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SERIES REPRESENTATION OF DAUBECHIES’ WAVELETS"

X.G. Lu
(Department of Applied Mathematics, Tsinghua University, Beijing, China)

Abstract

This paper gives a kind of series representation of the scaling functions ¢,
and the associated wavelets ¢, constructed by Daubechies. Based on Poission
summation formula, the functions ¢, (z+N—1), ¢, (z+N), -, ¢, (z+2N—-2)(0 <
x < 1) are linearly represented by ¢y (z), dn(z+1), -, dn(x+ 2N —2) and some
polynomials of order less than N, and ®¢(z) := (¢ (z), ¢y (x+1), -,y (x+ N —
2))t is translated into a solution of a nonhomogeneous vector—valued functional
equation

f(z) = Agf(2x — d) + Py(x), z € [g, %], d=0,1,
where Ag, A; are (N — 1) x (N — 1)-dimensional matrices, the components of
Po(x), P1(x) are polynomials of order less than N. By iteration, ®¢(z) is eventualy
represented as an (N — 1)-dimensional vector series Y -, ui(x) with vector norm
| ug(z) |[< CB*, where 8=, <1and 3, \,0as N — oc.

1. Introduction.

In this paper we study the representation of Daubechies’ wavelets. Daubechies!!!
constructed a family of compactly supported regular scaling functions ¢, (z) and the
associated regular wavelets v, (z)(N > 2) :

2N -2

Yy (@) = > (=1)"Cy(n+ 1)y (2z +n), z €R, (1.1)

n=-—1

br () = % [ dv@eea, reR,i= VI,

where ¢, € L'(R) defined by

] L 1 ey bo(0) = L
¢NQO::i7§;}1jnNCZ 87¢N“D—‘v@%7
12N—1 ) 1 ] ZVN_I )
my() =5 D O™ =[5 +9]7 3 gy (e, (1.2)
n=0 k=0
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N-1
the polynomial Y ¢, (k)z* satisfies
k=0

N-1
=S (k+N_ 1) sin%(g), £ER, (1.3)

k=0 k

N-1 )
Z ' (k)elkg
k=0

N-1
with Y ¢, (k) =1,¢5(k) e R,k=0,1,---, N — 1. It is known that! for each N > 2,
k=0

supp ¢, = [0,2N — 1], supp ¢, = [—(N — 1), N] and the wavelet 1, generates by
its dilations and translations an orthornormal basis {v/27¢ (272 — k)};kez of LA(R).
The functions ¢, and v, have been proved to be very useful in numerical analysis/23].
On the aspect of representation, however, comparing to some nonorthogonal wavelets,
the wavelets 1) and (any) other orthogonal regular wavelets seem to be hardly written
in very explicit forms. This is not strange because for any wavelet v, its regularity,
orthogonality (i.e. orthogonality of {294 (2/z — k)};rez in L?*(R)), symmetry, sup-
port compactness and representation (in the sense of computing) can not be satisfied
simultaneously. So far there are two methods for approximating or representing the
scaling functions ¢y, both of them are based on the two-scale difference equation!+%9!

2N—-1

on(x) = Z Cn(n)on(2z —n), x € R, (1.4)
n=0

and homogeneous iterative approximation. One method is the iterative approximation
scheme f,, =V f,,_1, where V' is a linear operator

2N—-1

V()= Y Ou(k)f(2z —k)
k=0

acting on a function space. The ¢, is therefore a fixed point of V, V¢, = ¢,,
computed by nh_)ngo V™ fo(z) = ¢, (x) with a suitable initial function fy, e.g., interpo-
lating spline. The convergence is uniform or pointwise depending on the choice of
f(gl’zq. Another methodl! is similar to that scheme but with vector (matrix) forms: Let
q)(x) = (¢N(x)7 ¢N (x + 1)7 T 7¢N (‘T + 2N — 2))t7 To, Ty € R(2N_1)X(2N_1)7 (Td)ij =
Cy(2i—j—144d),d=0,1(Cy(n)=0forn <O0orn >2N —1). Then (1.4) is written
®(r) = Ty, () ®(7(z)), v € [0, 1] since supp ¢, = [0,2N — 1]. Tteratively,

®(2) = Tg,(2)Tap(a) " T () @(7"(2)), 2 € [0, 1],

where the index d;(z) is the jth digit in the binary expansion for x € [0,1],7(z) is
the shift operator: 7(z) = 0.d2(x)ds(z)--- , (see section 2). All the infinite products
T, (2)Tdy (@) Tds(z) - - - of the matrices T, Ty are convergent in matrix norm and for a
suitable initial function vo(z) € R2V—1,

