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Abstract

We examine a simple averaging formula for the gradient of linear finite elements
in R? whose interpolation order in the L9-norm is O(h?) for d < 2¢ and nonuniform
triangulations. For elliptic problems in R? we derive an interior superconvergence
for the averaged gradient over quasiuniform triangulations. Local error estimates
up to a regular part of the boundary and the effect of numerical integration are

also investigated.

1. Introduction

Consider a model elliptic boundary value problem
L du _
_Z.;la—xi(%c‘)?j) =f, ImnQu=0, ondQ11

where Q € R%, d =1,2,3, is a bounded polyhedral domain with a Lipschitz boundary,
f € L*(Q), a;; are Lipschitz-continuous functions and the matrix A = (a;;) is symmetric
and uniformly positive definite with respect to z € Q0 .

It is known that the finite element method applied to (1.1) may produce some

[5.8,9,10,12] 1y,

superconvergence phenomena even if the used meshes are nonuniform
a recent paper [6], an interior error estimate for the recovered gradient of Galerkin
piecewise linear approximations has been proposed in the case d = 2. This result,
however, has required a high global regularity of the solution of the boundary value
problem. In the present paper we derive other error estimates over some subdomains
for problems of low regularity. We employ some results of [9, 13] together with a series

of modified lemmas of our recent paper [6].

* Received November 9, 1994.
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In Section 2 we establish an optimal interior error estimate on subdomains in L2-
norm, whereas Section 3 is devoted to an error estimate in the so-called discrete interior
L?-norm. The effect of numerical integration is treated in Section 4 on a simple example.
We present local error estimates up to a regular part of the boundary in Section 5, 6
and 7, in the continuous and discrete L?-norm, respectively.

Throughout the paper C,C’, ... are generic positive constants and || - || is the Eu-
clidean norm. The symbol Wf(Q) stands for the Sobolev space equipped with the

standard norm || - || 4.0 and seminorm | - | 4 0. In particular, we write

Il =" llk20; ko =1 k20

and (.,.)o.q is the scalar product in L?(Q). The subspace of W4 () whose functions
have vanishing traces is denoted by o — W (). The weak solution u € o — W4 () of
(1.1) is defined by the relation

a(u,v) = (f,v)o0 Vv €o— Wy(R),1.2

where -
u v
a(u, v) /Z waznlax]
Let
Vh—{?}hGC( )]vh\KePl(K) VKETh},

where T}, is a triangulation (decomposition) of Q into closed simplexes in the standard
sense and P (K) is the space of linear polynomials over K. Let V) = Vj,no — W3 ().
A finite element approximation of (1.1) reads: Find uy, € V}? such that

a(uh,vh) = (f, Q)h)()@, Yoy, € V;?l?)

Moreover, let 7, : C(Q2) — Vj, be the usual linear interpolation operator such that
Th(Z) =v(Z), VZ € Ny,

where IV, is the set of nodes of Tj,.

Recall that a family of triangulations F = {1}, },_0 is said to be regular (strongly
regular) if there exists a constant » > 0 such that for any K € T}, and any 7}, € F
there exists a ball B C K with radius pg such that xhx < pg (»h < pg), where
hxg = diam K and h = maxyg hg.

We briefly recall the definition of the weighted averaged gradient introduced in
details in [6]. For Z € N}, denote by ¢; = ¢;(Z) that straight line which passes through

Z and is parallel with the axis x;.
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Now if v € C(Q) and i € {1,...,d} we set

(GhU(Z))Z = a,-v(Ai) — (Oéi + 51)1)(2) + ﬂiU(Bi), for Z € Nh,

ya; = (Ai=Z)i, bi=(Bi—Z);, i=1,..4d,

oy =

a;(bi — a;)’ ~ bi(a; — b;)

and where (.); stands for the i-th component. Define
U=UZ)=|JK e ThKNZ +#0K.
Let A;,B; € 4;NU for Z € N, N, A; € OU for Z € 952 and let
Clai| < [bi] < Clay

with C > C > 1. In the case that such points A; and B; do not exist, we refer to [6]
for the definition of (GLv(Z));.
We introduce a continuous piecewise linear function (still denoted by Gjv) which

is uniquely determined by the values at nodes. Hence, from now on

Gro e (W), Yoe Q).

