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Abstract

A conservative difference scheme is presented for the initial-boundary-value
problem of a generalized Zakharov equations. On the basis of a prior estimates in
Lo norm, the convergence of the difference solution is proved in order O(h? + r?).
In the proof, a new skill is used to deal with the term of difference quotient (e}, )t.
This is necessary, since there is no estimate of E(x,y,t) in L, norm.

1. Introduction

The Zakharov equations describe physical phenomena in Plasmal'?l. The global
existence of a weak solution for the Zakharov equations was considered by Sulem and
Sulem in [11]. The existence and uniqueness of a smooth solution in one dimension
are proved provided that smooth initial data are described. For small initial data, the
existence of a weak solution for the Zakharov equations in two and three dimensions is
obtained.

Numerical methods for the Zakharov equations in one dimension were considered
in [1], [2], [4], [5] and [10]. A spectral method is used to compute solitary waves in [10].
In [4] and [5], Glassey considered an implicit difference scheme for the equations and
proved its convergence in order O(h + 7). A new conservative difference scheme with

a parameter 0,0 < § < — was presented in [2]. If § = —, the new scheme is identical

to Glassey’s scheme. For 6 = 0 the new scheme is semi-explicit. In [1], we considered
this semi-explicit scheme for generalized Zakharov equations and improved method of
proof to get convergence in orderO(h? 4 72). Numerical experiments demonstrate that
the new scheme with 6§ = 0 is more accurate and efficient.

In this paper we consider the following periodic initial-value problem in two dimen-
sions:

iEy+ By + By — NE=0, inQ=(0,1)x (0,1), (1.1)
Nyt — Nozw — Ny = (|E|*)zz,  in Q, .
Eli—o = Eo(x,y), Nl|t=0o = No(z,y), Nilt=0 = Ni(z,y), (1.3)

E(x+1,y,t) = E(x,y,t), E(z,y+1,t)=E(z,y,t,)
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N(zx+1,y,t) = N(z,y,t), N(z,y+1,t)=E(z,y,t,), (1.4)

where a complex unknown function F is the slowly varying envelope of highly os-
cillatory electric field and a real unknown function N denotes the fluctuation in the
ion-density about its equilibrium value, Ey(z,y), No(z,y) and Ni(z,y) are periodic
functions, Ni(z,y) satisfies the compatibility condition:

//Q Ni(z,y)dxdy = 0. (1.5)
The periodic initial-value problem (1.1)—(1.5) possesses two conservative quantities:
| E||32 = const. (1.6)
and
IEell + 18y 132 + I NI + 5 (sl + g 22) + [[ NIEPdady = Const., (17)
where the potential function u is given by

Ugg + Uyy = Ni. (1.8)

1
Assume that Ey € H(Q), Ny € L2(Q), Ny € H~Y(Q) and ||Eolz, < 7 then there

exists a weak solution E € L*®(R*, HY(Q)), N € L*®(R*, L*(Q)) for the problem
(1.1)—(1.5) (see [12]).

We propose an implicit conservative difference scheme for the problem (1.1)—(1.5) in
this paper. We will prove the convergence of the difference solution in order O(h?+472).
In the proof, a new skill is used to deal with the term (6?7 )¢ this is necessary, since
there is no estimate of E(x,y,t) in Lo, norm.

In section 2, we describe the difference scheme and its basic properties. Some prior
estimates and proof of the convergence of the difference solution are given in Section 3.

2. Finite difference Scheme

In this section, the finite difference method for the problem (1.1)—(1.5) is considered.
As usual, the following notations are used

1 1
7 =
xj = jhe, yr = khy, t"=nr,

E(jak>n) EE(xj7ykatn)v N(j>k7n) EN(xjvykatn)>

Ej,k: NE(jakvn)’ ﬁk: NN(j,k‘,TL),

Wikde = (W= whads (Wjs = 5 Wik = Wil ),

T

hy =

J K
n+i 1
Wik ® = W+ Wik IWPE = hahy 37 Wi,
Jj=1k=1
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W oo = sup Wik,

1<k<K

and in this paper C' denotes a general constant, which may have different values in
different occurrences. Thus, the difference scheme for the Zakharov equations is given
as

. +3 +3 +3

B+ (B 2)yg) = Ny 2 - B2 =0,
T
-

1 _ _
( ;,lk)tt_ - 5((N;fk+l)xf + (N;?k 1)9056 + (N;’L]:rl)yg + (N]??k 1)yﬂ) = (|E]7fk|2)x5c + (|E§fk|2)y?