@(1‘) = nh—>H<;lo Td1(x)Td2(:c) T Tdn(:c)VO(Tn(:E))v T e [07 1]' (1'5)

Both the schemes can achieve approximation degree as O(27%")(n — oo), > 0. In this
paper we give a different method to represent (approximate) the scaling functions ¢,
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and therefore to the wavelets ¢, via (1.1). Dividing ¢ (x), ¢, (x+1),- -, ¢, (x+2N—2)
into two parts, for instance, ¢ (z), ¢, (x + 1), -+, ¢y (x + N —2), and ¢, (x + N —
1),¢5(x+ N),---, 05 (x+2N —2)(0 <z < 1), we prove that the second part can be
linearly determined by the first part and some polynomials of order < N — 1. Then
we expand, through a nonhomogeneous iterative sheme (see section 3 (3.2)), the first
part as a vector—valued series Y 72, ug(x) in which each term ug(z) is an (N — 1)—
dimensional vector with vector norm ||ug(z)|| < CB*, where 3 = 3, < 1 and 3, \, 0
as N — oo. As a result, we reduce the dimension 2N —1 in (1.5) to N — 1 in the series.
The main tools we used are (1) decay estimates for derivatives of analytic functions,
such decay estimates have many applications in dealing with convergence problems; (2)

some results of [1], [4], [5]; (3) some further properties of the polynomial =3 ! ¢, (k)2*.

2. Notation and Lemmas

(1). We make an appointment throughout this paper.
In the binary expansion of x € [0,1] ,
o
x=0.didads--- =Y 277d;, dj € {0,1}, (%)
j=1
we restrict that d; vanishes for some infinite j which depend on x € [0,1] , but for
=1 we always write 1 = 0.111 - - -,
This appointment insures the uniqueness of the expansion (*) and yields a family
of two—valued functions d;(x) well defined on [0,1] by d;(x) = d; according to (*). Let
7 :[0,1] — [0,1] be the shift operator

2z, 0<z<i,

T(x) =Y 277dj1(x) = { (2.1)
7j=1

20 -1, $<z<1.

By the uniqueness of expansion (*), it is easy to check that the following relation
between d;(x) and 7%(z) hold :

di(@) = xy (@), dira(2) = di(7(2)) = da (T*(@)), @ € [0,1], (2.2)
(a) = 2, 7" (z) = 28(z — 0.d1 (2) - - di(2)) = Odjpyr () dpra() - (2.3)

(2). For k ¢ [0, N —1] and n ¢ [0,2N — 1] we define ¢, (k) = Cy (n) = 0. Let T, Ty
and B € RGN-DX@N=1) 16 (2N — 1) x (2N — 1)-dimensional matrices defined in [5]:

(Ta)iy=Cy(2i —j—1+d),1<i,j<2N —1,d=0,1, (2.4)
(i— 14 1<i<N,

(B)ij = o (2.5)
(N=DI(FWNT), N41<i<aN -1

B is an up-triangular matrix, the inverse B~! is given by

(~0™ (DG -0, 1<j<N,
(B 1) = (2.6)

()™ (N )V =) N41<j<aN -1
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Here we use the standard convention that binomial coefficient (') vanishes if m < 0
or m > n. In the proofs of our main results we will use a result from [5] that

D, 0 RVxN RNX(N—l)
C, Qd‘| [R(N—l)xN RV-1)x(N-1) |’

Define U € RV*N-1 and its submatrices Uy, U; by

BT,B~! = [ d=0,1. (2.7

(U)ij =71, 1<i<N,1<j<2N -1,
(2.8)
[Uo,Ul] =U, Ug e RV*V-1 Uy e RV,

Instead of the (2N — 1) x (2N — 1)-dimensional matrices Ty, T, we consider in this
paper the (N — 1) x (N — 1)-dimensional matrices Ay, A; defined by

Ay =T 4— T124U7" U, d=0,1, (2.9)

where T1.4, T12,4 are submatrices of T given by

T T RN-1)x(N-1) RN-1)xN
T, =|_ 124 o - . d=0,1. (2.10)
T21,d T22,d RN X (N-1) RNXN
Define the submatrices B11, B12, Bas of B by
NX(N-1) NxN
g |Bu  Bo R R . (2.11)
0 By RN-1)x(N-1) R(N-1)xN
(3)-
1 N-1
1 ; N-—-1 o\t
P(r):=Ur (1, b ()0 —2)' 7 3 b(0 )=o)V ) (212)
=0 J =0 J
Po(:E) = T12’0P(2ﬂj‘), Pl(ﬂj‘) = T12’1P(2ﬂj‘ - 1), (213)
where b; = /2 (—i)! (5%)(0) are real numbers determined by the following recursion
(because of ¢y (2§) = my (§)¢y (€) ):
bp =1
o (2.14)
by = (2° — 1)71 3025 bj(j)(—i)s—ﬂmgj—ﬂ(m, §=1,2,3,---,1=+/—1.

