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Abstract

The boundary value problem for the nonlinear parabolic system is solved by
the finite difference method with nonuniform meshes. The existence and a priori
estemates of the discrete vector solutions for the general difference schemes with
unequal meshsteps are established by the fixed point technique. The absolute and
relative convergence of the discrete vector solution are justified by a series of a
priori estimates. The analysis of mentioned problems are based on the assumption
of heuristic character concerning the existence of the unique smooth solution for
the original problem of the nonlinear parabolic system.

1. Introduction

1. From the very beginning of sixties to the late eighties, there are many works
contributed to the studies of the boundary problems and initial value problems for the
ordinary differential equations by the method of difference schemes with nonuniform

1-4] But it is extremely rare on the works concerning to the analysis of finite

meshes!
difference schemes with nonuniform meshes for the problems of partial differential equa-
tions. By using of the difference schemes with nonuniform meshes approximation for
the problems of partial differential equations there are many unexpected phenomenon
and self-contradictive things both in computations and in analysis.

In this work, we are going to study the difference schemes with nonuniform meshes
approximated to the boundary problem for nonlinear parabolic systems of partial dif-
ferential equations under the assumption of the heuristic character for the existence
and uniqueness of the smooth solution of the mentioned problem.

Let us now consider the boundary problem of the nonlinear parabolic systems of
second order

ut = A(x7t7u7ux)ul‘x + f(x7t7u7u1‘)7 (1)
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where v = (uy,--,up) is the m-dimensional unknown vector function (m > 1),
A(z,t,u,p) is a m x m matrix function, f(z,t, u,p) is a m-dimensional vector func-
tion and u; = %—1;, Uy = % and Uy, = %% are the corresponding m-dimensional vector
derivatives. The coefficient matrix A(x,t,u,p) is positive definite, hence the system is
parabolic. Let us consider in the rectangular domain Qr = {0 <z <1, 0<t < T}
with the given positive constants [ > 0 and T > 0, the boundary problem for the
nonlinear parabolic system (1) of partial differential equations with the boundary con-
ditions

U(O, t) = 1/10(t),

u(l,t) = () @

and the initial condition

where 9g(t), 1(t) and ¢(z) are given m-dimensional vector functions of variables
t € [0, T]and x € [0, [] respectively.

In this work the existence and the estimates of the discrete solutions for the finite dif-
ference schemes with nonuniform meshes are established by the fixed point techniquel®.
The absolute and relative convergence of the discrete solutions of difference schemes
with unequal meshsteps are justified by means of a series of a priori estimates. It is
notice that in the present, the existence of the unique smooth solution for original prob-
lem of the nonlinear parabolic system is assumed to be valid. This is the fundamental
assumption of heurustic character in the present study.

In the present investigation for the difference schemes with nonuniform meshes we
are repeatedly using the methods and treatments similar to the study of analogous
problems for the cases of difference schemes with equal meshstep.

2. Now suppose that for the boundary problem (2) and (3) of the nonlinear
parabolic system (1) of second order, the following conditions are fulfilled.

(I) The boundary problem (2) and (3) for the nonlinear parabolic system (1) has a
unique smooth m-dimensional vector solution u(z,t) € C’g(ff)(QT).

(IT) The coefficient matrix A(z,t,u,p) is positively definite, that is, there is a
positive constant oy > 0, such that for any £ € R™,

(57 A(w,t,u,p)f) > 00’5‘27 (4)

where (z,t) € Qr and u, p € R™.

(III) The m-~dimensional vector function f(z,t,u,p) and the m x m matrix func-
tion A(z,t,u,p) are continuous with respect to variables (z,t) € Qp and continuously
differentiable with respect to m -dimensional vector variables u, p € R™.

(IV) The boundary vector functions 1y(t) and 1 (t) are continuously differentiable
with respect to ¢ € [0, T]. The initial vector function ¢(z) is continuously differentiable
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with respect to z € [0, []. Furthermore, the equalities

hold at the corners of the bottom of the rectangular domain Q7.

2. Difference Schemes

3. Let us divide the rectangular domain Qr = {0 < z <[, 0 <t < T}
n+% — n t ‘
i+3 -

0,1,---,J—-1; n=0,1,---,N — 1} by the parallel lines x = z; (j =0,1,---,J) and

t=t" (n=0,1,---,N) with the integers J and N, where

into the small rectangular grids Q, = {Q

O=xp<m < - <zj1<zy=I,
0=t0<tl<... <tV <N =1

The meshsteps h = {hj+% =241 —x; > 0)j =0,1,---,J —1} and 7 = {Tn+% _
t"tl — 4" > 0jn =0,1,---,N — 1} are in general assumed to be unequal.

