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NUMERICAL ANALYSIS FOR A MEAN-FIELD EQUATION FOR
THE ISING MODEL WITH GLAUBER DYNAMICS*!

B.N.Lu? G.H. Wan
(Department of Mathematics, Shaanzi Normal University, Xi’an, China)

Abstract

In this paper, a mean-field equation of motion which is derived by Penrose
(1991) for the dynamic Ising model with Glauber dynamics is considered. Var-
ious finite difference schemes such as explicit Euler scheme, predictor-corrector
scheme and some implicit schemes are given and their convergence, stabilities and
dynamical properties are discussed. Moreover, a Lyapunov functional for the dis-
crete semigroup {S},~o is constructed. Finally, numerical examples are computed
and analyzed. it shows that the model is a better approximation to Cahn-Allen
equation which is mentioned in Penrose (1991).

1. Introduction

We consider the following mean-field equation of motion for the dynamic Ising model
on a periodic lattice A:

u; +u = tanh(fAu) t>0 (1.1a)
u(0) =ug € " (1.1b)
U,y Nei = Ug acel, 1<i<d (1.1¢)

d
where A denotes the lattice of Z? with N sites defined by A := {a a = Zaiei,
i=1

a; €2,1<q; < N} with {e’} being the standard unit vectors of Z%. We say that A is

a d-dimensional lattice. We denote by V the N¢ dimensional space of lattice vectors
V = (Vq)aen~ satisfying v, yei = vq. Here u = (uq)qen and u, denotes the expectation

d
of the spin at site a of the lattice and A* is defined by {a ta = Z ae’, a; € Z}.
i=1
The N% x N% symmetric matrix A is defined by, for v € Vj

{Av}, =) Eaww (1.2)

beA
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where Ju, = JEg (J > 0) is the Ising interaction between sites a and b satisfying, for
all a,b e A

(7). Eg >0 (13). Eu >0<=be N(a) (131). Egp < 1. (1.3)

d
Here N (a) denotes the neighborhood of the site a defined by N(a) = {b : Z la; —b;| =
i=1

1}. The parameter 5 = J/60, where (> 0) is the absolute temperature. Further-
more throughout the paper we use the convention that for any lattice vector u, the
component at site a in (u), = u, and for any f : R — R, {f(u)}, = f(ug). The
dynamical system (1.1) was derived by Penrose!!! from an Ising model on the lattice A.
It approximately represents the behavior in the mean of the Ising model with Glauber
(spin-flip) stochastic dynamics, Glauber?. Existence and bounded of absorbing sets,
global attractor for (1.1) are studied by Lu Bainian®l, and the bifurcation solutions for
the steady-state equation of the equation (1.1) also are discussed in [3].

In this paper we shall construct some explicit and implicit finite difference approx-
imations and their convergence, stability, dynimical properties and long time behavior
for the equation (1.1).

For simplicity, we shall use the same notations and abbreviations as used in [3]

Oa:=J > FEuw (1.4a)
beN(a)
0. == max 0, = J||A |00, (1.4b)
a€N
where ||A || is the infinity norm of the matrix A and given by ||A ||« = max Z Egp.
=2 beN(a)
The discrete weighted L? inner product and L? norm are defined as
(u,v):hdZuava Yu,v € V,, (1.5)
acN
IVl = (v, V)2, W € Vi, (1.6)
and discrete maximum norm is defined as
Iv]|oo = Igleaic|va|, Vv e Vi (1.7)
. . 1. 1+r
The inverse of tanh(-) is denoted by ¢(-) so that ¢(r) = 3 In T
We introduce the homogeneous ‘free energy’ functions for r € (-1, 1)
1
P(r) = 5((1—{—7‘) In(1+r)+ (1 —r)ln(l —r)) (1.8)

Then as noted by Penrosel!l, an important feature of the system (1.1) is the existence
of a Lyapunov functional given in our notation by

g

I(u) := 5

(Au,u)+ (e,9(u)) (1.9)
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where {e}, = 1.