(4). Denote by A(k; x) the right product of the matrices Ay, (x), Ag, (x), -, Aq, (),
ie.

A(k;x) == Ay () Ady(@) " Adp (@) A(0;2) :=T (identitymatrix). (2.15)

For any x = (21, %2, -+, z,)" € R", A = (a;;) € R™ ™ we use in this paper the following
vector norm || x || and the corresponding matrix norm || A ||:

I x =l [+ |22 |+ 4|zl | Al:=sup{]| Ax || xR, [ x =1},
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and denote by | x |,| A | the nonnegative vector and nonnegative matrix respectively,
i.e.,

|X|::(|x1|7|$2|7"'7|$n|)t7 |A|:(|alj|)

(5). Given a vector—valued function f : [a,b] — R", f(x) = (f1(x), fo(x), -+, fn(x))t,
we define, as usual,

t

= (f@), @), o),

[ dt—</f1 o [ . )

provided every component f; is differentiable at = or Lebesgue integrable on [a,b]
respectively. Let 1 < p < oo. Define f € LP([a,b],R") <= Vj, f; € LP[a,b];f is
absolutely continuous on [a,b] <= Vj, f; is absolutely continuous on [a, b]. Obviously,
f is absolutely continuous on [a,b] <= 3g € L'([a,b],R™) such that f(z) = f(a) +
[ g(t)dt, x E [a b] <= f is differentiable almost everywhere in [a, b], f’ € L*([a,b], R")
and f(z) = f(a) + [ £'(t)dt, x € [a b]

Lemma 1. The polynomial Z qy (K)2* (see (1.2)) satisfies
k=0

sign(qy (k) = (=1)*o, k=0,1,---,N—1,(c =1 or — 1) (2.16)
N-1 _
gé% ‘qN(k)’::2N;J{2' £%£§N6%9211/2' (2.17)

Proof. Let q(z) = Z qy (K)(=1)*2*. Since q, (k) are real numbers, we have by
(1.3) for all z € {lé|¢ € R}

N-1
_ k+N -1 1 Tip -
@) =3 (C T )G )
k=0

and so for all z € C

q(2)q(z" )N Z gy (k) (—=1)FN 1k

k4 N-1 kLo 1 N1k
:kzzo( ) )2 (2 —|—z+2)z .

Letting z = 0 we obtain g, (0)gy (N — 1)(=1)N~-1 = 2=2(N-1) (2N 2) # 0. Let p(z) =
N-1
> (k+§j_1)2_kzk. We observe that the coefficients ap = (k+],¥_1)2_k satisfy ap >
k=0
ag—1 > 0,k =1,2,---, N — 1, which imply p(z) # 0 for all |z| > 1. In fact, if |z| > 1,
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N-1
then |(z — 1)p(2)| > an_1]2|V — Z(ak —ap—)|2)N —ag = ag(|z|N — 1) > 0. Take
k=1
any z € C with Rez > 0. If | z |= 1 or z = 0, then ¢(z) # 0 because of (1.3) and
qy(0) # 0. If | z |# 1 and 2 # 0, then w := 1 + (2 + 271) satisfies | w |> 1 and so
q(2)q(z71) = p(w) # 0. This means that all zeros of ¢(z) are in the open left-half plane
Re(z) < 0. Thus the polynomial ¢(z)/qn(N —1)(—1)¥~! is a product of linear factors
2 4+ a and quadratic factors 2% 4 bz + ¢, each with positive coefficients. Therefore all
coefficients of q(z)/qn(N — 1)(—=1)V~1 are positive, i.e. (2.16) holds. (2.16) together
with (1.3) yield (2.17):

N-1 )
> la®) ] =
k=0
Lemma 2. Let f:[0,1] — RY"1 k € N. Then

A(k; )t (7% (x)) (2.18)
2k_1
= > A®27Pm)x, o, @25 —m), w e [0,1],

25A(k‘; 27%m) = (Ao + A1), (2.19)

ik7r2 = k+N-1 N—1 (2N—1)”
e :Z( ):4 B S At

k

k=0

Proof. ¥z € [0,1], choose s = §:2k_jdj(a:). Then z € [27%5,27%(s + 1)[, and
by definitions and properties of dj(]:vz)l and 7(x) (see (2.1)—(2.3)) we have d;(z) =
d;j(27%s), 7 =1,2,---,k; 7F(z) = 28z — 5. Therefore by (2.15),