2. Optimal Interior Error Estimates in the L?-Norm

Definition 2.1. The Dirichlet problem (1.1) is said to be y-reqular (0 <y < 1), if
its weak solution u belongs to W21+7(Q) for any f € L*(Q) and if

HUHH-%Q < OHfH(]’Q.Z.l

Example 2.2. Let Q C R? be a bounded domain with a Lipschitz boundary 99,
which consists of a finite number of smooth arcs I'; of class W2 . In corner points,
let the tangents generate interior angles w; € (0,7]. If the coefficients a;; belong to
WL () then the problem (1.1) is 1-regular (see [7] also for d > 2).

Example 2.3. Let a;; = 0;; (Kronecker’s delta) and let Q2 be a nonconvex polygonal
domain. Then the problem (1.1) is v-regular with some v € (0, 1)[4}.

Lemma 2.4. Assume that the Dirichlet problem (1.1) is vy-reqular and the family

F of triangulations is regular. Then

lu —wnllon < Ch¥'ful1 1y 0.2.2
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Proof. Let us consider the following adjoint problem: Find w € o — W4 (), such
that
a(w,v) = (u—up, V)00, Yv€o— Wy(Q).2.3

By assumption and (2.1), we have w € W21+7(Q) and
[wll14y.0 < cllu—unlloq-
Inserting v = u — wuy, into (2.3), we obtain by (1.2) and (1.3)
l|lu — UhHg,Q = a(u — up, w) = a(u — up,w — Tw)2.4 < Clu — up|1 o|lw — Tw|i 0.

By interpolation theory in Sobolev spaces with fractional derivatives?3! and the

well-known Céa’s lemma we have
lw—mpwl|i,0 < ChT|wli4y,0 < ChY [lu—upllo0,2.5lu—upl1,0 < Clu—mhuli o < ChV|uli4y,0.2.6
Substituting (2.5) and (2.6) into (2.4), we arrive at

[u = upll§ o < Ch*|ul14y.0llu — unllog

and the lemma is proved.
Definition 2.5. Let d = 2. We say that the family F of triangulations satisfies
the assumption (A1) in Q*, if

it is generated in a subdomain Q* C Q by a smooth distortion (Wfo—diﬁeomorphism) of the reference uniform or

Recall that!®) in chevron triangulations the slope (+1) of diagonals of one row is
followed by the slope (—1) in the next row.

Lemma 2.6. Assume that the family F of triangulations satisfies (A1) in Q*,
0 CC Ny cC O C Q and ulg, € WP (Q2). Then for h small enough there exists
C(21) > 0 such that

lup — mpuli o, < C(Q1) (WY |ull3.0, + AP un — maulf g, + llun — Thull§ o,)-

The proof is essentially the same as that of [13, Lemmas 3.5 and 3.6] combined with
the proof of [9, Lemma 5.3].
Lemma 2.7. Let the assumptions of Lemma 2.6 be fulfilled. Moreover, let u €
Wyt (Q) for some y € (0,1]. Then
|, — mpulf o, < C(Q) (R [ull3q, + P> uliy o+ llu —ualgo,)-

Proof. By Céa’s lemma we have

lu —up|1,0 < Clu — mhul1 0.
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Using the interpolation theory, we may write

\uh — 7ThU’17Q2 < \u — ’U,h’l,Q + ]u — Whufl,g <2.7<(1+ C)]u — Whufl,g < éh’y‘ull—i--y,(l-

Next, we have

lun = mhullo.g, < llu—unllog, + lu — mhuloo < 2.8 < |lu = unllog, + CR ™ ul11y.0.

Combining Lemma 2.6 with (2.7) and (2.8), we obtain Lemma 2.7.