Let us denote by 7* or simply by 7 the maximum of the meshsteps 7 = {Tn—"_%
0,1,---,N — 1}, that is,

n =

1
n+2‘

T = T

max
n=0,1, N—1

j=0,1,---,J—1} by h* or
simply by A and by h, the maximum and minimum of the meshsteps respectively

Also let us denote for the unequal meshsteps h = {h il

= max h., 1
j=0,1,-,J—-1 JT2’

h
hye = min  h., 1.
=01, —1 Jt3

And also denote the ratio constant

Denote by va = vj = {v;"j =0,1,---,J; n=0,1,---, N} the m-dimensional dis-
crete vector function defined on the discrete rectangular domain Qa = {(z;, t")|j =
0,1,---,J; n = 0,1,---,N} of the grid points. The difference quotient
j, = {&U;L+l = %U =0,1,---,J—1; n=0,1,---,N} of first order for the

2 j+§
discrete vector function va = v, = {v7|j = 0,1,---,J; n = 0,1,---,N} is a dis-

crete vector function defined on the grid points {(azﬁl, t"))j=0,1,---,J—1; n=
2
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0,1,---,N}, where ZE§_21 = i(zjq1+2;) (j =0,1,---,J —1). The difference quo-
v —=6u"

tient 0%v] = {(521)? = %]] =12---J—-1;, n = 0,1,---,N} of sec

J
ond order can be regarded as a discrete vector function defined on the grid points

{(z?
p® =

t”)’j :()717...7
(h+1 —l—h

J—1;

%)7 (]:0717

n=0,1,--,
,J — 1),

N}, where az§2) =i (1) +x( : ) and

j—2
2

Let us now construct the general difference schemes with nonuniform meshes for

the above mentioned nonlinear parabolic system (1) of second order as follows:

n+1

) Anteg2, nto n+ao
ot J . v * f] (DA
(]:17277J_17 n:0717"'7N_1)7
where
n+ao n+ao n+ao n+ao
52@?"‘06 ﬁ [vj+1 zij _ Yy — v ] ,
3 itz =3
A = Aay, e, §hrte, Flunte), (6)
fﬂ-i-a — f(ﬂfj, fnta SO n+a it n+a)
and
SO’U;H_O{ - a [ﬁn+l ;Li_ll —|—ﬁn+1 n+1+ﬁn+l n+1:|
—-Nn —-Nn N
+ [Bgois + Bagof + Bgofa) -
31U;z+a — +15Un+1 _|_,72+15Un+1
[73]51) 1 +’y4](5v _1] ,
2
(7)
Sovn—i-a — {ﬁn—l-l ni—ll _|_ﬁn+1 n+1+ﬁn+1 n—l—l}
J )
+ Bl + By + B
SIU;H—Q — +1(5?)n+1 _|_,.Y2+16?}n+1

[73](57) 1+ ;00" _%]
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with
o[B8+ B+ (BB By = 1,
afFit ]+ [T =1
(8)
a :ﬁ”“ + 85 + ﬁnﬂ} + [%JFBQJ'JFB&} =L
o[+ a7+ ] =1
and
o[ )+ [+ ] ) <
o[+ ] + [l ] <3
(9)

o {13857 557 18 )+ (13| + 38| +[8]] <o

a || + ’YS}HH - H%}]‘ +‘fy§ju <3

and here 3, 7, 8, 4's with indices are constants and &g, 01, b, 61 > 1 and
0 < a <1 are also constants. Here we also have

(521);-””1 = 04521)?“ +(1- a)&zv]” ,
(j=1,2-,J—1 n=0,1,---,N — 1),

The finite difference boundary conditions are

=

o (2)a
Uszl ’ (TL:O,l,"',N),

where 9§ = o (") and YT = ¢ (t") (n = 0,1,---,N). The finite difference initial

condition is

U?:¢j7 (]:07177']) ) (3)A

Whereququ(xj)v (]:07177‘])
4. Let us state some lemmas as follows, which are useful in later discussion. Some
lemmas can be obtained by direct calculations and some can be found in [9-11].