T
1§j§J,1§k§K,n:0,1,~-w[]- (2:2)

T

The initial conditions are approximated as

E;]:k :Eo(xj7yk)’ Nﬁk = No(xj7yk)7 (23)
Njx =Ny, + TN (2, yi)- (2.4)

The periodic conditions are given as

n _ mn n _ n
Elv gk = Ejr Efgirx = Efg,

N g =N  Njjig = Nj (2.5)

1
We define the potential function UELZQ by

n+i n+i n+i n+i n+i n+s3
(u ]kQ)m"‘( JkQ)yz? = ( Jk)t=“0k2 _qu2 —“302 —Uj,K2 = 0. (2.6)

In computation, N? Pk N} ik E 1, are obtained from the initial conditions (2.3) and (2.4).

Putting n = 0 in (2.1), Ej ;. is solved. Putting n = 1 in (2.1) and solve for EJQk, etc. We

note that the scheme (2.1)—(2.5) is implicit, but the equations (2.2) are linear for V' AR

The scheme (2.1) is also linear for E”Jrl if Nj",;H is known. In practical computatlon

we need only to solve two five- dlagonal systems of equations in each step of time.
Theorem 1. Assume Ey(z,y) € H(Q), No(x,y) € L*(Q), Ni(z,y) € L*(Q). The

difference problem (2.1)—(2.5) possesses the following invariants |E™||3 = Const. and

1, n-t 1 n-1
:IIEQ\@HIEJH%JF*H% 2H§+§H% 23
1 J K
1 2
 ZUNIB+ IN™B) + hehy 3 S NJ H B = Const
j=1k=1

Proof. Computing the inner product of (2.1) with (E]sz1 + E”k) yields

1 1
n+3 n+3

(Bl L+ Ef) + (Bj g an + (Bjy ?)ug B+ Ey)
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1 -
(N BB ) =0, (2.7)
where
_ —_— 1
Re((Ejp)r, Ej L + Bjly) = Re(— (E”+1 G B+ B = —(IE"HE = [ E™]3),
n4 = n4+ = Tntl . nti n+ n+ = ntx
((Ej,k : ):v:i + (Ej k : )y@a Eﬁl + E;fk) = ((Ejjg ’ )ma 2E 2) ((Ej,k : )yya 2Ej,k 2)
n+i n+i n+i n+i
= _2((E 2) x5 (Ejk ?)a) — 2((Ej,k )ys (Ej,k ?)y)
n+s
= —2(|E T+ 1B ),

J K
+3 R E—— +3 | ot
(N;fk 2 -Eka E]”;rleE” = 2h,h ZZN;fk 2|E;fk2|2.
: k=1

Thus, we take imaginary part for (2.7) and use the formulae derived above to get
IE" T3 = [|E"[|3 = |E°|3 = Const.
Computing the inner product of (2.1) with T(E;fk)t and taking real part, we have

I ((E7)e, (BT Re(E}y ?)az + (B )y BT — T,
(B (Ef) + Re((Ejy has + (E]3 )y, Bf — By

+ + -
—Re(N;, -Ejk2 Eygl ET,) =0. (2.8)

Direct computation yields Im((E}fk)t,T(E;?k)t) =7 Im(]|E?||3) = 0 and

1
Re(N)y F Eﬁ” E70) = yRe(N],

= heh VS NI (EEE )

j=1k=1

(E;fgl +E), Eggl ~-E7)

—

N B — B R)

l\DI\l)—l
§
&
-M“
Mw

<

Il
—_
e

Il
—_

N —
S
&
KMk
Mw

S“

@D‘
(]~ i
M=
=

-

=

12 2
N2 | B}y *hmhyz ZNM Bl
j=1k=1

<
Il
—

1 2
=3 Bl

.