Proposition 2.8. Let Qy CC Q; C Q be d-dimensional subdomains, q € (d/2,00),
q > 1 and let F be a strongly reqular family of decompositions of Q. Then there exists
a constant C > 0 such that

| grad v — Gyollog.0, < Ch*vl3q.0,

holds for any v € W;’(Ql) and sufficiently small h.

The proof is a slight modification of that of Theorem 3.8 in [6], where the norms
and seminorms over the domain () are replaced by those over subdomains 2y and €2y,
respectively.

Lemma 2.9. Let F be a strongly reqular family of decompositions of @ C R* and
let Qg CC Q1 C ). Then there exists a constant C' such that

lGronllon, < CJ grad vpllo, Yon € Vi

holds for sufficiently small h.

The proof is a slight modification of that of Lemma 5.1 in [6].

Lemma 2.10. Let d =2, q € (2,00) and let the family F satisfy (A1) in Q. Let
QycC Y cCcQ* CQandve W2 (). Then

|Ghv — Grmpvllogo, < CR|v]l3,0.0,

holds for sufficiently small h.

The proof is based on the same argument as that of Proposition 2.8 and on Lemma
5.2 from [6].

Theorem 2.11. Let d =2, q € (2,00) and let the family F satisfy (Al) in Q*. Let
Qp CC O CC Ny CC A C N, ulg, € W;’(Ql), ula, € W3(Q) and let the Dirichlet
problem (1.1) be y-regular. Then

I grad u — Ghunllogn, < C(QAY (ulls g0 + [ulls0 + uli4q.9)

holds for sufficiently small h.
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Proof. We have
| grad u—Grupllon, < || grad u—Gprullo.0,+||Gru—Grmrullo,00+2.9+||Gr(Thu—up) 0.0y = J1+J2+J5.

Proposition 2.8 yields that
J1 S 01h2|u|3,q’91.2.10

From Lemma 2.10 we obtain that
Jo < Col?|ull3.4.0,-2-11

Since the family F of triangulations is strongly regular (see [6, (5.13)]), we may apply

Lemma 2.9 to estimate J3 so that
J3 < Cslup, — mhulin,.2.12
Using Lemmas 2.7 and 2.4, we may write
un—mnul1,0, < C(Q) (B2 [|ulls,00+h" ul 14,0+ lu—unllo,0,)2-18 < Ca(Qu) (B2 [|ulls,00+0" 7 ul 14,0+ ul144,0)

Inserting the estimates (2.10)-(2.13) into (2.9), we obtain the estimate as required.
Theorem 2.12. Let Qg CC Q1 C Q be d-dimensional domains, q € (%l, o), ¢ >1
and let F be strongly reqular family of decompositions of Q. Then

| grad v — Gpvll1,4.0, < Chlv]s g0

holds for sufficiently small h.
Proof. Recall that

Hw — 7Th’wH17q7K < ChK”LU’Q’q’K VK € T Yw € Wg(K)
From here we deduce that
| grad v — Lpv||1,4.00 < Chlv|34.0,,2.14

where (Lpv); = mp(0;v), i = 1,...,d. Using the standard inverse inequality (see [1,

Theorem 17.2]) and [6, (3.26)], we obtain for h sufficiently small
| Lpv — GhU”Lqﬂo < Ch’v’37q791.2.15

The theorem then follows from the triangle inequality, (2.14) and (2.15).