Lemma 1. For any up, = {u;j|j=0,1,---,J} and v, = {v;|j =0,1,---,J}, there
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are
J—1
2. Uj (Vj+1 — vj5)
J=0
J
= — > vj(uj —uj—1) —uovo + ujvs .
i=1
J—1
wi (0v., 1 — v, 1)
= J( ita I3
J—1
= _jzz:oéuﬂ""éévﬂ"‘éhﬁ' UO(SU% —l-UJ(st_%

Lemma 2. For any wy, = {w;|j =0,1,---,J} defined on the grid points {x;|j =
0,1,---,J} with unequal meshsteps h = {hj+;}j =0,1,---,J—1} , there are relations
2

1
lwnlle < B2 funlly -
hy 2 |

[[6wn||

o0

Proof. For the first estimatate, we have

Fenloe = ;g sl = lesol
w 1
< ’ Jo’ o+— ]O_%) < \/h—*llwth )

where
rwh\\2—zr wil? 5 (hy,

The second estimate follows from

MIH
M.

|
=
—

16whlloe = j:%}ﬁ??,7J}5wj+§ = }wjﬁ%
h 1
Jjots 1
< ‘5wjo+% 7 < 7= lldwally
where dw, 1 = w’h“i_le (j=0,1,---,J—1) and
2 J+3
, I )
Iounlls = 325wy [ iy

Lemma 3. For any up, = {uj|j =0,1,---,J} defined on the grid points {x;|j =
0,1,---,J} with unequal meshsteps h = {hj+1 ‘] 0,1,---,J—1} , there are relations

unls < 12 [6up |5 + 2L uo|?

where 0 =xg < z1 < - - <zy1<zxy=I.
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Proof. For any m =0,1,---,J, there is

um| < fuol + vEm 0unlly

then .
2 N L (112 2
”uhH2 _]202 (’U]’ +‘U]+l‘ )hj-i-%
LT dfuolhyyy + 2T g+ )y ol

]_0 Jj=0

< 12 [|6unlf3 + 2 Juo |
Lemma 4. Suppose that the discrete function w™ = {w"|n =10,1,---,N} defined
on the grid points {t"|n =0,1,---, N} with unequal meshsteps T = {7’"+% = ntl _¢n
>0ln=0,1,---,N — 1} satisfies the recurring relation

1 1
W™ —wh < AE (W )+ O

then there is

< tNT1 < N = T are sufficiently small that

where the meshsteps 0 = t0 < t! <
2AT* <1 and A, C are constants.

Proof. From the recurring formula, there is
ot < (1 Arts o Crts
1— Armts 1— Arnts

Then we have

1
wn-‘,—l < ﬁ 1+A7k+? ’lUO
B k=0 1-A7k*2

n j+l
E _crftz 11 (%)

—0 1-Ar 7L2 j=k+1 1-Aritz2

We take the meshsteps 7 = {T”+5 n=20,1,---,N — 1} so small that A7* < % Thus

we have

and
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Hence the lemma is proved.

Lemma 5. For any v, = {vj|j =0,1,---,J} defined on the grid points {z;|j =
0,1,---,J} with unequal meshsteps h = {hj+% =Tj1 — x5 > O‘j =0,1,---,J — 1}
and for any € > 0, there exists a constant K (e,n) dependent on € and n, such that

HékvhHQ < e|[6"vnlly + K (e, n) [lonll,

and
H‘SkUhHOO < el|d"vplly + K(€;n) lonlly

where 0 < k < n and K(e,n) is independent of v, and the unequal meshsteps, but
dependent on the ratio constant M .

3. Existence

5. We are going now to prove the existence of the discrete solutions for the finite
difference system (1)A, (2)A and (3)a

Since u(z,t) € C (QT) is the unique smooth vector solution of the original
boundary problem (2) and (3) for the nonlinear parabolic system (1) of second order,
then for the discrete vector function ua = {u} = u(azj,t”)‘ =0,1,---,J; n =
0,1,---, N}, we have the difference system

n+l__ n

u Y _ gntass nta Fnto n+to
= AR T Ry D
(j:17277J_17 77‘20717”'7N_1)7
where
AT = Ay, trte, Sounte, S, ®)
T = flag, e, Butte, )
<0 +1 +1 +1
5 U;-H_a - ﬂn n+1+5n n—i—l_’_ﬂn n+l] [54) ]+1_’_55Ju] +ﬂ6j n_ 1}
gl n+oa —n+15 n—l—l n+15 n—l—l 5 5
Wi = e S s | T 0u s VS |
Oourte = o [Buttuntt 4 Anttutt 4+ Bttt (Bt + B + By,
glu?—l—a = « +15un+1+72+15un+1 73J5uj+1 +'y4j5u _%] .