Remark 1.1. In order to study the Lyapunov functional for discrete finite difference
schemes, we introduce the (1.9). It is easy to check that the functional (1.9) is equivalent
to (1.8) in Lu Bainian!?.

In the following, we shall review the theory of dissipative dynamical system sufficient
for our needs. Let {S"},>0 be a family of operators from a complete metric space H
into itself satisfying the semigroup properties S"™™ = §"S™ Vn, m € Z, S = I and
S™: Ry x H— H is continuous.

For each v € H we denote the positive orbit ﬂ S™v by vt (v) and the w-limit set

n>0
w(v ) defined by U ﬂ S"v.
E>0n>k

We use the finite difference notation for time variable t: 9f"tt = (f*+1 — ) /k,
where k& > 0 is the time step. It is convenient to note the following

Lemma 1.1. Suppose that f* € R, n > 0 and that

oftt <c—df"t, (¢,d >0) f">0 (1.10)

For any € > 0, there exists an ng such that
" <(c+e)/d Vn>ny. (1.11)
ck + ck+c/d

Proof. Clearly if f* < c/d, then we have f"™! < b <7 e c/d.
Furthermore if fO — ¢/d = § > 0, then it holds that
" —c/d < (1+dk)™"s. (1.12)
This proves the Lemma.
2. The Explicit Euler Approximation
In this section we consider the explicit Euler scheme
ou™! +u" =tanh(B4um) n=1,2,--- (2.1a)
u® =u, (2.1b)

where u™ € V. Vn > 0.
Lemma 2.1. Let u” solve (2.1). Then for any €1, €3 > 0 and ko < 1, provided

< min {1 (tanh (122

there exists an no(||uglleo) such that |[u™||e <1 for all n > ng.
Proof. Similar to the proof of Lemma 4.2 in [3], multiplication the a’s component
of the both sides of the equation (2.1) by u”*!, and by the fact

1
u"Hogu ! = 5(a|ug+1|2 + k[ou T2, (2.2)
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we have
1

k
5e—yyug“y? + 5yaug“F + [u 1?2 = a1 ou !+ u {tanh(B4Au™)},  (2.3)

1
Note that o - 5 < §(a2 + %) and tanh(z) < 1, by (2.3), we have

i P<1-(1—=k)uit'®? VaeA (2.4)
Assume that [u?*!] = [[u™™!||«, then clearly [u?| < [[u”|s- So by (2.4), implies
Olu™ 2, <1 - (1 —k)u™ 5 (2.5)

By Lemma 1.1, we have, for any 1 > 0, then there is an n; > 0, when n > nj, we have

1+&
n 2.6
s < T2 (26)
. . 1—|—81
First we fix Kk < 1 and ;1 > 0 and write k as kg. Set ¢ = . Then
— Ko

tanh(6./0q) < 1. For simplicity, say Co = (tanh(6./0q))?.
Note that the monotonicity of tanh, (2.6) and (1.4b), implies

{tanh(fAu")}, < tanh||fAu"| < tanh(5||A ||c|u”|le) < tanh(6./0q)  (2.7)

By (2.3), similar to the proof of (2.5), we get d|[u™||2, < Co — (1 — k)|[[u™|%,. By
Lemma 1.1, implies, for any €5 > 0, then there exists an ni(||[uo|loc, ko) > 0, when
Co+es

1—k
This completes the proof of the Lemma.

Theorem 2.1. For any ug € K defined by {v |||V < C} (here C is an any
positive constant). Then when the time mesh parameter k satisfies the condition of
Lemma 2.1, then there exists a unique solution, u™, for (2.1). Moreover, there erists
a no(K, ko, [[uollec) > 0, when n > ng, u”™ € K; = {v||v|e < 1}. The mapping
ug — u” is continuous. Therefore the family solution operators {S™},~o defined by
S"ug =u", forms a continuous semigroup on K.