3. Optimal Interior Error Estimates in a Discrete L?-Norm

In the present section we consider two-dimensional problems (d = 2) only. Let us
define a discrete L9-norm of vectors F'(Z) defined at nodes Z. For

F= {F(Z)}ZEN;LQQ(N QO C Q, q 2 17
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we set Y
q
IFllooo =121 32 IF@)]7) "

ZeNR,NQo

One can easily verify the triangle inequality
IF + Gllg.00 < IFllg.00 + 1Gllg. 020

using the Minkowski inequality.
Remark 3.1. From the Holder inequality, we obtain that

IEl2.00 < CQ)NFlq00, Ve > 2

if the family F is strongly regular.
Lemma 3.2. Let g € (2,00), Qy CC Q3 CC Q* C Q, v € W;’(Ql) and let the
family F satisfy (A1) in Q*. Then

I grad v — Gh(myo)llg.0, < Ch?|lvlls,q0,3.1

holds for sufficiently small h.
Proof. Let us consider an arbitrary Z € N N Qy. By [6, Lemmas 3.6 and 5.2] we

have
I( grad v—Gy(mv))(2)]| < |I( grad v—Gp)(Z)||+||Gh(v—mv)(Z)]| < CR* U |vl3 4 1(2)-

Then for sufficiently small A we may write

I grad v—Gr(mnv)lg, = h* D> l(grad v=Gu(mp))(2)|7 < < CR*R*72 3 |ll§, 1z

ZeNRNQo ZENLNQ

and the estimate (3.1) follows.

Lemma 3.3. Assume that the family F satisfies (A1) in Q*, a;; € WL(Q), u €
W3(Q2) and that the Dirichlet problem (1.1) is y-reqular. Let Qo CC o CC Q* C Q
and q € (2,00). Then

IGh(un — w2, < C(Q)E7 (lulls., + luli4q.0)3.2

holds for sufficiently small h.
Proof. In the proof of Lemma 5.1 of [6] (see (5.9) there), we established the following

estimate

[(Gron(2))il < vnlieosi(2)s  Yon € Vi, VZ € NN,

where 6;,(Z) = {K € T}, | meas; ((ZA; U ZB;) N K) > 0}. Since the family of triangula-

tions is strongly regular,

[VR]1,00, K < Ch_l‘?}h‘LK VK € Ty,

< 3CH¥ o],
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If E(Z,i) denotes that triangle, where the seminorm attains its maximum over §;(2),

we may write
[(Gron(2))i] < Ch_l‘vh‘l,E(Z,i)-

There exists a subdomain 7 such that Q¢ CC Q7 CC Q5. Then we have

IGhvnll30, =h* D Z| (Gron(2))i? <CY |Uh|1E Zi) = 6C|vnl3 3.3
ZENRNQ i=1 7

for sufficiently small h. Substituting vy, = up — Tpu, we obtain

IGr(un — mhu)ll2.00 < Clun — mhulig, -
By Lemmas 2.7 and 2.4, we have
lun—mnuli0, < C(Q)(R2|[ullz.0, 0 uli4q,0+0P Juli1y,0) < < CQ)R ([[ulla 0, ul114.0)-
Consequently,

G (un — mhu)llo.0, < C(QAY (ulls,, + [uli4q,0)-
Theorem 3.4. Let the assumptions of Theorem 2.11 be fulfilled. Then
I grad w — Grupll2.0, < C(Q0, QA ([fulls.g0, + lulls.0s + [uli4q.0)

holds for sufficiently small h.
Proof. Since the family F is strongly regular, we can use Remark 3.1 and Lemma

3.2 to get the estimate
I grad u — Gu(mpu)llz0, < C(Q0)h° [[ulls g0, -

Then using the triangle inequality and Lemma 3.3, we arrive at the result, as required.

4. Effect of Numerical Integration

The Galerkin approximation uy has been defined under the assumption that all
integrations in the inner products are performed exactly. In practice they will in fact
be performed numerically using quadrature formulae.