i
I
T
I

Summing by parts, we obtain

41 +1 [ 1
Re((Ey 2)az + (B, )yg» E"+1 ET,) = —iRe((E;’Zl + El)es (B = E0)a)
1 _
- §Re((E;f:1 + By (BTN =ET),)

1
== SUEZE = BRI + 1B = 1B 1)-
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Thus, it follows from (2.8) that

J K
n+
1B = B2 13 + 1By THE = 1B 13+ hahy 30 Y Ny B

j=1k=1
J K , Ko T
_hxhyzz Jk | k| :hxhyZZ(Nj,k2 _Nj,k2)|Ej,k’
j=1k=1 j=1k=1
1 AN 1 2
= el 3 3 (NI = NI (2.9
j=1k=1
1 1
Computing the inner product of (2.2) with (uﬁr2 + u? ) and summing by parts, we

have

n+— n—=% 1 n+l n—1i _l
(ViR wj g, +uj7k2)—*(Nn+1 NI (s Vas + (u) ), y k- )yp)

1

(BN, (0 0 s + (W2 + 0% )ag),

which is equivalent to
n+3 n+ 1 n+s: n+i n—1%
—((u ]k2)tac7( 2+“ 2)a) = ((u ]k2)ty (Uj,k2+uj,k2)y)
—i(N;f,;H + NI (NF)e+ (NP D) = (ER P (N)e + (NF D),

1
where the definition of uyzz is used. Direct computation shows that this equation

equals
n+l n_l n_l,_l n—l 1 1 —
a2 115 = Nl 2115+ luy 215 = lluy 2115+ SIN™E = SINTH]13

J K
:_hzhyZZ(Nj Nn 1)’ k‘2~ (2-10)

j=lk=1

Combining (2.9) with (2.10), we have

IEZHIS + 1By 3 + 5 (II ul 3B ) + (IIN”“H%JrHN”H%)

n+
+ hah ZZ : E”+1!2—HE"112+!!E”H2+ (H ub 2+ luy 2 3)

J=1k=1
J K ol
(IIN”||2+||N” H3) + hahy Y0 Y Ny 7 - BT
Jj=1k=1
ie., Hp"' = HP = H) = Const.

Comparing (1.6), (1.7) with invariants given in the Theorem 1, we know that the
difference scheme (2.1), (2.2) keeps two conservative laws that the differential equations
possess.
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Theorem 2. Assume the solutions of the differential problem (1.1)-(1.5), E(x,y,t)
€ C?(Qx(0,7)),N(x, y,t) € C2(Qx (0,T)). Then the truncation errors of the differ-
ence scheme (2.1)-(2.2) are given as

2 -2 -2 B2 B2

. 1T
ZEt + E:m: + Eyy —NE = _ﬂEttt - gmett - gEyytt - T;Exmxw - T;Eyyyy
2 2

+%EN“ + %NEtt +O(hS + kS +7°), (2.11)

and
9 9 ir? 72 72
Ntt_Na:x_Nyy_(’E’ )a:a:"i_(’E‘ )yy = ENtttt"i_?Nxxtt"i_?Nyytt
+h—% + th +h—°’20(|E|2) +h—@2’(|E|2) + OB + hi +7°)
12 TTTT 12 yyyy 12 TTTT 12 yyyy T y (72 12)

Proof. substituting the solutions of the differential problem (1.1)-(1.5) into the
difference scheme and using Taylor’s expansion, we obtain the formulae (2.11) and
(2.12).