Proof. Clearly, by Lemma 2.1, there exists ng(K, ko, |[u®||sc) > 0, when n > nyg,
u” € Kj. So for any ug € K, then u” € K.

In the following we shall prove the continuity of u™ with respect to initial data.

Let u™ and v™ are solutions of (2.1) under initial data uo and Vj, respectively and
set € =u"™ —v™. Then by (2.1a) we have

n > max{ng, n1}, |[u||% < . When k < 1 — &3 — Cp, we have |[u”| < 1.

et 4 " = tanh(BAu™) — tanh(3Av ™). (2.8)

Note that |tanh(z) — tanh(y)| < |tanh'(z + n(z — y))||(z — y)| < |z — y|
Multiplying the a’th component of the both sides of (2.8) by e?*! and similar to
the proof (2.4), we have
k Oc

1 k 1
SOl ™2 4+ S10ei 12 4 Jen U2 < S (en P + [0ent2) + Sl + Flenl?)
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0
So Olle" Hloo < (k= Dlle™ 5 + eIz (2.9)
Summation of (2.9) with respect to n from 1 to m and note that 1 < 1+k(1—k) for
0 m—1
k < 1, implies [[e™||%, < ||°]|% + k(gc +k— 1) > lle"|ls by the discrete Gronwall’s
n=0

0
inequality, we have ||e™||%, < exp (T 1 5) 19|00, Where km < Tj. Therefore we get the

mapping ug — u’ is continuous. So the Theorem is completed.

Theorem 2.2. For the mesh parameter k, under assumption of Theorem 2.1, the
ball B=A{v| ||V|eo < 1} is an absorbing set for the semigroup {S™}n>0.

Proof. By the proof of Theorem 2.1, immediately implies that the Theorem holds.

Theorem 2.3. There exists a global attractor A™ C V) for the semigroup {S™}n>0.
Furthermore, A™ is connected.

Proof. Since V), is finite dimensional, so {S"},~¢ is uniformly compact. By the
result of Theorem 2.2, the existence of a global attractor A" = w(B) is an immediate
consequence of theorem 1.1 in Temam!¥. Therefore the Theorem is completed.

Lemma 2.2.050 Suppose that vt (ug) is relatively compact for each ug € V  and
that there exists a Lyapunov functional I on 'V A under S™. Then w(ug) C & for each
ug € V A. Furthermore, if € is bounded then S™ is point dissipative on 'V 5. Where €
is the set of equilibria for the steady-state of the equation (1.1) (See Lu Bainian [3]).

Theorem 2.4. For any € > 0, if the time mesh k satisfies

1—¢

k< —5—
1+ %/2

(2.10)

then the functional defined by (1.9) is a Lyapunov functional for the semigroup {S™ }n>o0.
In addition, for any ug € Vi, the w-limit set, w(uy), is contained in E.

Proof. (i). First we shall prove that I'(u™) is a non-increasing functional with
respect to n. By (1.9) for any u™*! and u™ we have

g

. 5[(lAun+17un+l) _ (Aunjun)]

2
=k(p(u™ + k diam &,0u™) — fAU™, Jutt) — %(A&u ntlguntl)

I(w™h) = I(u") = (P(u™") = y(u"),e)

(2.11)

Where |(£)aa] < 1, 50 [u”+k diag £,0u™ | < max(||u™||co, [[u™ o). By (2.1a),
we have SAU" = ¢(u™ + du"*!), so

p(u™+k diag £,0u™) —p(u™ +0u"t) = diag ¢ (n,)(k diag &, — Id)ou™ ! (2.12)

where Id is a J% x J% unit matrix and 7, is a vector between u” + k diag &,0u”t! and
tanh(BAu™), 50 ||7n]loc < max(1, [u™||eo, [0 }||e0). Therefore, by (2.11) and (2.12),

we have I(u™*1) — I(u™) = k((k diag &, — Id) diag ¢ (n,) — %A)@u it guntl). Let

By = (kdiag&, — Id) diag ¢'(n,,) — %A and v = du™*! then
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If there exists a a € A, such that v, # 0, then by Lemma 2.4, we have

k:(Blv,v)gkhd((k—l)Z Z Y |Eal |Va||Vb|)

acl a€N beN (a)