We present here an example of numerical integration and derive its effect to error

estimates of the averaged gradient.
Lemma 4.1. Let d =2, A= (a;;), aij € W2(Q), f € WZ(Q) and define

aw av

Z / Whaw d:n4 1
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Let u} € V) satisfy
0
ap(uy,,vp) = (7pf, Uh)O,Q Yo, € V}, 4.2

Then
|, — uj 1.0 < CR*(|fl2.0 + [Al2co.0llull1,0) 4.3

For the proof see [13, Corollary of Lemma 3.7].
Theorem 4.2. Let the assumptions of Theorem 2.11 be fulfilled. Moreover, let
aij € W2(Q), f € WZ(Q) and define u}, by means of (4.1) and (4.2). Then

| grad u—Ghuj logy < C(Q0, 2R (I l20-+ Al oo allull Lo+4d-+ ull g0, + ulls -+l n.0)

holds for sufficiently small h.
Proof. By the triangle inequality

| grad u — Grugllon, < || grad w — Grunllo,ne + [Ghun — Grugllog, = 11 + T2

For the first term we use the estimate of Theorem 2.11. The second term can be

estimated on the basis of Lemma 2.9 and Lemma 4.1 as follows

Gk (un = ui)llogy < Clun = uhli0, < CR2(|fl20 + [AlzsllullLe)-

Combining these two estimates, we arrive at (4.4), as required.
Theorem 4.3. Let the assumptions of Theorem 4.2 be satisfied. Then

I grad u—Grull2.0, < C(Q0, 2)R* (| fl20+ Mlzc0nllullio+ullsgn+lulsoq+Huliiy.o)

holds for sufficiently small h.
Proof. We have

I grad u — Grugll2,0, < || grad w — Grunll2,00 + [[Gru — ui)ll2,0,-
Using (3.3), we may write
G (un = up)ll2,00 < Clun — uplio

and the rest of the proof is the same as previously, i.e., it follows from Lemma 4.1 and
Theorem 3.4.

5. Local Error Estimates up to the Boundary

We shall study the local behaviour of the error grad u — Gpuyp in subdomains g
adjacent to the boundary 0f2, assuming that the solution u belongs to W;’(Ql) for
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a subdomain §2; containing 5. Such a case may occur, if the part 9Q; N 0L, the
coefficients a;; and the right-hand side f are smooth enough (see Remark 5.4 below).

Definition 5.1. Let d > 2. For integer j and k we write ; < Qy, if there exist
two open domains G; and Gy, which are not contained in Q (see Figure 1), G; CC Gy,
szgjﬂQ and Q. = G N €.

Figure 1
Lemma 5.2. Assume that d =2 and Q1 < Qo C Q*. Let the family F satisfy (A1)
in QO and
ONNIN corresponds to a part of a coordinate line X = const orY = const in the reference uniform triangulation.

1,4, =1,2, and the solution u € W$(Qs). Then there exists a
constant C(€21) > 0 such that

Moreover, let a;; € wl

lup — mpuli o, < C(Q)(hYull3.q, + A2 |un — mpulf g, + llun — Tullg,)

holds for sufficiently small h.

The proof is essentially the same as that of [13, Lemmas 3.5 and 3.6] in combination
with the proof of [9, Lemma 5.3].

Remark 5.3. The assumption (A2) can be weakened by assuming that 9 N OS2
may correspond to a part of the “diagonal” straight line X £Y = const in the reference
square grid of (A1).

Remark 5.4. Some sufficient conditions for the local regularity of the solution in a
neighbourhood of the boundary (i.e., for u € W5 (Qy) ) are given in [11, p. 221]. They
include, for instance, f € W (), a;j € CW:1(Q,), 0QN Gy, is described by a function
from C4)1,

Lemma 5.5. Let the assumptions of Lemma 5.2 be satisfied and let u € WQHV(Q)
for some v € (0,1]. Then

up — mpuli g, < C(Q) (R ull3 0, + 2T ulf o + lu— ualldq,)-
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The proof is the same as that of Lemma 2.7.
Proposition 5.6. Let Qg < Qq,d > 2, g € (g,oo), v E W;’(Ql) and let F be a

strongly reqular family of triangulations. Then
I grad v = Grollog0, < Ch*[vl3.4,0,

holds for h small enough.
The proof is a slight modification of that of [6, Theorem 3.8|, where the norms and
seminorms over {2 are replaced by those over subdomains €2y and €2, respectively.
Lemma 5.7. Let Qo < Qq, d > 2 and let F be a strongly reqular family of

triangulations. Then
Gronllo, < Cll grad vallo,o,  Von € Vi,

holds for h small enough.