It is clear that the trunction error R}H'a is of order 7 + h, that is,

R = O(r+h) .
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E = (e ) +0()
= wy (xj,t"+%> +0(7?)
52u;-‘+°‘ = Ugy (2;,t"T*) + O(T + h)
= Uy (m§-2),t"+o‘) + O(1 + h?)
g(]u;z-i—a — U(l’j,tn+a) +O(T—|—h) 7
Slu;”a = uy (2, ") +O(T+h) ,
Oupte = u(ay ")+ O(r +h)
Slu;”a = uy (2, ")+ O(T+h) ,
then
A = Alrtu,ug) R +O(h+71) ,
t =t
7 = flatuug)] +O(h+7)
xr = l‘j
t =t
The discrete boundary conditions are
up= v -
wy= ¢, (n=0,1,---,N)
and the initial condition is
u2:¢] ) (]20717 7J) (g)A

LetwA:uA—vA:{wg‘:u;-‘—v;"j:(),l,

«+-,J; n=0,1,---,N}. Then from
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(Da, (2)a, (3)a and (i)A,

n+1 n
Wi T —w"
J J

1
7_7L+§

and

where

and

Y.L. ZHOU

(2)a, (3)a, we get

— A(U)rz+a52wn+a

J J
n+a30, nta n+asl nta
+B(u,v); 70 wiT + C(u,v); 70w

_i_D(u’U)?—i-ang;L—i-a + E(u,v)?JraSlw?Jra (10)
+RIT,
(3_177J_17 n:07177N_1)
b =wr=0 =0,1 N
wg wJ 9 (7’L s Ly ) )7 (11)
’LU] 207 (]20717 '7J)7
Awpte= Az
Byt = (4,)"" urte
u,v); T = u), ui ™,
C(u,v)"t® (fl )n+a 52yt
» V) - ), j ) (12)
~ \ nta
D(u,v)7™ = (fu ;
(u,v); ( )j
~\ Nt+a
E ) nre = )
(u ’U)J ( p)j
[E Ay (g, e+, NS w4 (1 — A3 ot
(O ANV ) ’ g j )
ATl 4 (1= \)F o)A
Ay (zj, tre 2Pt 4 (1 — M) e
0 “*p\*7» ’ J 7 ’
AT W 4 (1= \)F A
(12)

ASOUIT 4 (1 — N)aute,
AT 4 (1= M)t )dA

AUt 4 (1= N)ou T,
ALY (1= N)oto T )dN
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6. Let us construct a mapping ® : R* — R* of m(J+1)(N +1)-dimensional Euclidean
space R* = R™JTDWN+D) into itself as follows:
For any zan € R*, the corresponding image wa = ®(za) is the solution of the linear

system

w gy

o - st

<0
+B(u,u — z)}”aé w;-”a

+C(u,u — z)?“‘glw;ﬁa

+D(u,u — z)?+°‘50w?+a

+E(u,u — z)}”o‘glwg”ra + R;”ra

(]:17277J_17 ’I’LZO,l,,N—l)

with homogeneous boundary and initial conditions (11). The solution wa = ®(za) €
R* exists and is unique for any zp € R*.

Let G be a positive constant, which dominantes the maximum modulo of the unique
vector solution u(x,t) of the original boundary problem (2) and (3) for the nonlinear
parabolic system (1) and its vector derivatives u,(x,t), uz.(x,t) and wi(x,t), that is,
lu(z,t)|, |ug(z,t)], |uze(x,t)|, |lu(z,t)] <G, for (z,t) € Qp.

Let QQ C R* be a bounded closed set, given by

0= {ZA max ’zﬂ , max 5zgl+l SG} . (14)
0<j<J 0<j<J—-1 :
0 <N 0<n<N

It is clear that 2 is a convex set of R*. Hence ® : 2 — R* maps () into R*.

