt < 400} and LOO(RJF;HIC”(Q)) = {u(z,t) € H'(Q)

z),

| SUPg<t<too [u(@, )]l < +o0}. Letv; = \/%eij”” are basis functions, Sy = Span{v;(

—N <j<N}
We construct an approximate solution for periodic initial value problem (1.2) as
following: find uy € Sy, such that

(uNt + QUNzx + BuNxxx + YUNzzzx + f(uN)x
uy |i=0= uon(z) = Fnuo(x), -N<j <N,

where Fly is orthogonal projecting operator from L?(£2) to Sy in the inner product of
L2(9).

Lemma 1. If the following conditions are satisfied

1. ¢'(u) < ¢o, do > 0;

2. 9(0) =0, ¢'(u) < go, go < —3(a+do+1), v> L(a+ go);
3. h(x,t) € L*(Quo), uo(z) € L3(Q), Qoo = Q2 x RT,
then for the solution of problem (2.1)-(2.2), we have
(D2 < 2000t g ()2 4 |20, 0 <t < 4o,

1
2[go + 3(a+ ¢o + 1)

“+oo
| o) de < (111 2oy + 1),

—+00 9
/0 lunas ()2 dt < By,
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where the constant Ey is dependent on [lug(z)l|, |hl|12(g.) and is independent of N.
Proof. From (2.1) we have

(uNt“‘auNmm“‘ﬁuNmmm +’7uNmmmm+f(uN)w+¢(uN)mm —Q(UN) _h($7 t)a UN) =0, (23)

Obvioursly
(uNtyuN) 2 dt||uN||2 (ﬁUNmmm,’LLN) — _ﬁ(u‘NZELE7uN.’E) — 0’
(P(UN ) wa> un) = — (¢ (UN)UN, UNZ) > —ollunz]|>.

By using the assumption of Lemma

(o) = —(fla)ue) = = [ 2 [7 gioyar =0,

(9(un),un) = (g(un) — g(0),un) = (¢'(©)un,un) < gollun|?,
1
(h(z,t),un) < §(||UN||2 +[|R(, 1)),
27 27
= [ e =~ [ unuseade < usllossel < g0+ s )
0 0

According to the above estimates, we get

1d

1 1
24 (y_ = 2 o 2 L 2l D)2 .
Sl + (v = e+ go)) funeal® < Munl® + SIRGOI, (24)

where A = go + 3(a + ¢o + 1). Since v — 3(a + ¢o) > 0, we have
d 2 2 2
g lunll® = 2Allun[” + IR ()]
Setting e~ M |luy (., t)||? = y(t), then we obtain
d

Su(t) < e M,

Integrating both sides of the above inequality, we get
+/ e 27||n(., 7)|dr,
ie.
lun (., B)]]* < e /Ot e (., m)|Pdr 4+ e Juon [P < (Bl 72 gy + € lluoll.

If integrating the both sides of the above first inequality from 0 to 4+o0,we have

—+o00 —+o00 A\ t A —+o00 A\
/0 ||uN(.,t)||2dt§/0 &2 t/o 2 T||h(.,r)||2d7dt+/0 2 |lug|[2 dt.
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Because of

400 N t N +o0 o0 N A
[ e [ e ntn)? drdt - / ([ eManeHn )| dr
0 0 0 T

’ ‘Hh’”L2 (Rso)?

we can obtain

+oo
2
L e Gt < (1Al g + o )
1
<5
2[go + 5(o + ¢o + 1)

(12122 (@ooy + lluol®)-
Finally, according to (2.4), we have

+0o 9
| a2 de < B,

where the constant F is dependent on [lug| and [|h|z2(q..), but is independent of V.
The Lemma has been proved.