The proof is a slight modification of that of [6, Lemma 5.1].

Lemma 5.8. Assume that Qp < Q1 < Q*, d=2, ¢ € (2,0), v € W;’(Ql) and let
the family F satisfy (A1) in Q* and (A2). Moreover, let

for Z € NpNoQY the points B; be chosen on the boundary0Kc of the triangle Ko (of Figure 2), such that 5.1{K ¢

Then
|G — Grrnvllog, < CRY2|v])3,0.00

holds for h small enough.

Figure 2
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Proof. For any Z € N N 9N NIy and any ¢ = 1,2 one can prove the following

estimate

[(Gr(v=m0))i(Z)] = |ai(v(Ai)=mpv(Ai))+Bi(v(Bi)—mrv(Bi))| < Ch(|v]2,00,0+|v]3,4,0), 5.2

where U = U;(Z) denotes the union of the triangles K € T}, for which int(ZB;)NK # ()
(the proof can be found in [5], for an analogous proof see [6, Lemma 5.2]).

Let us define the following (closed) strips

Q= U K, Q= |J K
KNoQNoQo#D KNQy#0

Then we obviously have
meas Y, < C(Q0)h.

From (5.2) and [6, Lemma 5.2] we deduce

(G (v=mn0))illo.co0y < max  [(Gr(v=m))i(Z)| = = (Gr(v=m0))i(Z7)| < Ch(Jv]2,00,0.+[V]l3.0.0.);
ENRNY

where Z* is the node at which the minimum is attained. Consequently,
1(Gr(v=mn))ill3 0, < meas Q|[(Gr(v=740))i ]I} 0c.0,5-3 < C(Q0)A*([ol2,00,0. [V ]13,6.9.)°.
Arguing as in the proof of Lemma 2.10, we obtain
(Gr(v = m10))illF ana, < ChY VI3 40,54
for h small enough. Thus we arrive at the estimate
1(Gh(v = m0)illF 0, < CR ([0 000, + 1015.40,) < CRP (03 40,

using also the continuous embedding W;’(Ql) — W2 ().

Theorem 5.9. Assume that d = 2, Qy < Q1 < Qo < QF, g € (2,00), the family
F of triangulations satisfies (A1) in Q* and (A2), the solution u|q, € W;’(Ql), ulq, €
W3(Qy), the Dirichlet problem (1.1) is y-regular and that (5.1) holds. Then

I grad u — Grunllog, < CEQOM (fulls g0, + lullsa, + uhin0)

where f = min{2~, %}, holds for sufficiently small h.
The proof is the same as that of Theorem 2.11, with the only exception: instead of

(2.11) we use the estimate

|Gru — Grrpullo, < CRY||ull3 0.0,
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based on Lemma 5.8. We employ the triangle inequality, Proposition 5.6, Lemmas 5.8,
5.7, 5.5 and 2.4.

Theorem 5.10. Let the assumptions of Theorem 5.9 be fulfilled. Moreover, let
aij € W2(Q), f € W(Q) and let u}, be defined by means of (4.1) and (4.2). Then

I grad u=Gnujllo.cy < C(Q0, Q)R (|lulls,g.00+Hulls.00tlul iy 0t +Ifl20+H Al lullie)

holds for h small enough.
The proof follows from the triangle inequality, Theorem 5.9, Lemma 5.7 and Lemma
4.1.

6. Local Error Estimates up to the Boundary in Some Particular
Cases

We easily realize that the loss of accuracy (if v > 3/4) in the previous section is
caused by the estimate (5.2) for the boundary nodes Z € N,NOS. There are situations,
however, when the loss of accuracy can be removed, at least for some component of the
recovered gradient. We present one such a favourable case in what follows.