A(k;2)f (7% (2)) = A(k;27%5)f(2%2 — 5) = the right — hand side of (2.18).
Now let £ € L1([0,1],RV~1) be arbitrary. Then (2.18), (2.15), (2.2) and (2.1) yield

2k _1

2kZAk2m/f t)dt = /Akt (t))dt
/AOA — 1;20)f (751 (2t) dt+/ AjA(k—1;2t — DF(P*H(2t — 1))dt

= 5(Ao + Al)/0 Ak — 1;0O)f(7FHt))dt = 27 (Ag + AR /0 f(t)dt

This implies (2.19).
Note that if N =2,i.e., Ag = a, A; = b are (real) numbers, then (2.19) becomes
2k—1

(a+b)k = Z a (see section 4 for N = 2).

m=0

Lemma 3. (Qg);; =27V *q,(2i —j—1+d),1 <i,j <N —1,d=0,1, where
Qg is defined in (2.7).
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Remark. This expression of Qg was mentioned in [5, p.1061] without proof. For
the sake of insurance of our main results, we give the lemma a proof in Appendix.
_ 1/2 _ 1/2
Lemma 4. Let N > 2, 8 =3, := [%%} —|—2‘N,/\:/\N = {2%} .
We have

Ay =8S71Q,S, d=0,1, where S := ByB, Byi. (2.20)
” Qu H:H‘ Qq ’”: 67 N >3, d=0,1, (2'21)
S 57 N = 27 d — 07 1.
Qo[+ 1Q1llI=p(|Qol+[Q1])=A (2.22)
max || A(k;z) ||< CB*, ke N. (2.23)
z€[0,1]
1 1
Qk/ | Ak DE(F(8)) || dt < cxk/ I £(t) || dt, k € N, (2.24)
0 0

fc L'([0,1], RN=1), where C =|| S™ || - || S|, p(A) denotes the usual spectral radius.

Proof.

(a). In polynomials (z —1)(z —2)--- (z —i+1) = Xk_1 g, 2", (2 <i < N) taking
:E:j:1,2,,2N—1y1€1d(2—1)(j 1) Zk 1gbkjk 17 1§Z§N(911:
1), or equivalently in matrix form with an invertible matrix G, [B11,B12] = GU =
[GUy, GU;4| which gives B1_21B11 = U1_1U0 since det By = detG - detU; # 0. This
equality together with (2.7), (2.10), (2.11) and (2.9) deduce

Bii Bi2| [Tiig Tiog I D; O Bi1 B I
0 Bl [Tug Toedl [-Ur'Ug Cis Qg 0 Byl |-BypBu
and so

B11Ag + Bia(Ta1 g — T2 U7 'Up) = 0,
Bo2(Ta1,q — T22,4U7 ' Ug) = —QuB22B 1y Bus.

Thus SA; = Q4S. Since B is inverseble, by (2.11) S is inverseble also.
(b). Let x = (w1,22,---,2,_,)" € R¥~1. By definition of || x ||, Lemma 3 and
(2.17) we have

N—-1|N-1
| Qax [|= 27N+ qy(2i —j — 1+ d)z;|, (2.25)
i=1 | j=1
Il QalxlI< 27" max{}" | gy (2k) | >l ay(2k =) Flxl (226)
k
10 Qo +1Qu D 1< 23S [y 1) 1% =A< (2.27)

k=0

N-1
Observe that (2.16), (2.17) and Y ¢, (k) =1 imply
k=0
Z | ay (2k) | +Z lay(2k—1) [= 2N—1>\’
k k

S lay@k) [ =D lay(2k —1) |= 1.
k k
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Since || x ||=||| x | || and || Qgx [|<]|| Q4 | | x |||, we obtain by (2.26)
1 Qa <) Qq <27 Y2V IA+1)/2 = 8.

For N > 3,d € {0,1},choose y = (y1,y2, -+, yy_,)" such that Vj,y2j_1 = 1,y2; = 0,
or Vj, y2j—1 = 0, yo; = 1. Then (2.25), (2.16) yield || Quy ||= 5 || ¥y ||[# 0. Thus
| Qa I=]1 Qa |||= B, and (2.21) holds. Choose an (N — 1)-dimensional row vector
v =(1,1,---,1). Then v(| Qo | + | Q1 |) = Av, which together with (2.27) lead to
(2.22).

