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L>* CONVERGENCE OF QUASI-CONFORMING FINITE
ELEMENTS FOR THE BIHARMONIC EQUATION*!
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Abstract

In this paper we consider the L°° convergence for quasi-conforming finite ele-
ments solving the boundary value problems of the biharmonic equation and give
the nearly optimal order L*° estimates.

1. Introduction

The author has considered the L™ error estimates of conforming and nonconforming
finite elements for the biharmonic equation. This paper will discuss the case of quasi-
conforming finite elements.

Let © be a convex polygonal domain. For p € [1,00] and m > 0, let W™P(Q) and

WP (2) be the usual Sobolev spaces, || - |lmpo and | - |m .o be the Sobolev norm and
semi-norm respectively. When p = 2, denote them by H™ (), HF*(Q), || - [[m,o and
| - |m,o respectively. Let H™"(Q2) be the dual space of H{"(f2) with norm || - ||_ q.

a = (aq,a9) is called a multi-index with |a] = a3 + a9 if a3 and «as are nonnegative
integers. Define 0 = (0,0),e; = (1,0),e2 = (0,1). For a multi-index «, let

Hlal

DY = ————
Oz Qy>2

be the derivative operator.

Let M be the number of all multi-indexes « with |a| < m. Define L™P(Q) =
(LP(2))™. For convenience, denote the components of w € L™P(Q) by w®,|a| < m.
Then L™P(Q) = {w|lw = (w*),w* € LP(Q),|a| < m}. For w € L™P(Q), define its
norm || - ||;mp.o and semi-norm | - |, , o as follows,

[wlhnpe=( ¥ [0 Pdedy)'”, Jolnpa=( ¥ [ woPdzdy), (11)

la|<m G laj=m§
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when p < oo, and

|w||m,00,0 = max esssup |w*(z,y)|, |W|m,c0n = max esssup [w*(x,y)|, (1.2)
lal<m (3 4)eQ lal=m (3 4)eQ
when p =oo. If p =2, || |lmpa and | - |;mpo can be written as || - ||;m,0 and | - [0
respectively.

Sobolev space W™P () or its subspace, by correspondence u € W™P(Q2) — (D%u)
€ L™P(Q), is mapped to a subspace of L™P()). Because the norm and semi-norm are
invariant , it is also denoted by the usual notation.

For h € (0,hg) with hg € (0,1), let Tj, be a subdivisions of € by triangles or
rectangles. Let hp =diam T and pr the largest of the diameters of all circles contained
in T. Assume that there exists a positive constant 7, independent of h, such that
nh < pr <hpr <hforalT e Ty

For w € L*(Q) and w|r € H™(T) for all T € T}, define

1/2
|wl,h = (Z \w\fn,T) : (1.3)

TeTy,

For w € L*>*°(Q) and w|p € W™(T) for all T' € T, define
[lm,c0,n = WX [0 - (1.4)

The remains of the paper is arranged as follows. In section 2 we give the L
estimates for 9-parameter quasi-conforming element for the biharmoic equation and its
properties. In section 3 we present the proof of the L estimate for the element. In
section 4 we consider the case of other quasi-conforming plate elements.

2. The 9-Parameter Quasi-Conforming Finite Element

The homogeneous Dirichlet boundary value problem of the biharmonic equation is
the following,

Ny =, in Q
9 (2.1)
ulon = ON 'aa

where N = (N, Ny) is the unit normal of 0f2.
It is known that for Vf € H=1(Q), problem (2.1) has unique solution u € HZ(2) N
H3(), such that

ulls.o < Cllfll-10; (2.2)

with C a positive constant.
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Let f € L?(f), define a bilinear functional a(-,-) and a linear functional F(-) on
L*2(Q) by

a(v,w) = [(0ZNwZ0) 4 2y 11 4 402902 dady, Vo, w € L>2(Q)