Lemma 2. Let u(z) is a differentiable periodic function and the periodic is 2D,
then we have

1 5 1
[ull e < \/—E[HUH + V2D||ul|6[[ugss 5], [ug|lLee < V2D ||ugsll,

D e
/_D [ul* dz < CL(D, p, ||ull) + C2(D, p, |[ul) oz =,

P+1

2(p—1)
where p > 1,C1(D, p, |[u]l) = 2= [ul]*P, Co(D, p, [[ul]) = 2P~V [u]|
Proof. Let xy € [—D, D], by integration by parts, we have

zo+D zo+D
/x " u*(z) de = (x — zo — D)u?(z) [0TP —2/ " (x — 20 — D)u(z)u/ () dx.

z0
0

ie.
900+D :B0+D
u?(z0)D = / (x)dz + 2/ (x — zp — D)u(z)u'(x)dx

Hence

()| pe < %muu + V2D |lu(@)]|? g 2]. (2.5)

. 1 1 1 1 .
ACC(Z)rdlng tlo ug|| < [lul|2]lugzl|? and|luzal] < [luz||?[|uzea||?, we obtain [[ug| <
||u||3 [|ugzz|| 3. Substituting this inequality into (2.5), we have

1 5 1
[ull Lo < E[HUH + V2D |ul|6[|ugss 5]
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Because of u(z—D) = u(x+D), by Lagrange mean value theorem, we have £ € (—D, D),
such that «/(§) = 0. For any x¢ € (—D, D), we have

o
ug (o) :/ Ugy () d,
3
hence ||ug| ree < V2D||uyy||. Finally

D 1 ;
2p—2 2] 1 —
[ 1P do < [l el < (<=l + VDol |22

VD

o 72 4 @D)P 3P g |50V ]

p—1
= Cl(D7p7 HUH) + CQ(Dvpv HUH)HUIJ/‘J/‘H 3,

S5p+1

where C1(D,p, [Jul)) = = [ul[*?, Co(D, p, u) = 25¢=1||ul| 5

Lemma 3. Suppose that the conditions of Lemma 1 are satzsﬁed, and assume that
[f(w)] < AJuP, 1 <p <7, [¢'(u)] < Blul?, 0 < g <4; up € Hy(Q), ha(z,t) € L*(Qo0),
then for the approzimate solution un(z,t) of (2.1)-(2.2), there are the estimates

sup  [lunz (- t)|| < Ea, (2.6)
0<t<4o0
+00 9
| lavatt) P de < B, (2.7
+oo 9
| lenama (0l dt < B, (29

where the constants Eo, B3, E4 are independent of N.
Proof. According to v} = —j2vj, by (2.1) we have

(uNt+auNxx+ﬁuNmmm+7uNxmvx+f(uN)m +¢(UN)mm_g(uN)_h($a t)a ’LLNx;p) = 0. (29)

Since
1d

— 5 Sl

(uNt7 uNmm) =

4 _ox
(ounze, unze) = allunzel < alfun |5 unasll$ < Fllunasll” + ()75 Junl?,

(UNZ‘Z‘Z‘7UNSCSC) - 07 (quNSCSC:CxauNZ‘Z‘) _7|’uNxxx|’27

by using condition (1) and Lemma 2, we have

|(f(un)z unza)| = [(f(un), uNzzz)| < [ f (un)|l[[unzzs |

—HUNme2 + 52

\Q

o Allun | 2

(=}

2y

IN
2

3 p-1
_||uNxxx||2 + %Az(cl + C2||uNmmm|| 3 )

(@)
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where Cq, Cy are C1(m, p, [lun||) and Co(7, p, ||un]|) of Lemma 2 respectivily. Accord-
ing to Young’s inequality

bt 1 1
ab<e —|-6 e s,t>1, -+ -=1, €,a,b>0,
t S t
we have 3
‘(f(uN)xyuN:c:c)’ S %HUNSCSCZC”2 + 5A2cl + C3(7T7 D, ”UNH)7
1\l p, 3 42 6 2(5p+1) . .
where Cy(m, p. uxll) = (5177 T52 (£ A2C)™5 ~ |luy] "7 . By integration by

parts, we obtain

‘((b(uN):c:cauNxx)‘ - ’(¢(UN)x7uNxxx)’ = ‘((b/(uN)uNx:uNx:c:c)’

