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Abstract

In this report we present some new numerical methods for unconstrained op-
timization. These methods apply update formulae that do not satisfy the quasi-
Newton equation. We derive these new formulae by considering different techniques
of approximating the objective function. Theoretical analyses are given to show the
advantages of using non-quasi-Newton updates. Under mild conditions we prove
that our new update formulae preserve global convergence properties. Numerical
results are also presented.

1. Introduction

Unconstrained optimization is to minimize a nonlinear function f(z) in a finite
dimensional space, that is

min f(z) (L1)

Newton’s method for problem (1.1) is iterative and at the k—th iteration a current
approximation solution zj is available. The Newton step at the k—th iteration is

d, = —(V?f(x)) "'V f (1) - (1.2)

One advantage of Newton’s method is that it convergence quadratically. Assume x* is
a stationary point of (1.1) at which V2f(z*) is non-singular. Then for z;, sufficiently
close to z* we have that

lox + di — 2*[| = O(||zx — 27|7) . (1.3)

However Newton’s method also has some disadvantages. Firstly the Hessian V2 f(x})
may be singular, in that case the Newton step (1.2) is not well defined. Secondly when
V2f(x}) is not positive definite the Newton step dy may not necessarily be a descent
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direction of the objective function. Thirdly the calculation of the Hessian V2 f(x})
may be very expensive especially for large scale problems, not to mention that for some
problems the Hessian of f(z) is not available.

Quasi-Newton methods are a class of numerical methods that are similar to New-
ton’s method except that the Hessian (V2 f(z3))~! is replaced by an n x n symmetric
matrix Hy which satisfies the “quasi-Newton” equation

Hyyr—1 = sp—1 (1.4)

where
Sk—1 =T — Tp—1 = Qg_1dg_1 (1.5)
yp—1 = Vf(xr) = Vf(zp_1) , (1.6)

and aj_1 > 0 is a step-length which satisfies some line search conditions. Assume Hj,
is nonsingular, we define By, = (H)~!. It is easy to see that the “quasi-Newton step”

dp = —HpV f(xr) (1.7)

is a stationary point of the following problem:

min 9u(d) = f(w) + A"V () + 5" Byd (18)

which is an approximation to problem (1.1) near the current iterate xy, since ¢y (d) ~
f(z + d) for small d. In fact, the definition of ¢g(.) in (1.8) implies that

¢(0) = f(zk), (1.9)
Vor(0) = Vf(zy), (1.10)

and the quasi-Newton condition (1.4) is equivalent to
Vr(zp_1 — x) = Vf(zp_1) - (1.11)

Thus, ¢r(x — i) is a quadratic interpolation of f(z) at zj and zj_1, satisfying con-
ditions (1.9)-(1.11). The matrix By (or Hy) can be updated so that the quasi-Newton
equation is satisfied. One well known update formula is the BFGS formula which
updates By41 from By, si and yj in the following way:

Biskst B yryk

Biy1 = By — (1.12)

Skask Sgyk

In Yuan (1991), approximate function ¢ (d) in (1.8) is required to satisfy the inter-
polation condition

Ok (Tk—1 — xk) = f(Th-1) (1.13)
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instead of (1.11). This change was inspired from the fact that for one dimension prob-
lem, using (1.13) gives a slightly faster local convergence if we assume oy = 1 for all k.
Equation (1.13) can be rewritten as

st_1Brsk—1 = 2[f (xp—1) — fxr) + s V()] - (1.14)

In order to satisfy (1.14), the BFGS formula is modified as follows:

By.skst By, ; YRyl

Bit1 = Bi — : 1.15
k1 2 T Byt Ton (1.15)

where 5
b= Ton [f (k) = f(@hs1) + SEV f(@re1)] - (1.16)

2

Assume that B, is positive definite and that sgyk > 0, Byy1 defined by (1.15) is
positive definite if and only if ¢ > 0. The inequality ¢, > 0 is trivial if f(x) is strictly
convex, and it is also true if the step-length «ay is chosen by an exact line search which
requires s;{v f(xgs1) = 0. For an uniformly convex function, it can be easily shown
that there exists a constant 0 > 0 such that t; € [4, 2] for all k, and consequently global
convergence of the modified method can be proved by slightly modifying the global
convergence proof of the BFGS method for convex functions with inexact line searches,
which was given by Powell (1976). However, for a general nonlinear function f(z),
inexact line searches do not imply the positivity of ¢, hence Yuan (1991) truncated
tr to the interval [0.01,100], and showed that the global convergence of the BFGS
algorithm is preserved for convex functions.