“ (2.3)
F(v) = [ fo'dzdy, Yo € L?2(Q).
Q
The variational form of problem (2.1) is to find u € HZ(£2), such that,
a(u,v) = (f,v), Yo € H2(R), (2.4)

where (-, ) is the L? product.
For h € (0, hg), let V;, € L*2(Q) be a finite element space associated with Tj. The
finite element approximation to problem (2.1) is to find wuy, € V},, such that,

a(up,v) = F(v), Vv € V. (2.5)

From now on, let T, be a subdivisions of {2 by triangles. For each triangle T, let ag
be its center point, a; the vertices of T,1 < i < 3. Let P§(T") be Zienkiewicz polynomial
space on T, i.e., Py(T) = { p | p € P3(T) and 6p(ag)+> 51 (—2p(a;)+Dp(a;)(a; —ag)) =
0}, where Dp = (9,p,dyp), Dp(a;)a; is the R? inner product of Dp(a;) and a;. It is
known that Zienkiewicz finite element is not convergent for general subdivisions of €.
Using so called “quasi-conforming” technique, Professor Tang Limin and his colleagues
give 9-parameter quasi-conforming finite element in [4,1]. The finite element has been
proved to be convergent!®.

Let N = (N, N,) be the exterior unit normal of 9T. For each p € P5(T), define
operators, HéVTp, Hg,?’o)p, ngl’l)p, ngw)p as follows. HéVTp is linear on each edge of
triangle 7" and equals to Op/ON at the endpoints of the edge. II$p € Pi(T), |of = 2,
and are determined by

H§“270)p Ng _N:(:Ny HN
g | 2y | dedy = IN,N, NZ_ N2 orP
T p Y= q xiVy x Y 8])/83
T % p ar N2 N, N,
0zq O
— /p dyq 0Orq | Nds, Vqe P (T) . (2.6)
or 0 Oyq

Define Vi = { (p, 0:p, ayp,Hg,?’O)p, ngl’l)p, ngog)p) | p € Pi(T)}. Then Vp is a finite
dimensional subspace of L>2(T). Let V}, = { v € L*?(Q) | v|r € V7, VT € Ty, and
oY, 0% and v®? are continuous at the vertices of the triangles and vanish at the vertices

on 0N}.
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For each triangle T, let A1, A2, A3 be its area coordinates. Define, for v € CY(T),
%0 =20, (A2(3 — 20\) + 2X1 A2 A3)v(as)
+3 Eisygzs M1+ X = 3)Dv(ai) (e — @),

TU-@HTU TU—8HTU

v =315, |af = 2.

Then IIpv = (H%U,H%v,ﬂfﬁv,ﬂgﬁ’o)v,ngl’l)v,l_[g,?’mv) € L**(T). For each v € C1(Q),
define v = (v, II5 v, 11520, Hf’o)v, H;Ll’l)v, Hglo’z)v) € L*%(Q) by I¢v|, = 1w with
la] <2 and T € Ty,

Let uy, be the solution of (2.5) with Vj, the 9-parameter quasi-conforming element
space. From [8] and by Nitsche technique, we have the estimate,

S u—ufllgn+h 3 1D —uflloq < Chlulso - (2:8)
| <1 |o|=2

From [5,8], the following inequalities are true,

> ADYy — g0y < CHEols, Yo € HYT), VI €Ty, (2.9)
|| <2
[W0or < Clvlar, Yo € Vi, VT € Ty, (2.10)
[vnll2,0 < Clunl2,  Von € Vi, (2.11)
ol < CR 2 itlog, =01, Yo, € V. (2.12)
=i
[19]0.00.0 < Clvl2.0, Yo € Vi, (2.13)
W)0co0 < Clln AV 20|10, YoV, (2.14)
101000 < ClIn AV uloq, Vv e V. (2.15)

For L™ estimates, we have
Theorem 1. Let Vj, be the 9-parameter quasi-conforming finite element space, u
the solution of problem (2.4) and uy, the one of problem (2.5). Then

lu — uf|0.00.0 < CR2In h|V2|ul3q, (2.16)
when f € H-Y(Q), and
lu — u2|1700,9 < C’h2| In hl|ul3 00,0, (2.17)

when u € W3(Q).
The proof of Theorem 1 is left in section 3.
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3. The proof of Theorem 1