(c). (2.23) follows from (2.20), (2.21). Note that according to our choice for vector
norm | - ||

1 1
[ le@ = [ 1eg@ldl,  ger(o1RY.
0 0

By (2.20), (2.18), (2.19) and (2.22) we obtain (2.24):
2 [ A DR I at
0
1

<28 [ 1Quio] 1 Qo ST @)t |

1 k ! 1 k !
IS0 QoI+ 1Qu)* [ ISe | ae <SS A [ It | ae

0 0

Remark. The Wallis’ inequality (2N — 1)!!/(2N)!! < (xN)~/2 gives explicit esti-
mates for Sy and Ay:

4
By < (ArN)"V4 427N Ay < (W)M‘

The following Lemma 5 gives decay estimates for derivatives of analytic functions,
which have many applications in dealing with some kinds of convergence problems.
Lemma 5.(decay estimates for derivatives) Let f: R — C, f € C*°(R) satisfy

| f(z) |< C(1+ | 2 )™,z € R, and sup |f™(z)] < B",neN
zeR
with some positive constants o, C' and B. Then there exists a constant M > 0 which
depends only on o , C' and B such that

| FO@) < M1+ o )" 2 €R, s=1,2,0 (2.28)

Proof. Let s € N be given. Define

n— 2 S m
m := max{n € N ‘eTl 1< ns := max{ea —1,ea —1}.

= aph
For any | z |> ns, choose an integer n such that alog(1+ |z|) <n < 1+ alog(1+ | z |).
Then n > max{s,m} and |z| > 2n/e?B. Now we consider the polynomial p,, in variable
teR: .
n=l ¢(k)

o) Ptk (2.29)

Palt) = !

k=0
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where p = n/e?B. By Taylor formula we have

pntn
(n—1)!

pult) = fla -+ pt) — L0 [P+ 000 - 0,

which gives, by assumption and |z| > 2p, for all t € [—1,1]

an —a nn Con
[Pl [<] fa+pt) | +52= < OO+ a4 pt) ™ + e
1 —Q -n 1 —« —«
<O+ 3la)™ +e™ < O+ 5le) ™ + (1 + la) ™™ (2.30)

On the other hand, for the elliptic curve

(Rez)?  (Imz)?
a? * b2

1 1
I'={z€C| =1} Witha:§(7~+r_1)7b:i(r_r—1)7

n—+s

n—s

where r = ( )%, using Bernstein inequality ([6])

< n
max | p(2) |< 7 _max, | pn(?) |

and the inequality b=5r" < s7%e®(n + s)® < s7*(2en)® we obtain
| P(0) | < b~ max | pu(2) |< 16~ max | pu(>) |
|z|=b zel’
< (2 s
< (2en)” max | pa(t) |,

where we have used principle of the maximum. Combining this with (2.29) and (2.30)
lead to

| fP (@) |= p7% | p(0) 1< (26°B)*(2°C + 1)(1+ | 2 )7, (2| > ns)

which implies (2.28) with M = max{2e3B(2*C + 1),e™B} since sup | ) (z) |< B?
Tz€R
and (1 +7ng)* <e™s.
As an application of Lemma 5 we can extend the decay estimate of ¢ obtained in
[1] to its all derivatives gbg\s,).
Lemma 6. (i) There exists a positive constant M depending only on N(> 2) such
that

‘ ng\f)(f) ‘S Ms+1(1+ ‘5 ’)_1_61\[7 £€R7 32071727"'7 (231)
where § > 0 is an absolute constant.
(i)
2N-1 5o '
Z nS¢N(x+n_1):Z(j)rj($)(1_$)s_]7 T € [071]73:071727"'7 (232)
n=1 =0
where
b; = (—1)v2m 6 (0), 0<j<N-1,
ri(x) = i=+v-1

(=) V27 Xyez 09 (2nm)e 27, j > N.
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Proof. From [1] we know that there is a constant C' > 0 depending only on N such
that R
[on(© SO+ [N, EeR,

and by | m,(€) |[< 1 and m, (0) = 1([1]), it is easy to prove that ¢, € Lipl on R.
Thus

A~

2N— 1 "
e*d €R,
on (8 \/27?/ “ ¢
and so ¢, € C°(R),

2N-1
HM) (¢ / dz)(2N — 1) N

sup x , n € N.

sup | 7(6) |< (5 | 6y (@) | dz)(2N —1)