If the objective function f(x) is cubic along the line segment between xp_; and xj
then we have the following relation

st V2 f(zp)se—1 = 4sf_ V f(zk) + 255V f(zr-1) — 6(f(zk) — f(zr—1)) . (1.17)

by considering the Hermit interpolation on the line between xz; and xj;_1. Hence it is
reasonable to require that the new approximate Hessian satisfy condition:

Sho1Brsk—1 = 4si_1V f(x1) + 251V [ (wh-1) = 6(f (x1) — f(x5-1)) (1.18)

instead of (1.14). Biggs (1971, 1973) gives the inverse update of (1.15) with the value
tr so chosen that (1.18) holds. For one-dimensional problems, Wang and Yuan (1992)
showed that (1.18) without line searches (that is, ap = 1 for all k) implies R-quadratic
convergence, and except some special cases (1.18) also gives Q-quadratic convergence.
It is well known that the convergence rate of the secant method is only (1 + v/5)/2
which is approximately 1.618 < 2.

There are other methods that use information of function values of the objective
function to construct the subproblem. The conic model method requires the approxi-
mate function ¢ (d) to satisfy conditions (1.9)-(1.11) and (1.13), and ¢y (d) is a conic



98 YA-XIANG YUAN AND RICHARD H. BYRD

function, instead of a quadratic function. More details on conic methods can be found
in Davidon (1980) and Schnabel (1983). The quasi-Newton method without derivatives
of Greenstadt (1972) uses a quadratic subproblem, where the approximate Hessian is
updated based on function values only. Our approach is to consider quadratic subprob-
lem (1.8) where the approximate Hessian By, is updated based on some approximation
to the second order curvature along the last search direction. For example, update the
approximate Hessian satisfying relation (1.18) implies that we use the cubic approxi-
mation to get an approximation to the second order curvature, which in turn is used
to construct the quadratic subproblem.
In this report, we study update formulae that satisfy the condition

Sk Br+15k = P (1.19)

where we assume that p; > 0 is some kind approximate value of the second curvature
of f(z) between xj and xjy;. For example, pr_1 may be the value of the right hand
side of (1.14) or (1.18). Except for py = s;*gyk, Bj.+1 can not satisfy the quasi-Newton
equation if condition (1.19) holds. However, as in the Broyden family update formulae,
we also consider update formulae for By, that depend on By, Bysk, and yi. In the
next section, we derive a class of update formulae by minimizing certain norm of the
residual of the quasi-Newton equation. In section 3, we study a specific method of the
family. We show the global convergence of the method under certain conditions.

2. A Class of Update Formulae

We consider update formulae that have the following form:

By.sist By, kYL
Bit1(8,7v,7) =B + 8 k Yk

sI Bysy, shus,
T (2.1)
4y Bse  uk Brsy  yk
s%Bksk szyk sszSk s%yk
where 3, v and 7 are parameters. For simplicity, we shall use the notations
U = yk/s;{yk N Vi = —Bksk/s;;FBksk . (2.2)

Let W € R™*™ be a positive definite matrix, we require that matrix By, solves the
least norm problem:
min || Bi1sk — Yillw (2.3)
subject to
S;TCBkJrlsk = pg (2.4)
where p, > 0 being some approximation of the second order curvature s%V f(zrr1)sk,
and ||v||w = VoTWu. Replacing By, in (2.3)-(2.4) by formula (2.1), we have that

min || Bgsk — Yk — 53{Bkskvk + ’ys%ykukH%V (2.5)
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subject to
TR TR T 9
Sk Brsk + Bsg Brsi + 7Sk Yk = Pk - (2.6)

If  wug+v, =0, it is straightforward that solutions of problem (2.5)-(2.6) are any (3,
pairs that satisfy Bsszsk + ’ys{yk = pp — s%Bksk, all the solutions will give the same
update formula which can be written as

By.syst By, Yy
Bg+1 = By — b b

X 2.7
sT Bysy, (sFyi)? @7

Assume that ug + vy # 0, One can easily find that the unique solution of (2.5)-(2.6) is
given by

B = (v + uk)TW[(pk — sgBkSk — sgyk)uk — sgBkskvk]/(sgBkskHvk + UkHszv)a (2.8)