In this section, we will prove Theorem 1. Firstly, let f € H~'(£2), then the solution
u of (2.4) is in H3(2). From (2.14), (2.8) and the interpolation theory, we have

[ — ud[o,00,0 <[lu — Ihullo.00,0 + [Mhu — uf o000
<C(h?vlz0 + |In A2 Iu — uf|10)
<Ch?|n h|"?|ulzq ,

i.e., (2.16) is true. The remains is to prove (2.17). Assume u € W3*°(Q). By the
interpolation result!®, we have

lu— U100, < Ju—Tultc00 + [Thu — uj 1,000
< Ch?|ul3 00,0 + Mhu — up|1,000 - (3.1)

So we must estimate |IIQu — ul|1 0. Let T’ € Tp, be the element such that [[I9u —
uP1.00,0 = MU — ul) |1 0o 77. Not loosing the general, we suppose that

(M0 — u?
U — w1 oo = |w|o,oof’-

Let (x0,y0) € T” be the point such that

A% — u? A% — u?
|%|0,00,T’ = |%(!onyo)|-

To prove (2.17), we need some results about the weight function and the regular Green
function. For (z¢,yo), define the weight function p as follows,

p(z,y) = (& — 20)* + (y — yo)* + 1*,
For integer $ and v € H™(T') and T' € Ty, define

_g| 0™v
G ( 2 /’0 6‘8:1:@1/)’
T

i+j=m

) 1/2
dmdy) . (3.2)

When v € L?(Q2) and v|p € H™(T) for all T' € Ty, define

1/2
|V]m,(8) = (Z \U\Qm,(m,T) :

TeTy

For the weight function, the following inequalities,

[0lm,y) < B0 ol ), 7> 8, (3.3)
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are true for v € L?(Q) and v|p € H™(T),VT € Tj. And

wlo,) < Cln Y vflosee, Yo € L(Q) (3.4)
/Uw dzdy| < |vo,) [V]o,—g), v,w € L*(Q) (3.5)
Q

o =30l @ + Y 1D = TG0l g7 < CL**|vls )1,
|a|=k

0<k<3, veHT), TeT, . (3.6)

Lemma 1. There ezists a constant C such that, for v,w € HZ(Q) N H3(Q),
A% € L3(Q), and vy, € V},, the following inequality holds.

la(v,w —vp) = (A0, w —vp)| < CR?[v]3 () |v]|3,(—p)- (3.7)
Proof. Noticing that v} € H}(Q2) and by Green formula, we can derive

a(v,w —vy) — (A2’U, w — vg)
- 6221 (2,0) 8321 0 6221 (0 2) 8321 0
——![@vh +8—8_ ]dxdy /[8 5V +8—8_ ]dxdy

a 8 0 8 v a 0

v
- J 250y T ooy 0yt T GroE 0w

nldzdy . (3.8)

By Green formula, we have

0*v v 0 0*v 0
/[@vf’o) + = 923 02 ol |dzdy = Z {/@(vf’o) - Wvg)dxdy
Q

v, 9 )
+ 8$2(Nma—N h N. y&U )dS}
oT
6221 (20)
:Z /—(h — )dxdy
TET, Oa? 0
9% 0
+ 8 N2(8N 0 8T”h)d3}
oT
- Z/ 5 (NI o NNaa v))ds .
TEThaT

Let PY : L*(T) — Py(T) be the orthogonal projection operator. By (2.6), Green
formula and

Z/ S (NZITpv), NNé9 vp)ds = 0,
TEThaT
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we get