3
< %HUN:U:MC”2 + %”(ﬁ/(uN)uwa

According to Lemma 2 and Young’s inequality, we have

3 3 3B2
— ¢ (un)unal* < ==l (un) |70 [lunal® < S—llun |74 [unz |
2y 2y 2y
_3B?
2y Vm
312 3

_ 4 2
< S 2 ¥ ezl + 5

2 =l + V2 s )1

B223 | || 34Dy | 50

< lunasal® + Ca(r, g, Junl)

where
4 12 3 _ 4.3
Ca(m, q, [[unl]) = (;)23(53% 122 fun ||?773) 2
Yy 2494 —q, 3 5q+4 . _6 +4)
) T g B2l ) ~ 442 4
Finally
— (g(un), unzz) = (¢ (un)ung, unz) < gollunz|?,
0
= (), 022) = () < Dl < 20l 4 gl
Substituting the above estimates into (2.9), we have
1d 190!
5 dtHuNxH2 Dlunssel® < gollunall? + L2 lunl
3 4 Hab
— 112+ = A2C C C 2 2
+2‘90‘H z|l +27 1+Cs+ 4—1—(7) 3 lunl?,
ie.
Gl + Flunasel® < golune + olliel + ot . funl), (210
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where
4 2043 2 3 2

Multiplying both sides of (2.10) by e™9! and integrating from 0 to ¢, we have

t 1
luna () < egOt/O e_goT[mllhsnll2 + Cs] dr + e |lugns |

1 1
< —|lhg||? + sup |Cs|—(1 — %) + 9 lugna ||
el + s CHl (1= )+ ™o |

According to Lemma 1 and Lemma 2, we get

1
2 2
sup ||lung(t < —I|h
o<t ” SU( )H ‘90‘ H CCHL2(QOO)

2
+ —05(71',]9, q, Sup ||uN||) + sup 690t||u0]\/'x||2 < E2-
|90| 0<t<+oo 0<t<+oco

Similar to Lemma 1, we can proof (2.7), (2.8).

Lemma 4. Suppose that the conditions of Lemma 3 is satisfied and assume that
fu) € C™ 1, g(u), p(u) € C™, h(z,t) € C™ 2, m > 2, ug € H™, Z?’:—Oz ||D%h||L2(QOO) <
+o0, then for the approzimate solution un(z,t) of (2.1)-(2.2), there are the estimates

sup || DI'un|| < Em, (2.11)
0<t<+o0
—+oco
| IDraia < B, (2.12)
0
—+o0
| Iy dt < B (2.13)
0

where the constants E,,, E,,, E/, o are independent of N.
Proof. By the equation (2.1), we obtain

(uNt + QUNzx + ﬁuNSCSCCC + YUNzzzx + f(uN):c
+¢(un)az — g(un) — h(z,t), D>™uy) =0, (2.14)

Similar to Lemma 3, we have

a1d

(unt, D2Muy) = (—1) §EHD?UNH2= (uNzas D2Mun) = (=) | DI up |2,

(Bunzzz, DX uy) = (—1)" 28D uy, DI 2uy) =0,
(YuNezaz, D2 un) = (=1)" 2| DF 2 uy |,
[(f(un)e, DZ™un)| = (D flun), DF2un)| < DR flun) |1 D72 un],
[(G(un)az, D2 un)| = |(DF ¢(un), Dy un)| < |DF ¢ (un) ||| Dy unl,
(9(un), D2™un) = (—1)™(D2'g(un), DFuy),
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v

|(h(x, ), D¥™un)| = |(DF~2h(x, ), Dy Pun)| < | D5~ 2h(a, )| DF un|
< L
-6

3 e
1D 2un|® + 2 107 “h(a, t)[|*.