3. Convergence of Difference Scheme

In this section, the convergence of the difference problem (2.1)-(2.5) is considered.
We begin by defining the standard errors

e?,k = E(]7k7n) - EZ]C and 77?,1@ = N(]7k7n) - ;,Lk (31)
nt2 n+i
Let (Uj,k ?)az + (Uj,k vy = (772:1){7
1 1 1 1
Up> =U 2 =U 2 =U > =0 (3.2)

Then error equations are deduced as follows:

1 1
n+2 n+2

i(eglvk)t + ((ej,k )xi + (ej,k )yﬂ) - %(N(‘% k7n + 1) + N(]? kvn))

. . 1 n n n (&
A(E(,k,n+1)+ E(j, k,n)) + 1(Nj’,;H + N )(Ejen + 1+ E}y) = RS,

(3.3)
1 _ _
(M k)er — 5((77?,21)15: + (e Daz + 07 Dy + (0 Dow) (3.4)
= (|G, k) P)az + (1B, k,n)P)yg — (Ef )z — (B )y + BT
e?’k - 07 77.?’]@ - 07 (35)
nix = O0(7%), (3.6)
where
i 72 2 h? h2
R =— ﬂEttt - gExmtt - gEyytt - T;Exzmx - T%Eyyyy
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2 2
T T
+§mw+§N%+m@+@+ﬁx (3.7¢)
2 2 2 B2 B2
R" :ENtttt + 5 Nawtt + ?Nyytt + ﬁNzxazm + T;Nyyyy
h2 2 h12; 2 3 3 3
JrE(|E| )xmzx+ﬁ(|E| )yyyy+0(hz+hy+7' )- (3.7 1)

Lemma 1. (Sobolev estimatel’) Suppose W € L,(R"), D"W € L,(R"),D"W €
L.(R"),1 < ¢q,r < oo. Then for 0 < j < m, I < 1, we have \\DjWHLP <
m
_ 1 i 1 m 1
C||IDMW || - ||[W|1~%, where — = £ S I ey
DM, W, where © =2 a3 = ™)+ - )

Lemma 2. Assume that complex function u(x,y) = ui(x,y)+iua(z,y) and v(z,y) =
vi(z,y) + tva(x,y), where the ui(xz,y),uz(x,y),v1(x,y), and va(x,y) are smooth real
functions of compact support in R%. Then the inequality

oo oo 21,12 2 2 2
[ lodedy < 2+ )l (e, + 1oy )3,)
—0o0 —0o0
1
(24 2 lollF, (luallZ, + lluy13,)
2
2l 013, + =l oy 13, + g 1, sl 2,)

holds, where € is a positive constant.
Proof. First, we consider two real functions f(x,y) and g(z,y). Because of that
equality

f(z,y) - g(z,y) :/_z (fg)xdx:/_y (f9)ydy,
+oo
we have max |f(z,) - g(o,y)| < [ fag + foulda,
+o0o
and max | f(z,9) - 9(z, )| < / £,9 + fayldy.
goo

Then using Schwartz inequality, we obtain

+oo —+o00 —+o00 —+o00
| [ pdndy < [ maxf gl [ mas s - gldy

—0o0

o0 “+oc0 +o0 oo
< [ [ | fyg + fgyldxdy - /7 L | f29 + f9z|dady

< (Ifyllzallgllzs + 11F 122 llgyll ) (1 fall o llgl 2o + N F1Es |92l 22)
= gL, I fellzall fyllze + Nyl Lallglzallf 1 allgell e
+ I lLallfellLallolzallgyllze + 111, 9ol llgyl L.

1 1
< SlalZa (UfllZ, + 1 Fl17) + S 117 (lge 17, + lloylIZ.)

1.1
+ 3 CIFIZ, + el f1Z2) o)1z, + lloyl1Z.)

1.1
+ 3 CIFIZ, + el 2091z, + lg212.)
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1 € 2 2 2 1 1 2 2 2
(5 + Palm, (ellz, + 150 + (5 + 22115, lgallZ, + gy 17.)