/[%USO) g—ai }d:rdy
S {[(%s- 5€ZK$” ooz dody
T

(G P - ed)as)

or

TTh

From interpolation theory and Schwarz inequality, we have

v (20 v 0 ) o
‘/ O a 528 5y Uhdady] < CW 3 [olsrlfla. (3.9)
TeTy

For all T € Ty,

max p(x,y) < C min p(z, . 3.10
(:c,y)ETp( Y) (W)ETP( Y) (3.10)
Then e " o
‘/ Y }(L20 8—8_ }da:dy’ S Ch2’1)’37(5)‘?]2‘37(_5) . (3.11)
Similarly, we can show
821) (02 31) 0 2 0
’/ h 8—8_ }dxdy’ S Ch |’U|37(5)|Uh|37(_5) s (3.12)

v (11) Pv 0 o, Pv 0
’/ 2 v 83:28y8_yvh+ 92047 07 vh}dwdy} < Ch? [vl3,(3) |Uh|3 . (3.13)

Inequality (3.7) follows from (3.8) and (3.11) to (3.13).
Now we turn to the regular Green function. Let ¢ € Py(T") satisfy

0
/quwdy = %p(xo,yo), Vpe Py(T) .
T/

Define 6, € L?(2) such that,

i (0y) — { a(ey),  (wy) €T

0, otherwise

From Lemma 3 in [6], we have

Mionllog + 16nll-1.0 + 16 llo,—1) < Ch™ (3.14)
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Let g be the regular Green function determined by

N%g =6y, in 0
9g (3.15)
gloa = AN a0

and gp be its finite element solution by 9-parameter quasi-conforming element, i.e.,
a(gn,vp) = (5}“212). Yo, € V. (3.16)
From (2.2), (2.8) and (3.14), we get

lg = ghlla + klg = gnlan + h*|gls0 < Ch. (3.17)
By the way used in [6], we have

lgll2.0 + 19l3,(=1) < Clln h|M2. (3.18)

Lemma 2.
> ID% = gi[5 1y < Ch?|In hl. (3.19)
|a|=2
Proof. Set pp, = p(Il}g — g), and define Myp; € Vi, by Tpplr = 1§ (pslr) for
TeTy,

> D% — gff\g,(—l)

|a|=2
9 202 d%g a2 . 0%9  (02)\2
S/P{(@—Qh ) +2(x—8y_gh ) +(8—g/2_gh ) }dxdy
d%g 20 0% (20 d%g 02 %9 (02
— —_— = H ’ - ) < H ’ __ < _ ’
!p[w P0G o)+ (5 - Y0 (5 g - )
d%g 11) , 0%g (1,1)
+ 2(8x8y — 11 9)(ax—ay =gy )]dﬂ?dy +a(g — gn, Uupp)
82
+ [ {20 - g20) — 20 (5 — g2
)
(0,2) (0,2) 02 1,0%9 (02
+ [P(Hh g—9 ) — 115, ph](a—yQ — 9 )
1,1 1,1 1,1 829 1,1
+ 20, g = gi") ~ TG (5 — i) fdady
Thereefore

> D% —gile -

|ar|=2
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< {lalg = g, Tpn)| + Y 1D = TI5iglo (1| D9 = gfllo, -1

|ar|=2
+ 301 [ 1o~ gf) ~ WD — giddudyl} . (3:20)
lal=2 @
From (3.6) and (3.18), we have
> [D% —Tfglo -1y < Chlglz (1) < Ch|In bV . (3.21)

|a|=2
y (3.7), (3.18) and (3.6), we derive that
la(g — gn, apn)| < Ch2|gls. 1y Mopnls,ay < CR*|In AV |pyls. - (3.22)

Using (3.3), (3.10) and the inverse inequality for polynomial spaces, we get

pnls,1y) <C(5g — gnla—1) + Mhg — gplan + 159 — ghl1.1))
<Ch™'(|Ijg — gla,—1) + Mhg — gplin) -