7. Making the scalar product of the vector 52w?+ah§-2)7'"+% with the vector finite
difference equation (13) and summing up the resulting products for j =1,2,---,J — 1,
we have

TS (52 nba, ntl n\ (2
2(5 wi T wh —w-)h-
= J J J) "

n 1l n+a n+a n+a 2
= "3 ];1 (52wj+ ,A(u—z)j+ 52wj+ )hg)

P 0
+rTE Y ((5 wg‘“‘,B(u,u — z);-’+o‘(5 w;’+o‘ (15)
j=1

+O(u,u— 2)7TF Wt 4 D(u,u — 2) 0wt

+E(u,u — z)?+a31w?+a + R;”ra) h§2) .
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For the first term on the right hand part of the equality (15), there is

s Z (82w e, Afu — 2)7t52uw) ) b "
16

n+2 52wz+aH2

> 09T

)

since by the assumption (II), the m x m matrix A and then A(u — z);-””’

definite with constant og > 0 given in (4).
For the left part of the equality (15), we have

are positively

_Jz_:l 52t wn-i—l_wn h(2)
I\ i)

= %”511)2‘*1”2 |](5wh”2 (_ )Hé( a wZ)Hi

For the last term of the above equality (17), we have

2
n+1 n
5 (wi —wt)],

(17)

J—1 n+1 1+1 2
_ (wify —wpy )= (wi T —wh) h
- R i+3
j=1 +7 2
J—1 +1 2
< (27-”+2 ) O wy _1w;1 L@
= Py j=1 Tn+§ J

Substituting (13) into the right sum of thr above inequality, we get

(o )
(27—"+2) z_: ‘A n+a52 n+o¢

IN

b
+Bn+a50 n-‘,—a + C«n—i—a(s n-‘,—a
- - 2
+a0, n+ +afl, n+t + (2)
+ DOt et te 4 Rie [
n i 2 J—-1 2
(—27,:2) {(1+e1) I S U

+(1+ )z | Brreg w4 Cpteg e

IN

n+a 50 n+a n+a sl n+a n+a (2)
FDpreute ¢ grrestegte re a®l

where €7 > 0 is a small constant to be determined.
Hence we have
E ’ (u —Z)T-L+a52w?+a} h§)

.
—_ =

2(A(u z)nJr )

2 (A=)

J

IN

(52 n-+a A(u_z);z+a52wgl+a) h§-2) ’
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where the symbols p (A(u - z)g”ro‘) and o (A(u - z)g”ro‘) are defined by

p(A) = Sup 2
e m

o(A) = inf &40 (%)
fERm |§|2

respectively, that is, p (A) is the radius of spectrum or the norm of the matrix A with
respect to Euclidean metric and o (A) measures the positive definitness of the matrix
A. Here we have

p(A) =20 (A)Z00>0 .

(V) Suppose that the unequal meshsteps

h={hj J—1}

and
1
T={r""2

are so chosen that there is the restriction

n=01,--,N—1}

1 > A p? (A(z, t, u, p))
(——oz -5  max <l-e€, (19)
2 Wi oeop. TAtup))
lu| < 860G,

lp| < &G

Wheree:lfor%Sagland0<e<1f0r0§oz<%
It is clear that when % < a < 1, there are no any restriction on the choice of the

meshstepsh:{hH%‘j:O,l,---,J—l} andT:{T"Jr% n=0,1,---,N—1}.
Under the restriction (V), we have

(3 — llo(witt — w3
J—1

< (14e)(1—ertz g (82w, Alu — 2)r oo n?)

L+ 1)1 =T T B 20)
Cn—i—agl n+a Dn+a50 n—l—a
En—}—aél n—}—a Rn+a‘2h(2)

and
g ng (52wﬂ+a7 B]n+a50wn+a i Cn+a51w;z+a
+Dn+a50wﬂ+a +En+a51 n+a +Rn+a) h(2)
§ 620'0 n+2H62 n—}—a”2 %70 n+2 Z ‘Bn-i-oeéo n—l—a

n+asl, nta n+a 50, nta
+CFHS W 4 DIFSOw)]

. 2
+afl, nt + 2
+Epegen e 4 me T p
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Let €1 = ¢, then the equality (15) can be replaced by the following inequality:

1
6w 3 — (6w |13 + e2o0r™ 2|62 wp 13

< 10 [(1 —€) (1 + %) + E%} % {j;l ‘B;L+a50w;?+a‘2 h§.2)

-1 _ 2 J—1 - 2 (21)
n+asl, ntal|”(2) n+a0, ntal® 7 (2)
L |opredturtel w? + I [Dredturte
J-1 ~ 2 J-1 2
+ E;@—i—aélw;t—i-a‘ h§-2)+ ) R;L—i—a‘ h§2)}
i=1 =1
Since za € €2, there are
J—1 _ 2
Z B(u,u — z)g‘ﬂ‘éow?““ h§2)
< 01{||w"+1||2+||wz||%} ,
- _ 2
Z ‘C(u,u — z)?“‘&lw?“‘} h§2)
j=1
< cn{lsu g+ loup I
= ntazo, n+al?;(2)
Z D(u,u—z)j 6w} ‘ h; (22)
< {Hwh+luz+uwm%} ,
J—1 @)
Z E(uu_z)gl—i-aél n+a’ h
7j=1
< cuflup g + loupI3)
J—1 2
> Rl hP <o n?
j=1

where (' is a constant dependent on G and on the ratio constant M) of meshsteps.
Then we have