1 5
+ %Hf”%gHgH%Q + Z(IIfmII%QIIgyII%2 + 1 £y l17, gy l17,)-

While for the complex functions, it follows from the inequality derived above that

+o0 400 too oo
[ wlldady = [ G )+ ool dody

< @+ )l (eel, + logl3,) + (24 2) ol (el + g 3,)
+ SHUH%ZHUH%Z +e(lualZ,llogliz, + lluyllZ, lvzllZ,)-
Lemma 3. Assume Eo(x,y) € HY(Q), No(z,y) € L2(Q), Ni(x,y) € La(Q) and
|E92 < 2\1& Then we have estimates:
IEZ N2 < C, 1Eyll2 < G, i 2l <C, N2 <C

Proof. First, we estimate that

J K nl ) 1 J K n—lg J K A
hahy DY Niy P 1B ‘ < o fahy DD NG PP hahy Y Y BN
s e e e

Using Lemma 2 and interpolation formulal”, we have

J K L 1
n—s _1
haly ) Y Ny Q\Eﬁklz\ < ZIN" 2015+ 8IE"5 - (I1EXN5 + I By l13)
j=1k=1
1 _1
=IN" 213+ 8IE°3 - (1 B2 15+ | B 113)-

1
Thus, it follows from Theorem 1 and || Ey||2 < —= that

2v/2
_1 _1
IEXl2 < C, B2 <C, Juz 2<C, Juy *2<C, [N"[2<C.

Theorem 3. Assume the solution of the differential problem (1.1)—~(1.5), E(z,y,t)
€ C°(Q x (0,T)), N(z, y,t) € C3(Q2 x (0,7T)), and the initial data Eo(z,y) € H(Q),
1
No(z,y) € La(Q), Ni(z,y) € La(Q); [|[Eplla < —=, |E®||la < ——=. Then the solution
0(z,y) € La(€), Ni(z,y) € Lo(Q); || 0\!2_2\/5 | !!2_2\/5

of the difference equations (2.1)~(2.6) convergence to the solution of the problem (1.1)-
(1.5) with order O(hZ + hZ +72) in Ly norm.

Proof. Computing the inner product of (3.3) with (6?}:1 + e}"‘,k) and taking the
imaginary part, we have

1 1 , , . .
;(llenHH% —Jle"3) = (NG ko 4+ 1) + N(G k) (B(G kyn+ 1) + E(5, k,n))
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- (N;j,jl + N;?k)(E;.fgl + E}), eyf +efy) + Im(R°, eggl + e,
(3.8)
where
(RS, el + efi)| < C(r2 + R+ h)* + [le™ 15 + [le™ 13,
Im((N(j,kn +1) + N(j, k,n))(E(k, k,n + 1) + E(j,k,n))
— (NI + NPO(ES + By, et + €fy)
= Im((n} "+ nfk)(BG, k,n+1) + E(G k,n)) + (N
+ Nﬂ)(e}i? +eik), e}”‘,Zl +e))
= Im((n?,?l + 0l ) (B, kyn+ 1) + E(j kn)), et +€7)),

since
Im((NIF 4+ NP (el + efp) et +efy) = 0.

Thus, we use the formulae derived above in (3.8) to get
e HIZ = le™[13 < CT(r® + hi + hg)? + ("3 + lle™ 13) + T E(, k,n +1)
+ B kyn)l[ oo - (10" 3 + 1013 + e I3 + [le”]3)

< Or(r? + b3 + hy)? + Cr(lle™™ 13 + [le13 + ™13 + 1™ 113),
(3.9)

where (z,y,t) € C3(Q x (0,T)) is used.
1

1 _1
Computing the inner product of (3.4) with U;ZQ + U;Lk 2 and summing by parts,
we have

n+i n—1 4 n—=% 1 _
U211 = 10z 2113 + 1Ty 2113 = 10y 2115+ 5 (™5 = ")
— (lEGi.k 2 _\gn 2. pgnl _pn—=1y (R U”"'% Un_%
= —(|E(j, k,n)| | ],k| 15k Uj,k) T(RY, ik T Uk )
which is equivalent to

n+l n_l n+l n_l 1 _
10215 = 10z 2153+ 10y 215 = Uy 2115 + §(H77”+1||§ — [l H3)

+ (1B, kon + 1)1 = |EFPondf +pe) = (BG k)P — 1B 0 + 07

1 1 _1
=p;" —T(R”,U;f,;F2 +UL2), (3.10)
where
+1 . ) _
Py = (IE(j, kyn+ DI = [EX P = [EG k)P + | Ef P ont + ).