Therefore (2.31) follows from Lemma 5. Then we are allowed to use Poisson summation

formula to the compactly supported functions z°¢, (x) (see, e.g., [7, pp.250-253]) and

obtain

ST@+n) by (z+n)=(-1)V2r Y o 2nr)e ™ r e Rs =0,1,2,--. (2.33)

nez nez

Moreover, by definition of m, (¢) and the relation ¢, (2¢) = m, (£)d, (€), one finds
that gbg\Z)(QnW) =0 forallneZ)\{0} and all 0 < j < N — 1. Combining (2.33) with

the identities n® = 28:( Yn+x—1)7(1—2)*7 and suppg, = [0,2N —1] yield (2.32).
=0

3. Main Result and Proof

First of all, we note that since the wavelet v, is defined by ¢x via (1.1), every
series representation of ¢, yields a series representation of .

Theorem . Let N > 2, i’0( ) ( ( ) ¢N($+1)7"'7¢N($+N_2))t} i’1(‘,17) =
(pp(x + N — ),qﬁN(az—i—N) NN (m—|—2N—2)) . Then

(i)
®,(z) = —U' U@y (z) + P(z), x€[0,1], (3.1)
Qo(z) = Ad1(ﬂc (I)O( () + Pd1(w (z), z € [0,1],
®0(0) = (I— Ag) "Po(0), (1) = (I - A1)~ 'Py(1). (3.3)

(ii) ®¢ (and so ®1) is absolutely continuous on [0,1] and the following three types
of series representation of ®y hold with absolute convergence:

i’0(‘17) = Z A(k;$)Pdk+1(x)(Tk(x))7 x € [07 1]7 (34)
k=0
oo 2k—1
- k2=%) mz::o Al 27m) [X[2*’cm»2*’c<m+1/2)[(x)PO(zkx —m) (3.5)

+X (2)P1(2"z —m)|, = € [0,1],

2=k (m+1/2),27k (m+1)]
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B (x) = Po(0 +Zz’f/ A(k;t)Dg, (7 (b)) dt (3.6)
k=0
00 2k 1
= 0(0) + 322 3 A2 L Xt s (OD0(25 = )t
k
+ /0 X rss o a by (D125 = )], € [0,1],

where Dy(x) := Py(z), D1(z) := Pi(x).
Proof. (i). By Lemma 6 (ii) we have
2N-1 _
> nPoy(x+n—1) Zb )A—=z)*7,  2e€[0,1],s=0,1,---,N—1. (3.7)

n=1

Let ®(z) = (¢n(z),on(z + 1), -, dn(x 4+ 2N — 2))'. Then (3.7) is written in vector
form by (2.8):

Ug®o(x )+U1‘I>1( )ZU‘I’( )
( Zb )1 =) NZ x)N_l_j)t, z € [0,1].

This yields (3.1) via (2.12). On the other hand, (1.4) and supp¢, = [0,2N — 1] imply
®(r) = Ty, ()®(7(2)), € [0,1]. Combining this with (2.10), (2.9), (3.1) and (2.13)
lead to (3.2). (3.3) is obvious because, by (2.20) and (2.21), the matrices I — Ay, I—A;
are inverseble.

(ii). Let us now equip the linear space L'([0,1], RV~!) and its linear subspace
L>([0,1], RN 1) with the norms || - ||y and || - || respectively, given by

1 1
1€ = 8@ [ de=) [ 18 e[, £ € L0, 1, RN,
[| £ [Joo:= ess sup_ o] | £(z) |, f e 10,1, RN1).

Then both the spaces are real Banach space. Define a linear operator T : LP(]0, 1], RN -1
— LP([0,1], RN1),

Tf(z) = Ag, () f(7(2)), x € 10,1],
with the norm
| T [li=sup{|| TF Il | £ € L2([0,1], RN 1), | £ [|,= 1}, p = 1 or oo,
By (2.2), (2.15) and (2.23) we have
TF(2) = A(k; 2)f (7% (2)), = €0,1], (3.8)

| T = max || Alkix) < CB% kEN. (39)
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(3.9) insures the existance of the inverse operator (I — T)~! = 27, T* which is
convergent in the norm || - ||, since 3= By < 1. Thus for any g € L>([0, 1], RV ~1),
the equation f = Tf 4+ g has a unique solution: f = (I — T)"lg = >3, TFg.
Specifically, for g(z) = Py, (y)(), the function ®o(x) is the corresponding solution
because of (3.2). Therefore (3.4) follows from (3.8) and (2.2). (3.4), (2.18) and (2.2)
then imply(3.5). To prove absolute continuity of ®; and the representation (3.6), we
define

K(f)(x) :== Tf(x) + Py, (1) (2), feL'([0,1],RV1),
W .= {f e L'([0,1],RN¥71) | fis absolutely continuous on [0, 1]and
£(0) = o(0),  £(1) = Bo(1) .