Ve = (v + ) "W (prve + st yeur)/ (st yel v + wel[fy)- (2.9)

Thus, we have obtained a class of update formulae

(vg, + ug) "W (g — sgBksk — sgyk)uk — s{Bkskvk] T

Byt (1) =B) + VgV
vk, + up) TW (prog + styru '
+ (v + k)" W (o i ks Yk k)uku}f + 7 (up, 4 vg) (ug, + vp) T
vk + ullfy
We can rewrite (2.10) in the following form:
Byyi1(r) =By, — sj, Byspvrvi, + prugu,
. (2.11)

+ oplvrvE — upul ] + 7 (ug + vi) (ug + vi)

where o = (pr — st yr)(vk + ug)TWug/||vk + ugl|fy. It is easy to see that update
formulae (2.11) are the Broyden family if py = sl yy.

The following result is obvious.

Lemma 2.1. Assume that s;*gyk > 0, pr > 0 and By is positive definite, then
By11(0) has at least n — 1 positive eigenvalues.

Proof. We can write Bj41(0) into two parts, namely

Bk+1(0) = Bk+1 + o [Ukvg — uku;f] (2.12)

where By, is the same matrix as given in the right hand side of (2.7). It is easy to
see that Bk+1 is positive definite and that the matrix oy, [fukv,{ — ukuz] has at most one
negative eigenvalue. Therefore By 1(0) has at least n — 1 positive eigenvalues.
From the above lemma, it can be shown that
Corollary 2.2. Under the conditions of Lemma 2.1, the matriz Byy1(T) is positive
definite if and only if
det[Bi+1(n)] >0 (2.13)
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foralln > .

Proof. If Byy1(7) is positive definite, then Bj.1(n) is also positive definite for all
n > 7. Hence inequality (2.13) holds.

Assume inequality (2.13) holds for all n > 7. Let £ = max]0, 7], it is easy to see that
det[Br11(§)] > 0. Because £ > 0, due to Lemma 2.1 By 1(£) has at least n — 1 positive
eigenvalues. Therefore By 1(§) must be positive definite. Consequently By 1(7) is also
positive definite because det[By41(t)] > 0 for all ¢ € [7,&] and because the eigenvalues
of Byy1(t) are continuous functions of ¢.

As we are interested in update formulae that give a positive definite Bjy1, we now
calculate the determinate of By, 1(7). First, in general we have

Lemma 2.3. For any symmetric matriz B € R"*"™, and vectors v,u € R", if B~}
exists and By is defined by

By = B+ Bov! 4+ yuu® + 1(v +u)(v +u)T (2.14)

where B, and T are any real numbers, then the following relation

ddeett((%)) = [14+ 80" B o +yu" B~ ut Byx+ (v +u) " B~ (o+u)+(8+7)x)] (2.15)

holds, where x = vI B~Yvu® B~y — (v B~')?. Furthermore, if det(B,) # 0 we have
that

B'=B'4+ 3B ' B ' + 4B M BT+ 7B (v +w)(w +w) T BT (2.16)

where
B =[-8~y + (B +y)7r)u" B (u+v)]det(B)/ det(By) (2.17)
7= [~ (87 + (B +7)7)0" B~ (u+v)|det(B)/ det(By) (2.18)
7 =[—7+ By + (B+y)7)vT B ] det(B)/ det(B.). (2.19)

Proof. Because B~! exists and because the nonzero eigenvalues of UVT and VU
are the same for any U,V € R"*™ it follows that
det(By) = det(B) det(I+ B~ Y200 B~Y2 4 y B2 T B~1/2
+ TB_1/2(’U +u)(v+ u)TB_l/z)

T p-1/2
B 12 _1/2 B+ T v B
=det(B)det(I+ [B~/“v B~ "/*u [ oyt luTB12

1 0} n [ﬂ—i—T T vI'B~ 1y vTB_lu})

0 1 T y4+ 7] vTB ' w'B

=det(B)[(1+ B+ 1)’ B w4+ 0T B~ )1 + (v + )u! B lu+ rvT B~ 1)
— (!B Y+ (v + v B Yw) (ruf B~ Yu + (8 + m)v! B~1w)]