<k(k-1 il )||a )2

Under the assumption of (2.10), we have (B;v, v) < 0. So I(u™*!) < I(u™), when
v #0 ie u™t £un",

If for any a € A, have v, =0, then u”t! =u”, sou” =u* € £.

(ii). Next we shall prove that if I(u”) = I(ug) then ug € €.

If I(u™) = I(ug), then I(u™™!) = I(u™), by (2.10) and (2.11) we have 0 <

1
76( ?) [ou™t1]|2,, then |[Ou™!||?2, =0. Sou™! =u”=u* €&.
1+ %/2
(iii). Finally we shall prove that I(u"™) is bounded.
1 6
For any n € Z, we have I(u") > —ln21 5~ gc = —C4. This completes the

I(u™) is a Lyapunov functional. By Lemma 2.2, clearly the Theorem holds.
Remark 2.1. The restrictions on the time step k are independent of the lattice
size.

3. The Predictor-Corrector Approximation

In this section we shall give other explicit finite difference scheme: predictor-
corrector scheme given by

~n+l _ ..n

“ ? Y oiun= tanh(fAu™) n=1,2--- (3.1a)
ou™t! 4 untl/2 = tanh(BAu"t/2) n=1,2,. . (3.1b)
u® =u, (3.1c)

Where u™t1/2 = (a"*! + u™)/2.
5 k?
Lemma 3.1. Let f(k) =1— k‘(§ —k+ Z)’ then there exists a unique positive

1
root k* € (O, 5) and for any k € (0,k*) we have f(k) > 0. Where the approzimative

value of k* = 0.481608.

k}2
Proof. Because f'(k) = —g + 2k — 37, implies f’(k) does not exist zero point. So

by f'(0) = —g < 0, we have f'(k) < 0, Vk € R. Therefore f(k) is a strictly decreasing

1
function. Because f(O)f(i) < 0, then the Lemma holds.

Theorem 3.1. For any ug € K defined by {v |||v||cc < C}. Then there exists a
unique solution, u™, for the schemes (3.1). Moreover, for any § € (0, k*) and € > 0,
when the time mesh parameter satisfies

4(1 —co(1+g))}

k<m1n{5, 5Co 710 — 16
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there exists an N > 0, when n > N, u” € K; = {v||v]ew < 1}. The mapping
ug — u” is continuous. Therefore the family solution operators {S™},~o defined by
S™ug = u” for (3.1), forms a continuous semigroup on K. Where ¢ = [(1 4+ /2 +

/(1 — 8(5/2 6+ 82/ )/2, G = tanh (%),
Proof. By (3.1), we have
qantl — (1 —k)u” + ktanh(3Au™) (3.2)
Substitute (3.2) into (3.1b), follows

n T n+1
f) (3.3)

oum 4+ (1-k/2u" + gtanh(ﬁAu") = tanh (94

Multiplying u”?*! to the a’th component of the both sides of (3.3), similar to (2.2),
implies

Lo nt ko 12 Ky a1 _ KN it g ontl
§a\ua | +§|8ua |* + (1—5)\ua | —k(1—§)ua ouy
k
- §u2+1(tanh(ﬁAu"))a +u(tanh(3Au"1/2)), (3.4)
Therefore, by (3.4) we can get
k 5 k>
n+1)2 v o e v n+1,2
Ol <145 = (1= k(5 k)l (3.5)
By Lemmas 1.1 and 3.1, when k < k*, there exists an N > 0, when n > N, we have
n 1+5+¢
u"loe < \l e (3.6)
L=k —k+7)

under the assumption of the Theorem, first we take k = §, we have ||u” || < gq.
Similar to the proof of Lemma 2.1, there exists an N > 0, when n > N and