Computing the inner product of (3.3) with 7(e};): and taking real part, we obtain

1 1yl
S Ue 5 = Nlezls + lley ™I — ey ll3) = ;P2 — TRe(RS, (€f)n), (3.11)
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where

n 1
P2 = — Re((N(j, kyn + 1) + N(j, k, ) (EG, kyn + 1) + E(j, k, n))
— (N NED(ESE 4 B et — )

It follows from (3.10) and (3.11) that

n+i n+3
2013 — ez 13 + ey ™13 — ey 13) + 11Uz 2113 + 11Uy 213 = Uz I e

1 _ .
+ " = "R + (BG ko + D = [EFPoaf + i)

2
—(IEG, k) — |E k!2,n§fk+n§fgl)
——T((Rn,Un+2 +U 3 ar(R, (€7 )4+ P it (3.12)

Using direct computation, we have

il ntl J K
P1+2+P2+2——Re{ oy Y SN Gk + 1) + N(j kyn))
Jj=1k=1

(1B, kon+ )P = [E(, k,n)[?) = (N, k,n+ 1) + N(j, k,n))
(E(]7k7n+1)+E(]7kvn))( 2_ _E;fk,‘,n)

+ (VI + NP (B2 - |E;fk|2>}

+hahy Y > (EG ko + D)2 = [BG k) ? = | EFE P+ B ]
7=1k=1
[N, k,n + 1) + N(j, k,n) = NI — N7y
J
—Re{h.h D3 Z (o kyr+ 1) + NG, b, ) (BT — E2)

_(N;,Lljl N )( (jak7n+1)_E(.77k7n))]

(B b+ 1) + EG k) — B - ;@)}

J K
j=1k=1
~ (G = GG b+ 1)+ NG I+ m)} 1)

It follows from E(z,y,t) € C® that

e [hahy Y S TBG B+ D~ BG R + ) it + )|
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< CT7|Re [h h ZZ 17;1;1+77]’ n+1+e]k)H
j=1k=1
< Ol 3+ ™13 + e FHI3 + [le™[13)- (3.14)

Using the error equation (3.3) and E(x,y,t) € C° N(x,y,t) € C°, we obtain

J K
Re{hahy 3 S (NG kv + 1)+ NG k)€ + G - )
j=1k

=1

J K
=|Re{huhy 30 ST (N (G kyn+ 1) + NG,k n))er £ + ery)
j=1lk=

—_

. 1 n+ n—i—l
: Z[i((%‘,k )oz + (ej,k )y

+ 3NG4 1)+ NG R ) (EG, Ko+ 1)+ BG k)

N|=

1
— O NEELT + ) + RTY

J K
=|7tm {hohy 3 ST (NG kon + 1) + NGy k) (e + ey
j=1k=1

1 n n n n
: [1((%,751)9:5 + (7 k)az + (%,7:1)2;?? + (€7 k)yg)

4 Z(N]’ff,jl + Ngk)(engl L)+ Re]}'

{ = hahy 30 STUN G km 1) + NG k)l + la(ef! + e

J K
+ hahy ZZ( (ks +1)
1 k=1
+ NG k) (et + et ) +nf ) (B(, kyn+ 1) + B(j, k,n))

+ hahy, ZZ (G, k. + 1) + NG k) (T + ) - 436}

SCT(H@Z“IIz +leRlE + e 3 + lle™ 13
+ "G A+ 0" + (3 + i+ 7°)%). (3.15)

Using the formulae (3.7¢), (3.7n7) and the error equation (3.3),we have

n+i n—i n+ L n—1
(R, U3, % + Uy *) <C(hg + hy + 797 + C(IU™ 2[5+ U= 2 3)
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<C(h} +hi +7%)?

n+3 n+3
T+ O 3+ Ty 2B + U8 E 1B + Uy 3),
(3.16)

where the formula (3.2) are used,

2 2 h2 B2
[(R, (€5 5)el = ‘ ~ 51 Ettt 3 — Bt — gEyytt 1;Exxmx - TgEyyyy
7_2 2
+ BN+ TN Ey + O + by + ), (€])0)]
iT? T2 T2 h? h2
= ’( - ﬂEttt - gEx:ptt - gEyytt 1;sz:m: - T;Eyyyy