= det(B) det ([

(2.20)
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which gives equation (2.15). When det(B,) # 0, the relation (2.16) can be proved by
direct calculations.
Using equations (2.15) and (2.11), we have that

det[By11(7)]

det(By) [pk + (v + )T By (o + wg) 7o + ok (pr — ow)]]/st Bese - (2.21)

Hence it is easy to see that det[Bj4+1(7)] > 0 if and only if 7 > 79, where
70 =—0k(1 = ok/pk) — 1/ (vk + )" By (v + ug) (2.22)

Consequently, from Corollary 2.2, By 1(7) is positive definite if and only if 7 > 79.
The following function

U1(7) = Tr[Byy1(7)] — log[det(Bry1(7))] (2.23)

is given by Byrd and Nocedal (1989), where Tr(.) denotes the trace of a matrix. They
use this function to “measure” the distance of By, from the identity matrix. In order
to force the update formula having certain smallest change property, it is desirable
to have the matrix B, 1/ 2Bk+1B,1/ 2 being as close to the identity matrix as possible.
Therefore we consider the following scaled function:

Wo(7) = T[B, By (1) B, /%) log[det(B,, V* Biya (7) B, V?) (2.24)

which is similar to (2.23) except that By is replaced by Bk_l/szHBk_lp. In the

case when py, = s}y, function (2.24) was used by Fletcher(1990) to show that Bj1

updated by the BFGS update formula minimizes this function. It is straightforward to

calculate

Uo(7) = n+on/s) Besk — 1+ (pk — o1y By 'yr/ (st y)® + 7 (o + ur)" By (vg + up,)
—log[pr + (v +ur)" By ' (vk + u) (Tpi + (i — o1)on)] + og[s], Besi]

(2.25)
Let 7 € [19, +00] minimize Wy(7), we can easily find that
T = —0ok(l — O’k/pk) =T+ 1/(Uk + uk)TBk_l(Uk +ug) > 710 (2.26)
which yields the following update formula
B 1) =Bj, — (s} Bsp, — o2 vRvL
k+1(71) K — (s, Brsk i/ Pi) Uk, (2.27)

+ pe(1 = o/ o) urul, — ok(1 — or/pr) okl + uevf]

In the next section, under certain conditions we prove the global convergence of the
method if update formula (2.27) is used.

3. Global Convergence Analyses

In this section, we consider the update formula (2.27). We study two cases when
the matrix W =1 and W = Bk_l.
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From (2.27), it is easy to see that

Tr(Biy1(m1)) = Tr(Br) — st Brsl[okl[3 + orllur|13 + 07| Jok + url[3/ pr. — 20k (0 + up) T uy,
(3.1)
First we study the case when W = I, which gives

ar = (pk — sk yr) (Ve + wr) ur/|on + k][ (3.2)
and (2.27) can be rewritten as

T T T
Bi+1 = By — si Brspvgvi, + prugug,

+ [(vr + ur)w} + wi (v +ur) ok — st yx) (v + wg) Tug /| g, + |3

(3.3)
where
wy, = —ug + (v, + ug) (pr — st yr) (i + wr) T ur/ (2pk vk + ukl]3)- (3.4)
It follows from (3.1) and (3.2) that
_ T 9 9 T T
Tr(Bj41) = Tr(Br) — sg Brsil|vells + prllurllz — or(or + sk yr) (vk + ur) " ur/pr
= Tr(By,) — sj. Brs||vkl[3 + prlluxl[3
+[(sEye)? — pRll(vk + i) Tur)?/ prl|vr + ukll3
(3.5)

Now the last term of equation (3.5) is non-positive if s;*gyk < pr and it is bounded above
by [(sTyr)? — p2]||ukl3 if sEyr > pr. Thus relation (3.5) implies the inequality

Tr(Bys1) < Tr(By) — si Beskl|vkl* + pr max(1, (sfyr)?/ pill[urlf3- (3.6)
We assume that there exist positive constants wy and ws such that
wisk Yk < pr < wash Yk (3.7)

which means that our approximation of second order curvature of f(z) between zj and
Zr+1 is not far away from the approximation based on finite difference of first order
directional derivatives. From (3.6) and (3.7), it follows that there exists a positive
constant ¢ such that

Tr(Bys1) < Tr(By) — st Brsi||vel|* + st yrljux|l3 - (3.8)

From (2.26) and (2.21), we have that det(Byy1) = det(By)pr/st Brsy which implies
that
w15LYr/5F Brsy < det(Byy1)/ det(By,) < wastyr/sk Brsy - (3.9)