LA Gy1 12 (1L+5+9)C
— 2Ch+10—-49 1_k(%_k+%)
In the following we shall prove that S™ is continuous: let ¢” = u™ — v", by (3.2)
and (3.3), we have

, we have ||u"||o <

k k k
9 4 (1 D)er = pap A o) - F A + (1 D) s A (37)

Where f(u) = tanh(BAu), f'(n}) = diag (f'(n},))aen, j = 1,2,3.
Similar to the proof of the Theorem 2.1, follows

k

ol

¥ 6

1 Al
n+1)2 o - n+11(12 n+1(2 ni(2
Ol %+ k(1= k(5 = 7))o % < lle I + (F5+ ) IeM% (3:8)
By the discrete Gronwall’s inequality, we have ||e"|%, < exp (<]<;{%c}2 + &)Tl)
’ T 1-4 2 0

le(0)]|%,, V¢t € (0,7}). Then we can get the semigroup {S™},>¢ is continuous.
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Similar to the proof of the Theorems 2.2 and 2.3, we can get the following results:

Theorem 3.2. Under the assumption of Theorem 3.1, the ball B = {v | ||v |lcc < 1}
is a absorbing set for the semigroup {S™}n>0 of (3.1).

Theorem 3.3. There exists a global attractor A™ C Vi for the semigroup {S™}n>0
of (3.1). Furthermore, A" is connected.

Lemma 3.2. Assume that "1, u™ are the solutions of (3.1), For any ug € V 5
and any § € (0, k*), then there exists an N(ug) > 0, whenn > N, for any Cy € (Cp, 1),
when the time size satisfies:

1 4(C1 — Cy)

< min{ =
k—mm{z’ 200+(10—45)01}

the following result hold max{|[G" | oo, U™ |loo, U™ /?||00} < C1 < 1. Where Cy is
defined in the Theorem 3.1.

Proof. First, we shall prove that ||u™||s and |[G""!||o are bounded.

Similar to the proof of (2.3), we have

a2 — Jum®

k

<1—(1-Fk)a™)? (3.9)

So by the Lemmas 1.1, there exists an N(ug), when n > N and k& < 1, we have
[a" 1%, < 1/(1 — k). By calculation, we have 1/(1 — k) < ¢, where q is defined in
Theorem 3.1. So by (3.6) and (3.9) and the assumption of the Theorem, when

4(1 = Cp) 1}

k<mm{2co+10—45’5

we have [[u”||x < ¢.
Then we shall prove that ||[u”| and ||u |/~ are less then one.
By the definition of Cj, similar to the estimate of (3.5), we have
]{52

Ol % < (1+ g)co - 1- k(g —k+ Z)} a2, (3.10)

By Lemmas 1.1, we have, for any € > 0, there exists an N > 0, when n > N

(1+%5+6)C

3.11
1— k(3 —k+5) (3.11)

[EREES

4(Cy — Cy)

hen k <
WHERE = 500 + (10 — 46)C

, implies, [[u™||2, < C; < 1. Because

4(01 — C()) 4(1 - CO)
2CH + (10 — 4(5)01 2CH + 10 — 46’

similar to the proof above, implies when k£ < 1 — g—‘;, then, [Ju %, < 1€0k < (.
4(01 — Co) CO
2Cy) + (10 — 46)C Ch

Because
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So when the time size satisfies the assumption of the Theorem, we have the Theorem
holds. Therefore this Lemma is completed.