By (2.10) and (3.10), we get

Mg —gnlo—1y = D Mhg = ghla—1yr <C Y Iplocorhg — ghl5r

TeTy, TeTy
<C Y plocer Y Mg —gilor=C > Myg—gils 1
TET), la|=2 lal=2

Noticing I1%g — g¢ = II¥g — D% + D% — g% and I1%g — ¢ = 1109 — g + g — g}, from
(3.6), (2.9), (3.18) and (3.17), we get,

prlsay) < C(T > D% — gRla 1y + hlIn B|V?) .
|a|=2

Substituting the above estimate into (3.22), we have

la(g — g, )| < C(R?|1n h| + h|In h[Y? 37 1D = gilo, 1)) - (3.23)
|a|=2

Now let o = (2,0). For v € L%*(2), define Plv € L?(Q2) by Plvlr = PY(v|r),
VT € Tj. Then

/ (p(TT5g — g7) — i) (D" — g dudy

— [ [to = PRo)TRg — g7) ~ 0o — PL)(IThg — )] (D — gy

Q
/P Php th gh) Da(th gh)}(DO‘g—gfL‘)dajdy
Q
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+ 30 [0 -1 - Py — (D ~ o)y
TET),

op 0
a" —(Ilfg — g})(D°g — g )dedy

—2/th g (D% — gpt)dady . (3.24)

Applying interpolation theory, considering (3.5), (2.10), (2.9), (3.17), (3.18) and (3.10),
we have

| /(p ~ Pp)[(W5g — git) — D*(IThg — gf)| (Dg — g7 )dady|
Q

< Ch|ln h['? 3" [D% — gilo(-1) - (3.25)
|a|=2
By (3.5) and (3.6), we get
S [ =Tl PLp) IRy — (D g — g dady]
TethT
<Ch Y |(p—Plp)Ig — gz y71D% — ghlo-1)7 - (3.26)
TeTy

On the other hand, by the interpolation theory and the inverse inequality for polyno-
mials and (3.10), we derive

[(p— Plp)II0g — g3 1)1
< Clp Mooor|(p — Prp)INg — gi)|s7
< Clp ™ o.cor{h|rholo.cor|TINg — gh|a.1 + |rholo.co | TINg — gh |27
+ (g — g7}
0 0 —1 0 0
< C{{Iyg — gpler + 2~ g — gpli 7} -

Hence, from (2.8), (2.9) and (3.17), we get

> / —115)[(p — Pip)(Thg — gf))(D"g — gi)ddy|
TethT
< Ch{[Thg — ghl20 + A~ g — gh 1.0} D9 — gilo,-
< Ch|D% = gilo,-1) - (3.27)

From (2.8), (2.9) and (3.17) and

0
| PPy |8—Z|2scp,
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we derive that

/ 8_,08_ hg = g (D% — g5t dady|
Q
<C/|— (g — g9)|p*/?| D% — g5'|dady

< C\th — ghl.al D% — gilo.—1)
< Ch|D%g — gilo,-1) - (3.28)

For v € C(Q), let I,v be the function such that Myv|p € Py(T) for VT € T}, and
ITjv is equal to v at the vertices of Tj,. Then II,(ITg — ¢9) € H}(Q) and

‘/ 119 — gp)( g—gf{)da:dy’
<‘ /Hh g — gp)(D%g — gﬁ‘)diﬂdy‘
+ \ / Mg — g, — (g — g)](D%g — gff)d:vdy\ : (3.29)
From the interpolation theory, (3.3), (2.8), (2.9) and (3.17), we have

‘/H 9~ gn — My — gh)](Dag—gff)dwdy’

< Ch*MYg — gila,)| D% — gilo,—
< ChIIYg — gplonl D% — gitlo. 1)
< ChlD% — gilo(-1) - (3-30)

By Green formula and (2.6) and the fact that II,(IT) g — g9) € H3 (), we have

/ (g — gh) (D9 — g7} )dady|

_ 9 0 0 0
’ /8_ (th - gh)a_x(g - gh)dxdy’
< Clﬂh(th —anlielg —ghh.o-
From the interpolation theory, (3.17), (2.8) and (2.9),

/ M,(1g — g9)(D* — gf)dady| < ChITIGg — ghlio < Ch? . (3.31)