T2 72 1
+ gENtt + gNEttv _Z(( et az + (€f)az + (€54 g + (€ )yy

1 . . 1
O+ ) EG b+ 1) + B, bn) + (NI + N (Rt + el

7,k
<O+ hy+ 722+ CUleg ™Iz + llexlls + llep ™ 113 + lleplls
+ ™13 + 10" 13)- (3.17)

+ OB + 2 +7%)) + (O(hS + b+ 7%), 7(elf = en)|

Substituting (3.13), (3.14), (3.15), (3.16) and (3.17) and (3.12) yields
L' < L7354 Or(h2 + h272)? + OrG™ s, (3.18)
where
i n+3 n+3
L' = (|!€”+1||2+||€"+1H )+ Uz 213+ 1Ty 2113
1 .
gl B L 4 (B Gk D — [ )
and
1
G2 =[5 + HG"H§+ ez 13 + llezll3 + lley ™13 + lley 113
n+3 )2 312 ntg 12 n—3 12 n+1)2 n|2
H|Uz 23+ 10z 215+ 10y 2113 + 10y 213 + "3 + (10" 13-
Multiplying (3.9) by C: and summing it with (3.18), we have
L"3 4 Cefle™ |3 < L™ 2 + Ce|le"|3 + Or(h2 + h2 + 722 + CrG"F 3, (3.19)

where the constant C. will be chosen later.
Thus, it is easy to get that

Ln+2 —i—C Hen-HH2 < I~ —I—C ZGH—f
=0
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n
<Ch2+h+m2)2+0ry G, (3.20)
=0
On the other hand, it follows from Schwarz’ inequality that

(1B kyn + D = B Pafit + i)l < (Hn”“HerHn 13)

J K
+hahy YD (B(kn+ 1P =[BT )? = (IIn”“II%
Jj=1k=1

J K
+[10"113) + hahy > S [Re((B(j, kyn+ 1) + EXEY) + BT el )
j=1k+1
J K

<™ HE A+ 10™13) + hahy Y- > 1EG kyn+ 1) + EREPlef .
j=1k=1

Using Lemma 2 and interpolation formula ), we have
(B, kn+ D = (B P+ a0l = [(BG.kon+ 1)+ B s+ o)
< 33 + o 13)
(24 )1 BB+ DI
B Cm+ DB+ B + 1B 13+ 1B 13)
£ 24 (G + DIE+ 1B E) 13+ e 13)
+ 20 BB, DIE + 1B B)

+eller BN E (o n+ DIZ+ 12513
+elley BB, n+ DIF + I1EZTH3).

Choosing the € = implies that

2
8Cy+1
(BG.k.n D = B P+ o)

< + ) + (300 + S0 et
+ 12+ IEC,- 05 + I1E°I3) + 2Coe]([lep 15 + llep™[13)

1
< U™ + ™ 13) + (12C0 + 32C) [l 5 + llez I3 + ey ™[5,
(3.21)

where [|Ep| <

2v/2
1B (- n)ll7, < cos 1By (s )II% Co and ||Ey[|7, < Co. Choosing C. = 12C +
32C2 + 1, we obtain

1
n+z n+3 n+3
L2+ Celle™ 3 > ex™ 13 + lley ™13 + U 2113 + 10y 113

and ||E°|| S are used, and Cp > 1 is a constant such that

&
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1 1

+ I+ 3+ e S,
4 4

which is equivalent to

1

L3 4 Cell™ 3+ L2 4 Cellel = 5

Gt (3.22)
It follows from (3.20) and (3.22) that
G"e < C(L™3 + Cefle™ |3+ L2 + Cefle3)
< 202((h§ +hI+T) 4T Zn: G”%)’
=0

le., G5 < O (W4 12+ 7%)2 + O Y GHE).
=0

Using discrete Gronwall’s inequality [/, we obtain

G < CAR2+h2+ 72?2 0<n<

41N

This completes the proof.
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