Clearly, W is nonempty; the function ®¢(0) + z[®y(1) — ®((0)] is a member of W. We
now prove that K (W) C W and

K(£)(z) = ®(0) + /0 "D + 2T (W]dt,  wec[0,1,f€W,  (3.10)

where D(z) := Dy, (;)(x). The end conditions K (f)(0) = ®¢(0), K(f)(1) = ®¢(1) are
satisfied for £ € W because of (3.2) or (3.3). Let K (f)(z) denote the right-hand side
of (3.10). Then for f € W and 0 < z < 1,
K(f)(x) = ®0(0) + / Py (t)dt + 2A0 / £/ (2t)dt
0 0
= Py(z) + Aof(2z) + ®0(0) — Po(0) — Aof(0) = K(f)(z).
Note that continuity of ®g and f € W imply

R(B)(5) = Pol5) + Aoo(1) = tim o) = Bol5) = Pily) + A1%o(0)

Then we have for % <zx<1,
1 x x
K(f)(@) = K(E)(2) + / P, (0)dt + 24, / £(2t — 1)dt
2 1/2 1/2
=Pi(x) + A1f(2z — 1) = K(f)(x).
Hence K (f) € W and (3.10) holds. Iterating (3.10) leads to

n—1 T T
n _ k k n ngel n ) )
K™ (£)(z) = <1>0(0)+k§:0:2 /0 T*D(1)dt + 2 /0 T (1)dt, n € N (3.11)

On the other hand, (3.8) and (2.24) yield 2* || T* [, < CXek € N, and so T — 2T
has a bounded inverse on L!([0,1], RVN=1); (I —2T)~! = 332, 2*T* converges in the
norm || - ||, since A = Ay < 1 (see Lemma 4). Take h(z) = (I — 2T) 'D(z). Then
h e L'([0,1],RN¥~1) and

whtdt:oo2’f xT’“Dtdt:w?@ mAk,’;tDTkt dt. 3.12
;o= 32k [TeDan = 32 [ AGsD(H 1) (3.12)
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Since ®¢ = K(®), by (3.9) we have for f € W,

[ K"(£) — @0 oo =[] K"(f) = K™(®o) [l
= T"(f — @) [loo< CB" || £ = o [|o, n € N.

This estimate together with (3.11), (3.12) yield

Bo(x) = lim K™(F)(x) = $o(0) + / h(t)dt,  x € [0,1]. (3.13)
n—oo 0
Hence ® is absolutely continuous on [0,1] and ®{(z) = h(x) a.e. in [0,1]. (3.6) then
follows from (3.13), (3.12) ( with D(t) = Dg, (;)(t)), (2.18) and (2.2).
Remark. It is known that for N > 3,6, belongs to C¥(R) with k =k, >1 ([1],
[5]). For N=2, Daubechies and Lagarias in [5] proved that ¢9 is differentiable a.e. in

R. Our Theorem gives its further regularity, i.e., ¢ is even absolutely continuous on
R (see also below for N = 2).

4. Representation of ¢, and ¢3

As special cases of the Theorem for N=2,3, we give here the representation of ¢
with explicit numerical series and ¢3 with vector forms. The following numerical values
of ¢ (k),C, (n)(N = 2,3) are taken from [1], [5]. (From [1], [5] we know that the values
of the coefficients g, (k) and therefore C (n) for N > 4 can not be written in explicit
forms.)

(1) N=2. Ag=1go(0) =158 Ay = 1go(1) = 158

Co(0) = * +4‘/§,02(1) = 3+4\/§’ Cal2) == _4\/3’02(3) = _4\/3’
Gz +1)] -2 v+ 0
= [ :| ¢Q(ZE)+ ) WS [071]7
(;52(.%’ + 2) 1 —T+ 1—2_\/§
o (z) = %[1 + (1= 2d1 (2)) V3] go(7(2)) + di (<) 1 +2\/§(”“’ + \/§4_ )
_ ! +2\/§ Z(l _4\/§)Sk (m)(il +4\/§)k_sk(m)dk+1(ﬂf)[7k(ﬂf) + \/§4_ 1]’
k=0
x € 10,1];
oo 2kF—1
bo( 1 —l— V3 Z Z m)
k=0 m=0
. (#)k_ak(m))(pk(m+1/2)72k(m+1)[(x)(2kx —m + \/34_ 1)7

€ [0,1], where si(z) = di(x) + da(2) + -+ + di(x), s0(2) = 0,0%(m) = sx(27"m).
Since ¢9 is continuous on R and supp¢, = [0, 3], by the Theorem we see that ¢ is also
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absolutely continuous on R and

[ s

1+\/_ k2_11 \/g k(m) 1+\/§k—o(m) *
2 22 Z 4 — ) 4 ;o /o X[2*k<m+1/2),2*k(m+1>[(t)dt’

m=0

T € [0,1].