Combining (3.29) to (3.31), we get

| [ @y~ (D% — gi)dedy| < Chh+1D% ~ gilov) - (3:32)
Q
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Estimates (3.24), (3.25), (3.27), (3.28) and (3.32) imply that the following inequality

| / g — gf) — Tpn) (D9 — giy)dwdy| < Ch(h+|In b2 D% = gitlo (1)), (3.33)

is true for @ = (2,0). Similarly, we can show it is also true in the other case of |a| = 2.
Combinig (3.20) to (3.23) and (3.33), we get

/
S D% — iR 1y < C{R2 |+ A B2 (X (D% — i)}
|or|=2 |o|=2

Lemma 2 follows.
From (3.16), (3.5) and (3.7), we get

Mhu — up |1.00,0 = | (O, T u — up)|
= la(gn, Mpu — up)|
= la(g = gn,u — Tpu) + [a(u, gn — g) — (A%u, g5 — 9)]
+ [a(g, u — u) — (A%, Thu — u)] + (A%g, ju — u))|

< C{ Z ID%g — gixlo,(—1)| D% — gulo 1y + h[uls,(1)lghl3,(-1)
|ar|=2

+ h2(gls, -1 Thuls ) + [0nlo,—1)lu — ng\qu)} '
By (3.4), (3.6), (3.14), (3.18) and (3.19), we derive that
0w — 1,000 < Ch2Juls e In bl + I A[Y2|gh]5 1)) -

On the other hand,

|92|3,(—1) <|gp— H29|3,(—1) + |H9Lg|3,(—1
< C(lgla, -1y +h 7 gn — M gla 1))

<C(W A2 +hr " S |gf — iglo 1)
|a|=2

C[|ln hM? + h7" > (ID% = gilo-1) + 1D — I3glo,-1)]
|a|=2
< C|ln h|'/?
by (3.18), (3.19), (3.6), (2.10) and the inverse inequality of polynomials. Hence

\H%u — ug\lm,g < Ch2\ In Allul3cc0 - (3.34)

Estimate (2.17) follows from (3.1) and (3.34). Theorem 1 is proved.
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4. Other Quasi-conforming Finite Elements

The principle which led to the L™ estimates for 9-parameter quasi-conforming el-
ement can be also applied to some other finite elements, such as, 12-parameter quasi-
conforming triangle element[*!), 15-parameter quasi-conforming element 2 and 12-
parameter quasi-conforming rectangle element!®/. The results will be listed without
proofs.

Let Tp be the subdivision of € described in section 2. For each triangle 7', let
a;, 1 <1 < 3 be its vertices numbered counter clockwise, a;; = %(aﬁ—aj), 1<i< g <3,

15-Parameter Quasi-Conforming Element. For Vp € Py(T), p is uniquely
determined by its values at a;(i = 1,2,3) and aj, 1 < j < k < 3, the values of Dp at
a;(i =1,2,3), and its outer normal derivative at a;;, 1 < j < k < 3. For all p € Py(T),
HéVTp, Hgg ’O)p, H(Tl ’1)p and Hg? ’2)p are defined as follows. HéVTp is quadratic on each
edge of T' and equals to Op/ON at the two endpoints and the midpoint of the edge.
II$p € Po(K), |a] =2, and are determined by

% N2 —N,N,

(L1) 5rp
/q 21 p dwdy:/q 2NN, Nz - N} ds
T Y TriVy
0zxq O
ap/d
- / g ouq | | P10 | dndy, vqe BT,
dp/0y
T 0  Oyq
(4.1)

Define Vi = {(p, ,p, 0yp, 17 Vp, 1 Vp, 11%)p) | p € Pi(K)}. Define Vy = { v

€ L22(Q) | v|r € Vi, VT € Ty, and v°, v and v® are continuous at the vertices and
midpoints of edges of the triangles in T and vanish at the vertices and midpoints on
00}.