Consequently, using relations (3.8) and (3.9), we can show the global convergence of
the method by slightly modifying the global convergence of the BFGS method given by
Powell (1976), or by applying the techniques given by Byrd, Nocedal and Yuan (1987).
Hence we can state our convergence result as follows.
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Theorem 3.1. Assume that f(x) is convex and twice continuously differential and
that at the k-th iteration the search direction is dj, = —Bk_IVf(:Ek) and the stepsize oy
18 chosen by inexact line search that satisfies

flan + ardy) < f(zy) + crandh V f(z), (3.10)

ALV f(xy, + apdy) > cadi V f (2 (3.11)

where c1 < cg < 1 are two positive constants, if By is symmetric and positive definite
and By is updated by (3.3), if (3.7) holds for all k, and if the sequence {xy, k =
1,2,3...} is bounded, then xj converges in the sense that

Jim [V f(zp)ll2 =0 (3.12)

Now we consider the case that W = B, 1 Tt follows that
Ok = pr— ShUk - (3.13)
Hence update formula (2.27) becomes

Bjet1 =By — (st Besk — (pk — st yk)?/ o) vkvi

- _ (3.14)
+ Py l(sfyk)%kuf — Pi 1(Pk — Sfyk)sfyk [vku;‘f + ’U«kvg]

For update formula (3.14), direct application of Powell’s techniques to prove the
global convergence requires (3.7) and that

(ox — skyk)*/pr < wasi Brsi (3.15)
holds for some constant w3 < 1, which is equivalent to
Sk Uk/ws < pr < SEYws (3.16)

where

wyg =1+ 0.5W3s{Bksk/s{yk + \/wgsgBksk(l + 0.25wgs£Bk8k/sgyk)/sgyk . (3.17)

Theorem 3.2. Under the conditions of Theorem 3.1, if update formula (3.14) is
used instead of (3.3), and if (3.15) holds for all k, then (3.12) is true.
Update formulae (3.3) and (3.14) can be rewritten as

Byspst B yryi
By =By — k k

sE Bysy, sTyr
L (318)
T) (uk + ’Uk) U

T T T
+ (pr — s ye) [uruyr + ((ug + vp)wy + wi(uk + vg
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and - -
Bysksi, Br  yry
Brr =i = STBkkSk STyIZ
k k
g (3.19)
T  SpYk

+ (pk — st k) [vkvf — F(uk + vg) (ug + vi) 7]

respectively, where wy, is defined by (3.4). Assume that xj converges to a solution z, at
which V2 f(z,) is positive definite and that By, and Bk_1 are bounded, either of (3.18)
and (3.19) ensures that

Bjs1 = B + O(lok — spyel/llswll2) = B + Olskll2) (3.20)

if the objective function f(x) is three times differentiable near z.,. BEEIGS is the BFGS

update matrix which is defined by

T T
pBBFGS _ g _ Byrsksy Br Yk
k1 — Pk

SgBkSk Sfyk (3.21)
From (3.20), we can apply techniques of Byrd and Nocedal (1989), Dennis and Moré
(1977) and Powell (1976) to prove the local Q-superlinear convergence of Algorithm
4.1 when update formula (3.3) or (3.14) is used. A more detailed study on the local
superlinear convergence of (3.3) and (3.14), and that of a modified BFGS method given
by Yuan (1991) will be given in a forthcoming report.

4. Algorithms and Numerical Results

In this section, we state an algorithm that applies update formulae (3.3) and (3.14)
given in section 3. For either update formula, we run a collection of standard test
problems, and present numerical results.

First, our algorithm is given as follows.

Algorithm 4.1.

Step 1. Given 1 € R", B € "*" symmetric and positive definite,
0<c <ca<l,e1 <1/2,€>0 very small and k = 1;

Step 2. Calculate g = Vf(zk), if ||gk||co < € then stop;

Step 3. di = —Bj, ' gx, calculate oy, > 0 such that (3.10)-(3.11) hold;

Step 4. w41 = op + ardy, Sk = Tig1 — T, Y = Vf(@pg1) — Vf(a1);

Step 5. Compute pg, and update Bg1;

Step 6. k:=k+1 and go to Step 2.