Lemma 6.1. Letd > 2, q € (%l,oo), Qo < O, v € W;’(Ql), let F be regular
and let the points A;, B; coincide for some i € {1,...,d} with the nodes of Ty, for all
Z € Np N Qop, where

Qop, = UK eThKNQy # VK.
Then for all Z € Ny N Qqp, and h sufficiently small, we have
10:0(Z) = (Grrnv(2))i] < C((2))* vl g,6,(2),
where

hMZ)=  max  hg.
ZNK#D,K€eT),

Proof. We slightly modify the proof of [6, Lemma 3.6]. Namely, in (3.13) and (3.14)
of [6] we replace p(Z), p(Ai), p(Bi) by mnp(Z), map(Ai), Thp(Bi), so that

(Grrnp(Z))i = 9ip(Z) Vp € Pa.
In the rest of the proof we replace (Grv(Z)); by (Grpmpv(Z)); and realize that
0i(Z2) = U{K € Ty | meas1((ZA; UZB;) N K) >0} C

for all Z € Qqp, if h is small enough.
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Lemma 6.2. Letd =2, q € (2,00), Qp < Q1 < Q*, v € W;’(Ql), let F satisfy
(A1) in Q, (A2) and let the points A;, B; coincide for some i € {1,2} with the nodes
of Ty, for all Z € Ny N OQop, N 0. Then

10iv(Z) = (Grmnv(2)))il < C(Z))*>[vll3.4,5,(2)

holds for Z € Np N Qop.

Proof. If Z € Ny N0, N IS, we use the same argument as that in the proof of
Lemma 6.1.

If Z € NN (Qon \ (090, N 0SY)), we may use [6, Lemmas 3.6 and 5.2] to obtain

10:0(2)—(Ghmno(2))il < 10:0(2)~(Grv(2))il+(Ghv(Z)=Grmyo(2))il < < C(MZ))* > (|03 45,0+ 10ll3 .6:02))

Proposition 6.3. (i) Let the assumptions of Lemma 6.1 be fulfilled and let F be
strongly reqular. Then for sufficiently small h

0w — (Ghﬂ'hv)iHO,q,ﬂo < C’hz|v|37q791'

(i) If the assumptions of Lemma 6.2 are satisfied then
18iv = (Grmno)illog.e < CR2[v]l3.4.0,

holds for h small enough.
The proof is parallel to that of [6, Theorem 3.8]. Instead of Lemma 3.6 there we
use Lemma 6.1 or Lemma 6.2 and replace grad by 9; and (Grv); by (Gpmpv);.
Theorem 6.4. Assume that d = 2, q € (2,00), Qo < Q1 < Qo < QF, the family
F satisfies (A1) in Q*, (A2) and A;, B; concide for some i € {1,2} with the nodes of
Ty, for all Z € N N O NOKQ, the solution ulg, € WHQ1), ulo, € W(Q) and the
Dirichlet problem (1.1) is y-reqular. Then

10iu = (Grun)illoge < C(Q0, Q)R (ulls,e, + lullsgor + [1f]lo.0)

holds for h sufficiently small.
Proof. We have

10iu — (Grun)illo,g, < [|0iuw — (Grhmpw)illoo, + |(Ghrru — Grug)illog, = 11 + 12.6.1
Proposition 6.3 (ii) yields that
I < Ch?||v]|3.4.0,-6.2
Since F is strongly regular, we deduce from Lemma 5.7 that

[2 § C]uh - 7Thuh7916.3
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if A is small. Making use of Lemma 5.5 and Lemma 2.4, we may write
lun—mnul1,0, < C(Q) (B2 [|ulls.00+h" ™ uli4q .0+ lu=unlo0,) < 6.4 < C(Q)AY (|ull3,0,+uli4+,0)-

Combining (6.1)-(6.4), we arrive the required estimate.

7. Local Error Estimates up to the Boundary in a Discrete L?>-Norm

We shall consider domains Qg < €27 and the set
Q5 = Qo U (020 N ON).