Theorem 3.4. Under the condition of Lemma 3.2, the functional defined by (1.9)
is a Lyapunov functional for the semigroup {S™}n>0 of (3.1) under restriction for the
time mesh parameter

294 26%(1 - C3)
% 117 (2+ %)02(1 - C3) +4%)

k < min { } w0
Where Co = ¢'(C4) and C1 is defined in the Theorem 3.1. In addition, for anyug € Vj,

the w-limit set, w(uy), is contained in E.
Proof. By (3.1a), we have

u—u”

BAu" = ¢(u" + . ) (3.12)

So, follows

u-—u”

p(u" + kdiag&,0u™) — BAU" = p(u” + kdiag &,0u™t!) — ¢<u" + : )

n

= diag (b’(nn)(k diag £,0u™ — 4 —ku )
(3.13)
substitute (3.1a) from (3.1b), yields
ul—u u n ) u—u”
’ 5 = diag ¢’ (n,) BA 5 (3.14)
rewrite (3.14) as
un+1 —u ) , u—u”
—% = (diag ¢'(n,) betaA — Id) 5 (3.15)
By (3.15), we have
u-—u” np1 u™l—u np1 koo , u-—u”
= Ou I —— ou""m — §(d1ag tanh'(n,)5A —Id) (3.16)
By (3.16), we have
k _an
[1d — 3 (1d — diag tanh(7,)3A)] 4 k“ = gu"t (3.17)

Let D = % diag tanh’(n,)BA, and By = (1 - g)(ld + D). When the time size

2—9
k < min{gi+17 2 —d}, Vo > 0 we have Bg is a invertible matrix. And B2_1 =
9
2

2

u-—u”

k

=B, 'ou"! (3.18)



212 B.N. LU AND G.H. WAN
Substitution (3.18) into (3.14), we have

p(u™ + k diag £,0u™t) — A" = diam ¢'(n,)(k diam &, — ByH)ou™  (3.19)

k
Let By = diam ¢/(n,)(k diam &, — By ') — %A_
Then by (1.9) and (2.11), similar to the proof of Theorem 2.4, we have

I(u™™) —I(u™) = k(Bsv, v) (3.20)
Where v = du™tl,
Because
~(diam ¢/(1)B3 v, v) = — 5 [( diam ¢/(m)v, v)
+ ( diam ¢'(,)D(Id — D)~ 'v, v)] (3.21)

Therefore by (3.20) and (3.21), we have

(Bsv, v) :( diam gb'(nn)(k diag &, — %Id)v,v)

2 . 12 —1 k/B
—((2_kdmg¢(mﬂDﬂﬂf—D) ——??A)v,v) (3.22)
Because A is a symmetric matrix, then by Lemma 1.1, we have |D|| < m“ BA| and
0. k0. _ 1 2—k
p(BA) = |BA|| < = Then D[ < 5— =, (Id - D)7 < < 0
0 2—k46 1—||D] c
2—Fk— k:g
Similar to the proof of Theorem 2.4, by (3.22), when k < 1,we have
2k b ks
Bsv,v)<(———+k+ 0 + =) |v? 3.23
Bov.v) < (-5 T pa e T2 )M 62
when the time size k satisfies the restriction of the Theorem, we have
(Bsv,v) <0 (3.24)
Theorem I(u™!) < I(u™).
4. Some Implicit Schemes
We first give some implicit schemes as following
ou™t! +u™! = tanh(BAu") n=1,2,-- (4.1a)

And

0 (4.2b)

dutl £ u™! = tanh(fAu") n=1,2, - (4.2a)
u" =Uuy
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In the following we shall discuss absorbing sets and Lyapunov functional for the
schemes above:

Theorem 4.1. For any ug € K defined by {v |[|[V]ec < C}. Then gzere exists a

1

unique solution for the schemes (4.1) and (4.2) provided that k < min { 10 14 % }
and k < min{1/C, 1} respectively, say u™. Moreover, there exists an N > 0, when
n>N,u" e K; ={v||[[v]e <1} Yn > 0. The mapping ug — u” is continuous.
Therefore the family solution operators {S™},~¢ defined by S™ug = u™ for (4.1) and
(4.2), forms a continuous semigroup on K.