Since
ID f(un)l] < Cr(m, [Jun]zoe, b) (1 + | D 2un )™ 2| D un]],
1D d(un)[| < Co(m, [Jun Lo, ) (1 + | D7~ un|)™ D un,
(D2 g(un), DIun) < gol| Dun|)?
+ Ca(m, Jun || o<, b") (1 + || D un )™ D un |,
where b = max o<j<m—1 |D'f(u)], V = max o<j<m |D?é(u)|, and b =
ul<[lun|l oo [ul<[Jun]lLoo

max o<j<m |D?g(u)|. By using Young’s inequality again, we have
|ul<[lunlLoo

_m_ _2
o D un|* < o DFun IIDFPun || < af DF P un || uy |7

y(m + 2) () amt?

2
6(m+1) m+2||uNH '

< G 2un P + (

Cr(1+ |1 D un )™ 2| D un ||| DY |

3 _ - _
< GIDE 2unl® + SO 1+ D)™ 2D a1

Co(1 + | PP un )™ | Doun ||| DF P un |

g m+2 2 ’Y(”l + 2) —(m+1) 1 m—1 m—11m+2 2
< =||D ey B— — 1 D
< glDE ™ un| +(6( +1)) 5 C2(L A D un )™ lun %,

—_ — 0
Cot + 107 u )05l < 2L D2

1 _ .
+ 5 (Cs(1+ || D7 uy )20,

2[gol
Substituting the above estimates into (2.14), we get
1d v
S IDun | + Dy P
90 —
< SIDTunl* + Clm, llun oo, lunl, [1Daunll, ., 1D un ),
where
C(m, Jlun|lzoe, l[un | [1Dsnll, ooy | DF unll)
V(M +2) _ng) a2 2 1 m—1 2(m—1)
= (00— ——lun || + =—(C3(1 + || D} "
()™ e P+ g (o1 + D2 )
3 _ _ _ 3 _
+§[01(1+||ch” Zun )™ Dy 1UN||]2+§||D§Z"” “h(a,t)|?

7(m+2) —(m+1) 1 m—1 m—11m+2 2
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According to Lemma 1 and Lemma 3, we assume that

+00
sup 10"y < Bty [ D% un|Pdt < By 0<s <mt L,
0<t<+oo 0
Noting go < 0 and
400 1
A C(m7 HUNHL‘X’v ”UNH= ”DSL‘U’NH7 A HD;TL_ UN”)dt < E*v

where E* is a constant independent of N. By using Gronwall’s inequality, we obtain
the conclusion of Lemma 4.

By using the above estimates and compact argument, we obtain

Theorem 1. Suppose that the following conditions are satisfied f(u) € C™ !,
g(u), d(u) € C™, h(z,y) € C™2, (m = 2); [f(u)] < AP, 1 < p <7, |¢(u)] <
Blul!, 0 < ¢ < 4, ¢'(u) < ¢o, o > 0; g'(u) < go < 0, go < —5(a + o + 1),
v > %(a + ¢0), g(0) = 0; D/h(z,t) € L?(Qoo), 7 = 0,....m — 2; ug € H™(Q), then
there exist a global smooth solution u(xz,t) for periodic initial value problem (1.2) and
u(z,t) € L®(RT; HM(Q)) N LA(RT; H"2(Q)). The approzimate solution un(x,t) of
(2.1)-(2.2) not only converge to the solution of (1.2) uniformly fort but also in L?(Qu)
sense.

Theorem 2. The global smooth solution of problem (1.2) is unique. Hence the
approzimate solutions un(x,t) of (2.1)-(2.2) converge to the smooth solution of (1.2).

Proof. Assume that there are two solutions u, v of (1.2). Setting w = u — v, then
w satisfy

W + QWgg + 5wx:c:c + VYWzrzs + (f(u) - f(v))x + (¢(u) - (b(v)):c:c = g(u) - g(?}),
w ‘t:(): 0.

According to the mean value theorem and method of energy, we easily obtain w = 0,
for ¢t > 0.