(2). N=3.  qs(0) = 21+ VI0+/5+2V10),  gs(1) = (1 - VIO),
02(2) = 1(1 + V10 — /5 + 2V/10),
C4(0) = 116(1+\/—+\/m)
Cs(1) = 6(5+\/_+3M)
C3(2) = 16(10—2\/_+2\/m)
03():1—610—2\/E—2\/m>,
() = %(5 4+ VI0 - 3\/5+ 2v/10)
@(5):%(1%/?—@),
b1:%(5—M),b2:%(15+m—5m),

Co 0 C1 Co
Ay = ;A=
co —b6cg ¢ — 3¢ c3 —06c1 +8cg 3 —3c1 + 3¢
where ¢, = C3(k).
o3(x +2) -6 -3 ¢3(x) p1(x)
¢ps(z+3)| =] 8 3 + | p2(z) |, x € [0,1],
¢3($ + 4) -3 -1 (253(33 + 1) pg(x)
1, 7 7 1
pl(a:) = 533 +(§—bl)a}—§b1+§b2+6,
po(x) = —x2 + (201 — 6)z + 6by — bg -8,
1 5
pg(ﬂ:) = 5332 + (5 — bl)a: — —bl + b2 + 3,
¢3() ¢3(7(x))
= Adl(:c) + Pdl(:c) (gj)v x € [07 1]7
¢3($ + 1) (253(7'(%) + 1)
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0 0
Po(:E) = [ ] 5 Pl(:E) = [

cop, (2x) c1p1(2z — 1) + copa (22 — 1)

Final Remark. As we have mentioned in §1, a common criticism on wavelet
orthonormal bases is that one could not give their explicit representations except
for Haar basis (see also [8]). Our representation for ¢o and therefore for wavelet
o (= —1580y(20 — 1) + 258¢5(22) — 2580520 + 1) + 15805 (20 + 2) by (1.1)
) is then so far the first example among the non—Haar orthogonal wavelets which can
be represented at least in explicit numerical series forms. The main methods used in
this paper can be in fact also used to study more general scaling functions or refinable
functions.

5. Appendix : Proof of Lemma 3

The proof given here is based on the following combinational identities:

S, () = (] ) -
Zp:(—l)k(k‘;m)(pﬁk):(n—z—l)’n2m+1’p20, 652)

k=0

where n,m,p € Z,n,m > 0, and x(p) = 1 for 0 < %p € Z;x(p) = 0, otherwise;
|z | denotes the largest integer not exceeding x . (5.1), (5.2) can be easily derived by
comparing the coefficients of ¥ in both sides of the following power series in | t |<
(using (1+1)~"~1 = S35 o(F4m) (— 1))

i[i(—wk(s ") (Z)]ts S =Y (M),

5=0 Lk=0 s=0 %

ili(_l)k(ker)( n )]ts — (140" + )1 :"_Zm:_l(n—m— 1)ts'
s=0 Lk=0 k sk §=0 °

Here and below we use again that (:;;) =0if m <0 orm > n, and ¢, (k) = 0 for all
E¢[0,N —1],Cy(n) =0 for all n ¢ [0,2N — 1]. From identity (1.2) we have

Co(n) =27V Y qN(k)(n]fk), nez. (5.3)
keZ

Now let 1 <i,57 < N—1,d € {0,1} and write r = 2i—j—1+d. Then by (2.4)—(2.7),
(5.3), (5.1) and (5.2) we obtain

(Qa)ij = BTB V) Njin+g
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AN Y N+z)+N . o Nijesf N
k%:+21 i) )C’N(% 1+d)(—1) (N+j_3)
N—-1—i N

-3 Z(k;N Now + 2k 4540 (D)

_ 9—N+1 ZqN(m)Ni_i(k‘—i—]Z—l)i( N (_1)5(]\7)
s=0

g prrd m—2k—s—r s

meZ k=0 k { 2 J
N 1—1
=2y CT T T ()
ogmgrez k=0 2
m—r O
=2V S g ) ()T (e ) = 27V, ().
0<™-r€Z 2

This proves the lemma.
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