Proof. Fist we shall prove the existence for the schemes (4.1) and (4.2). Let Ky =
{v]||[v —u"|s < C} then by (4.1) and (4.2), we imply for any u™*! € K, let f(u) =
u” + k(tanh(BAW) — u™!), where W = u” or u™*!. then it is not difficult to

prove f(u) is a contractive mapping provided k < min{ } for (4.1) and

C 1
1+C 1+ %
k < min{1/C, 1} for (4.2). Therefore there exists a unique solution u” for the schemes
(4.1) and (4.2).

Then, we shall prove u™ € K. Multiplying the both sides of the a’th component
of (4.1a) and (4.2a), we have

1
SO+ [P = it (tanh(BAW) g (4.3)

Similar to the proof of Lemma 2.1, we have
Alu™ 5, < 1—[lu™ 5 (4.4)

by the Lemmas 1.1 and 2.1, similar to the proof of §2, we get u™ € Kj.

Similar to the proof of §2, the Theorem is completed.

Theorem 4.2. The ball B = {v |||V ||cc < 1} is an absorbing set for the semigroup
{S"}n>0 of (4.1) and (4.2).

Theorem 4.3. There exists a global attractor A™ C V) for the semigroup {S™}n>0
of (4.1) and (4.2). Furthermore, A™ is connected.

Theorem 4.4. The functional defined by (1.9) is a Lyapunov functional for the
semigroup {S™}n>0 of (4.1) under restriction for the time mesh parameter k < 1/%“
and of (4.2) under restriction for the time parameter k < 1/(1 + %C), respectively. In
addition, for any wg € V 5, the w-limit set, w(uy), is contained in E.

Proof. For the scheme (4.1) similar to the proof of the Theorem 2.4, from (4.1a), we
have BAu™ = ¢(Ou™! +u"1). So, p(u™ + k diam &,0u™!) — p(u™! 4+ ountl) =
¢ (nn) (k diam &, — (14 k)Id)du™"L. Therefore we have

(™) = I(u™) = k(((k diam &, — (1+ k)Id)diag ¢ (1) - %A)@u "L guntt)

<k(1- k%)||8u”+1|]2.

Oc
Therefore, when k < 1/;, we have I(u™!) < I(u™).

Similar to the prove above we have the result holds for the scheme (4.2).
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5. Numerical Results

In this section some results of the simulations on the equation set (1.1) using the
numerical approximation schemes are mentioned in this paper. Where E,; = 1 for
any a € N(b). The numerical results are almost the same. However we prefer the
predictor-corrector approximation because the local error is smaller. Explicit methods
are particularly useful because the time step restrictions are independent of the size of
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the lattice and they do not require the solution of algebraic equation. The mesh has
been used on the square [0,100] x [0,100]. We take that h = 0.01 and k& = 0.1 and
initial data as random numbers. The simulations show that there exists property of the
moving by mean curvaturel® and the features of rapid phase separationl”. It illustrates
that the equation (1.1) is a better approximation to Cahn-Allen equation!!]. Figure 1
shows the picture of the initial data as random number. Figure 2 to Figure 13 show
the pictures of the numerical solution at different time levels respectively t=20, t=40,
t=60, t=80, t=100, t=200, t=300, t=400, t=500, t=5300, t=5400 and t=5500. Last
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figure Figure 14 shows that the Lyapunov function i.e. energy function is decreasing
with time ¢ and when ¢ > 5500, it becomes a constant. It just shows that the Lyapunov
function arrives to minimum value. So the constant is a attractor.
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We have simulated a lot of examples in one dimension. We shall ignore those
pictures. The figures show that irregular wells will first tend to circles and then tend
to a constant with the time ¢ increase.
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