3. The Error Estimation of an Approximate Solution by the Spectral
Method

Suppose that the u(x,t) is the solution of periodic initial value problem (1.2),

un (z,t) is the solution of (2.1)-(2.2). Setting u —uy = u— Fyu— (uy — Fyu) = & —C.
By (2.1) and (1.2), ¢ satisfy the following system

(Ct + oz + BCpax + IVCmmmm + f(uN)m - f(u)m + gb(uN)xx - ¢(u)mm - Q(UN)

+ g(FN’LL), Uj) = (ft + agwx + ﬁgmmm + 7£mmmm - g(u) + g(FNU)7 Uj)a

¢(0) =0, j=-N,..,0,..,N.

Setting ((z,t) = Z;V:_N i (t)vj. Multiplying both sides of above equations by f;(t)
and summing them up for —N to N and according to the orthogonality relation (& +
af:c:c + 561‘1‘1‘ + fygxxxxa C) = 07 we have

(Ct + asz + Bxxx + ’YC:U:(::(::(: + f(uN):c - f(u):c + (b(uN)xx - (b(u):c:c
—g(un) + 9(Fyu), ¢) = (=g(u) + g(Fyu), ¢). (3.1)
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Similar to the proof of above Lemma 1, we obtain

1d
(€, Q) = 55\\(\\2, (@Cezs ¢) = —al|Gel® > —%(HCH2 + 1[Gz lI?),
(5sz= C) =0, (’YCxxxxy C) = ’Y”szHz

We now have to estimate (f(un)s — f(u)z,() = —(f(un) — f(u),(z), we use Taylor
formula

f"(m)

Flu) = £(u) = )y — ) + L0 e — 2
= JOuy )+ oty )+ Ty
= PO+ Futc — )+ T g
So that
(Flun)e — F@a Q)] = 1FO)C - &) + (¢ — € + 10 ¢ 2, ¢,

2
Since (f'(0)(¢ — &), () = 0 and according to Lemma 2,we obtain

(" (p)u(C =€), Ca)l < CllCall oo llull (IS + 11€1D
< Cll ezl (ISh + 1) < nllGaall? + Cllul* (IS + 11€]1%)-

(3.2)
Analogously to (3.2), we have
I ¢ e, ¢l < Nl (I + leIP)
< CllCaall(lun = EnulllCl + 11€1%)
< Caall® + C((lun 1 + ENulP)ICH + [1€]1)
< Caal® + C((lun|? + [lulICI + 1€]1Y). (3.3)

Combining (3.2) and (3.3), we get
|(f(un)e = f(@)ar O < 200 Coall® + CLlICIP (ull® + fun 1) + Coll€IPNEN + llull).

Now we consider the (¢p(un)zr — @(t)zz,C) = (P(un) — ¢(u), (zz). Using Taylor
formula and according to the assumption of Lemma 3 ¢'(0) = 0, we have

(b(uN) - ¢(U) = ¢,(U)(UN — u) + ¢//(n2)

2
(oot — ) + LU )2 = (pa)u(C ) + Lo ()¢~ €)%

(uny — u)® = ¢'(0)(uy — u)
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So that

[(B(uN)zz — ¢(W)az: Q)] = [(P(un) — d(u), Cza)|

< ‘(¢//(p2)u(g - 5)7 C:c:c)’ + %(éﬁ”(m)@ - 5)27 Cxx)‘

< CllCezlullze= (€I + 1€1) + CUCH e + gl Lo )l Ca I ICI + 1N
< 0l Coall® + Cllullzee (117 + 1€17) + CUICIZ~ + 1817 ) IS + 1E]1)-

Using the imbeding theorem H! «— L and ||Fnull; < |lul|1, we get

[(P(uN) e — H(U)zz, Q)] < 77||Cmc||2
+ CallCIP Ul + NlunllF) + CallElP(lullf + llunli)-

Finally, we have to estimate (¢(Fnu) — g(un), () and (g(Fyu) — g(u),(). By the
assumption of Lemma 1

(9(un) — g(Fnu),¢) < golICII,

in other hand

|(g(Fnu) = g(u), O < llg' [l lIENICH < 7 lICI + Csllg[[Fo0 1€
Substituting above estimates into (3.1), we obtain