For F' = {F(Z)}zen,nq; define the discrete norm (cf. Section 3)

1/q
IFlag =2*( > IF@))7) ", q=1.
ZENhﬁQS

Any such vector can be decomposed as follows
F=F4 Fint 71
where
FY(Z) = {0for Z € Qg F(Z)for Z € 000N OQ, F™(Z)={F (Z)for Z € Q Ofor Z € 09y N O .

Lemma 7.1. Letd =2, Qy < Q) C Q*, g € (2,00), v € W(;’(Ql), let the family F
satisfy (A1) in Q*, (A2) and let (5.1) hold. Then

I| grad v — Ghﬂhv”b,gg < C(QO)h3/2”U”37q791

holds for sufficiently small h.
Proof. If Z € N, N 0Qy N 0, we make use of [6, Lemma 3.6] and (5.2) to obtain

I grad v(Z2)~Gyrmo(Z)|| < || grad v(2)=Gpo(Z)|[+IGhv(2)=Crmpv(Z)| < < CB([v]a00,0(2) HIVl3.4,0(2)) <

Then

1/2 _
ICgrad v=Gumno)’ ooy < CR( X2 Rlollgn,) " <72 < CRCR)hlulls g0, = C'H2|vlls g0,

ZeNpNONNIN

since the number of nodes in 9Qy N 9 is bounded by Ch~!.
If Z € NN Qp, we argue as in the proof of Lemma 3.2 using [6, Lemmas 3.6 and
5.2], to get
I grad v — Grmpo) ™ lla,05 < Ch?|vll3,40,.7-3

C

h
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By (7.1), the triangle inequality, (7.2) and (7.3), we deduce the estimate, as required.

Lemma 7.2. Assume that d = 2, Qp < Q2 < Q, ¢ € (2,00), u € W3(s),
aij € WL (Q2), the Dirichlet problem (1.1) is regular and the family F satisfies (A1) in
O and (A2). Then

IGh(un — mhu)llz.op < Ch ([lulls., + luliiq.0)

holds for sufficiently small h.
Proof. Arguing as in the proof of Lemma 3.3 (cf. (3.3)), we derive the estimate

IGrvnllz.05 < Clonl,a,

for sufficiently small h, where §2; is any subdomain such that Qy < Q1 < Qs.

Substituting vy, = up — mpu and using Lemmas 5.5 and 2.4, we obtain
IGrvnllo.s < Clun—mnul0, < C(h*|[ulla 0, +h* uli14,0) < < CR2V(|fullz,0;+[ul14+.0)-

Theorem 7.3. Assume that d =2, Qy < Q1 < Qo < Q*, q € (2,00), the solution
ulo, € Wi (Q2), ulo, € W2(), aij € W (Q), the family F satisfies (A1) in Q*, (A2)
and the Dirichlet problem (1.1) is y-reqular. Moreover, let (5.1) be fulfilled. Then

Il grad u — Grunllzy < CH(lulls.0q + [ullsgon + luli4y.0)

holds for sufficiently small h, where § = min{%, 27}
The proof follows immediately from the triangle inequality, Lemmas 7.1 and 7.2.
Finally let us consider some particular cases, enabling us to remove the loss of
accuracy, as in Section 6.
Lemma 7.4. (i) If d = 2 and the assumptions of Lemma 6.1 are satisfied then for
sufficiently small h
[18iv — (Gamav)illg0s < Ch*[vl3.4.0,-

(ii) If the assumptions of Lemma 6.2 are satisfied then for sufficiently small h
1810 — (Grmnv)illg.n; < Ch?|vll3,4,0:-

The proof follows from Lemmas 6.1 and 6.2, respectively.
Theorem 7.5. Let the assumptions of Theorem 6.4 be fulfilled. Then

0 = (Grun)illz.op < CR* (Julls., + l[ullsg.o, + ulity,0)

holds for sufficiently small h.

The proof follows from the triangle inequality, Lemma 7.4 (ii) and Lemma 7.2.
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