Theorem 2. Let V} be the 15-parameter quasi-conforming finite element space,
u the solution of problem (2.4) and uy, the one of problem (2.5). Then

lu— uYlo.co.q < CR3|In B2 |ulsq | (4.2)
when u € HZ(Q) N H4(Q), and
lu — u2|1700,9 < C’h3| In Al|lulseo0 , (4.3)

when u € WH®(Q).
12-Parameter Quasi-Conforming Triangle Element. For T € Ty, let P;(T)
be the subspace of P4(T'), such that, for p € P{(T), p(a;;) = 3(p(a;)+p(a;))+5(Dp(a;)—
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Dp(aj))(a; —a;), 1 < i < j < 3. It is easily to show that P3(T) C P;(T) and for
p € Py(T), p is uniquely determined by the values of p at a;(1 < i < 3), the values of
Dp at a;(1 <4 < 3) and the values of dp/ON at a;j(1 < i < j < 3), and that p is cubic
on each edge of T

For allv € Py(T), let HéVTp be defined as for 15-parameter quasi-conforming element,
Hg,?’o)p, ngl’l)p, ngog)p be determined by (4.1).

Let Vi = {(p, 0up, yp, 15 Vp, I Vp, 107 p) | p € PY(K)}.

Define Vj, = { v € L?%(Q) | v|r € Vi, VT € Tp,, and 0%, v and v*? are continuous
at the vertices and the midpoints of the edges of the triangles in T} and vanish at the
vertices and midpoints on 9€Q}.

Theorem 3. Let V), be the 12-parameter quasi-conforming triangle finite element
space, u the solution of problem (2.4) and uy, the one of problem (2.5). Then

lu — uf|0.00.0 < Ch2In h|V%|ul3q, (4.4)
when f € H-Y(Q), and
lu — u2|1700,9 < C’h2| In hl|ul3 00,0, (4.5)

when u € W3(Q).

12-Parameter Quasi-Conforming Rectangle Element. Now let ) be a rectan-
gle in R? which edges parallel to some coordinate axis. Let T}, be a family of rectangle
subdivisions of ). For each rectangle T', let ag = (xo,yp) be its center point and
PJ(T) = P3(T)® span {(z — 20)*(y — yo), (x — 20)(y — v0)>}. For p € PY(T), p is
determined uniquely by the values of p and the values of Dp at four vertices of T'.

For each rectangle T with center (xo, yo) and p € P§(T), define I1}p, Hg’o)p, Hg}’l)p
and H%? ’2)p as follows. HéVTp is linear on each edge of T' and equals to dp/ON at the
endpoints. Let P29 = P02) —span{1, z—x¢, y—yo, (x—z0)(y—yo)}, P11 =span{l, z—
70,y — Yo, (v — 70)%, (y — y0)?}, then II$p € P* for |a| = 2, and are determined by

JauEVpdedy = [ (N2IY,p — N, N, 2)ds
T orT
— [ 0:q0,p dxdy, Vg € P20),
T

2 [ qlpdedy = [ (2N, NIpp + (N2 — N2)22)ds
T oT (4 6)

— [(02q0yp + 9yq0.p) dzdy, Vg e PLD).
T

7[ 1Y p dady = aj} g(N21Yrp + NN, 92)ds

— [ 0yqOyp dzdy, Vg e P02,
T
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Let Vi = {(p, 0up, yp, 1 p, IV p, 1)) | p € PY(T)}. Define Vi, = { v €

L>%(Q)| v|r € Vg for VT € Tj, and v°, v and v2 are continuous at the vertices of the
rectangles in Tj, and vanish at the vertices on 9Q}.

Theorem 4. Let Vj, be the 12-parameter quasi-conforming rectangle finite element
space, u the solution of problem (2.4) and uy, the one of problem (2.5). Then

| — uhlo,000 < Ch?|In h|"?|ulsq, (4.7)
when f € H-Y(Q), and
lu—ud 1000 < Ch?|1In hlul3 0.0, (4.8)
when u € W3>(Q).
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