1 d 2 « 2
5 g™+ (=5 = 3mlCeall
« / 2 2 2 2
< (90 + 5 +M)ICI™ + (Cr + C)lICIE(lulli + llunlly)
+ 1E1P2Co [[ul]* + Callull§ + Callun|F + Csllg 7 )- (3.4)

Since v — § > 0, we can take 7 very small, such that v — § — 3n = %’y* > 0. Similar,
since go +§ < 0, we can take 1’ very small also, such that go+§ +71' = —5 <0, s > 0.
Therefore we have

d
EIICII2 + 7 ¢ I < RA@)CIP + Ra()1€]1%, (3.5)
where

Ri(t) = 2(C1 + Cs)([lu(®)IIF + lun?),
Ra(t) = 22C2|[u(®)|* + Callu(®)|} + Callun (DI + Csllg' 7).

Multiplying both sides of (3.5) by exp(— 3 Ry(7)dr) and integrating from 0 to ¢, noting
¢(0) = 0, we have

expl(~ [ RanCIP < [ Bl exp(~ [ Ra(ryir)as,

i.e.

17 < [ Rl expl [ Batryiryds (3:6)
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According to the Theorem 1 and Lemma 3, [;" |u(t)|2dt, [;F* [|un(t)|2dt < O, we
can obtain

t
exp(/ Ry(r)dr) < E sup  Ra(t) < EBp,  0<s<t,Vt>0.
S 0<t<4o0

Lemma 5.2 [f0< <o, uc H7(Q), then
lu — Fyull, < ON~E ul,.

If f e C? ¢ e C? ge C the solution of (1.2) u(z,t) € L®(R*; H"(2)) N
L*(RT; H}'(€2)), then according to the Lemma 5, (3.6) and triangle inequality we obtain

sup [lu(t) —un(t)|* < 2o<§1<llioo(”§(t)”2 +C@I?)

0<t<+o0
2 oo 2 2
<2 swp [6@IF+C [ N u(t)|dr
0<t<+o0 0
2 2 oo 2
SONT( sup lu(®)]l5, +/ [[w()[I5,d2). (3.7)
0<t<+oo 0
In order to estimate [, > | Di¢(¢)||?dt, 0 < j < 2, we integrating from 0 to ¢ in both

sides of (3.4), we have

ISP +7° [ IaerPdr+s [ Iorlar
IO+ [ Rl + [ Ra)le(rlPar

Since ((0) = 0, therefore

[ 1P + ) Pyar

+00 +oo
<c sw [ [T R+ ON [T R ulr)

0<T<400

let t — 400, we have
oo 2 2
| e + 1o
—+00 +oo
<o ([T Rinydr+ [ Ro(o)u(r) ).
0 0
According to the Lemma 1, Lemma 3, and by using the interpolate inequality, we have

+oo )
IDi¢(t)|Pdt < CN72™,  0<j<2
0 xX
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If u(z,t) € L®(RT; HM(Q)) N L2(RT; H"2(Q2)),by using the triangle inequality we
can obtain

400 9 +00 9 +0c0 9
| s = wvaelPat <20 [ lsal®dt+ [ ol
0 0 0
“+oo
< CON-2m / lu(t)|2, o dt + CN~2m,
0

Summing up, we have

Theorem 3. Suppose that the conditions of Lemma 1 and Lemma 3 are sat-
isfied and f, ¢ € C2%, g € C%, the solution of (1.2) u(x,t) € L2(R+;HI§”(Q)) N
L>®(R*; H*(Q)), then for the solution of (2.1)-(2.2) un(z,t) we have

sup |lu(.,t) —un(., )] < CN™™.
0<t<+o0

If u(z,t) € L®(R*; HM(Q)) N L*(RT; H'H(Q)), then we have

+00 .
| IDin —un(o)lPd < ONTEmL 0 <<,
0

where the constants C' are independent of N.
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