1
0wy 13 — [|wp]I3 + eoor"* 2 [|8%wh ™13

< Gy Joup 3 + 1wRI3 + i I3 + Rl + ( + w2
By means of the Lemma 3, we then have
lwillz < V21 |owpll2

lwp ™ 2 < V216w 2 -
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Hence we get
1
[5wi 13 = l[6wp][3 + oo™ 2 [|62wp 13
(23)

< oyt ot g+ 16upl3 + (r + 2]
Using the Lemma 4, we get

y [0will2 < Ca(r +h) (24)

77'7

where Cj is a constant dependent on G and also on the ratio constant M}’ of meshsteps.
Then we have also the estimates

s wflly o max ol
1
_ n A2\ 2
Nt |20 "+aH DR e d A (25)
n=0 n=0 "tz 2
< Cs(t+h)
where C5 depends on G and M.
8. By the Lemma 2, there are estimates
max lwi| < C5(r+h)
0<j<J
0<n<N
) (26)
max  [ow” ;| < Cs | T+ h2 /M| .
]+§ h2
0<j<J1 *
0<n<N
Taking
G G\? 1 G . 1
h < min [ — — 7 < —hi, 27
= <2C5’ (205) M;;) "= 2 @)
we have the estimate
max  [wj] , max \&w \ <G . (28)
0<j<J 0< ;<1
0<n<N 0<n<N

This shows that wa = ® (za) € Q. Therefore ®(2) C Q. The mapping ® : Q@ — R*
maps €2 into 2 C R* itself. By means of Brouwer theorem on fixed point, the mapping
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has at least one fixed point wa, such that ® (wa) = wa, that is wa is a solution of the
system

witl—wr n+a g2, nta

W = A(u—w)i"*6 W]

+B(u,u — w)g‘“‘gowg”ra

+C(u,u — w) T W

+D(u,u — w)?+a50w?+a

+E(u,u — w);”raglw;”ra + R;”ra

G=11---,J-1; n=0,1,---,N —1)

and the homogeneoous discrete boundary and discrete initial conditions (11). Then
vA = ua — wa is the solution of the finite difference system (1)a , (2)a and (3)a.
Theorem 1. Suppose that the conditions (I), (II), (II1), (IV) and (V) are fulfilled
and the unique smooth vector solution u(x,t) of the boundary problem (2) and (3) for
the nonlinear parabolic system (1) of partial differential equations has the estimates

lulle@r) » ualle@r) » tazllo@r » Nulle@ry <G -

and also
(VI) the meshsteps h and T are so chosen such that ﬁ is sufficiently small.
Then for sufficiently small unequal meshsteps h and 7, the general finite difference
scheme (1)5 , (2)5 and (3) 5 with nonuniform meshes corresponding to the original

problem (1), (2) and (3) has at least one solution va = {v;-"j =0,1,---,J; n=

0,1,--- ,N} with estimates

n n
{ max  |wj| , max ]5wj.+%]}§2G. (29)
0<j<J 0<j<J1
0<n<N 0<n<N

4. Convergence

9. As the consequence of the existence theorem, we have the following theorem of
absolute and relative convergence.
Theorem 2. Under of the conditions of Theorem 1, for the difference wa =

{w?:u?—v?j =0,1,---,J; n = 0,1,---,N} of the discrete vector function
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up = {uf :u(a;j,t")‘j =0,1,---,J; n=0,1,---,N¢ of the solution u(x,t) for
the boundary problem (2) and (3) of the nonlinear parabolic system (1) and the corre-
sponding discrete vector solution va = {’U?’j =0,1,---,J; n=0,1,---,N} for the

general finite difference system (1)5, (2)a and (3), there are estimates

n n n
gl o ma ol s a5
1 ) 1
— 2 — 2
et (5 ) (30)
n=0 2 n=0 3 2
=O(T +h)
and
T 1
OISnna‘SXN H(SwZ”oo =0 _% ) h2 ) (31)
*
where the ratio constant M} keeps bounded.
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