Our algorithm is exactly the same as a quasi-Newton method except the updating
of the approximate Hessian Bj,. We have not specified the update formula in the
algorithm, which can be either (3.3) or (3.14). The step-length «j in Step 3 of the
algorithm is calculated by quadratic and cubic interpolations and extrapolations with
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bracketing techniques (more details can be found in Fletcher, 1987). For the calculation
of pi, we let

pr. = Asi V f(xr41) + 251 V f (2r) — 6(f (x141) — (1)) (4.1)

which is (1.18) with k replaced by k+1, and it is an approximate second order curvature
based on the cubic interpolation. As By is updated by (3.3) or (3.14), we require the
positiveness of py to ensure By positive definite because of relation (2.4). However, it
is possible that py defined by (4.1) is negative. This can happen even for strictly convex
objective functions. For example, if we let f(x) to be the one dimensional function x*,
and if we let xp = —1 and zy41 = 0, formula (4.1) gives pp = —2 < 0. Therefore, in
our algorithm if py computed by (4.1) does not satisfy inequalities (3.7), we truncate

pr. in the following way:
B { wistye if pr < wiSE Yk,
Pk = T : T (4.2)

wosp Yk if pr > wasy Y-

For convex objective functions f(z), the second inequality of (3.7) is always true if

wo > 3’ as it is easy to show that

pr. = 4LV f (xp1) + 254 V f (wk) — 6(f (@r41) — f (1))

= 45TV f(2hy1) + 25EV f (1) — 6 /01 STV f (g + tsy)dt
1 1
:4/0 STINV f(nsn) — V f (o + tsp)]dt — 2/0 STIV f(ap + tsn) — V f (2)]dt

1/ 1 1/t
= / (/ 45T f (g, + usk)skdu) dt — / (/ 251 V2 f(x1, + usk)skdu> dt
0 \Jt 0o \Jo

1/ ru 1/ 1
= / (/ 45TV f (2, + usk)skdt) du — / (/ 251 V2 f (g + usk)skdt> du
0o \Jo 0 \Ju
1

= / (6u — 2)sE V2 f(xp + usy)spdu < gsfyk .
’ (4.3)
And one can also easily see from (4.3) that p = sI V2f(zy41)sk if f(x) is cubic on the
line segment between xy and zpy1, and px = szyk if f(z) is quadratic.

The test problems we run are the 18 standard unconstrained optimization test
problems suggested by Moré, Garbow and Hillstrom (1981). Our stopping criterion is
|V f(2r)]loo <1076 We let ¢; = 0.01, ca = 0.9. py calculated by (4.1) is truncated so
that (3.7) is satisfied with w; = 1/4 and wy = 4. When update formula (3.14) is used,
we also truncated py if needed so that (3.15) holds for ws = 0.8. The numerical results
of Algorithm 4.1 with By updated by (3.3) and (3.14) are given in Table 1, where
results of the BFGS algorithm are also presented. For each algorithm, the numbers in
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Table 1. Numerical Results of Algorithm 4.1 and BFGS algorithm

BFGS (3.3) (3.14)
Problem NI NF NG NI NF NG NI NF NG
1 28 40 30 25 36 26 30 42 32
2 36 45 40 37 42 39 35 45 40
3 3 5 4 3 5 4 3 5 4
4 159« 221 170 148« 197 169 158« 215 180
5 19 32 27 13 23 19 17 27 24
6 18 23 19 12 16 13 12 16 13
7 68 76 69 0 79 71 0 79 71
8 27 43 39 45 65 56 51 75 64
9 8 12 10 8 12 10 7 11 9
10 10 23 15 12 24 17 11 24 16
11 25 42 29 21 39 25 21% 40 26
12 30 44 35 34 51 39 24 37 29
13 46 51 49 44 53 50 44 47 46
14 128 179 133 125 172 130 122 171 128
15 102 123 105 54 73 55 7195 72
16 13 17 14 14 20 15 13 18 15
17 81 114 87 70 97 77 78 109 87
18 21 35 23 22 32 24 22 35 23

columns NI, NF, and NG are numbers of iterations, function evaluations and gradient
evaluations respectively. A star “*” indicates an usual stop due to very small reduction
in the objective function, that is, [f(zx) — f(2rs1)]/(1 + |f(2re1)]) < 10716, In all 5
such cases, we found that the infinity norm of the gradient at the final point is less
then 1.1 * 107°. The numerical results indicate that both (3.3) and (3.14) give a slight

improvement over the original BFGS method.
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