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Abstract

Fourier-Legendre spectral approximation for the unsteady Navier-Stokes equa-
tions is analyzed. The generalized stability and convergence are proved respectively.

1. Introduction

The numerical methods of the Navier-Stokes equations can be found in [1-4]. Spe-
cific algorithms in [5-8] have been devoted to the semi-periodic cases which describe
channel flow, parallel boundary layers, curved channel flow and cylindrical Couette
flow. In this paper, we consider the mixed Fourier-Legendre spectral approximation
for the unsteady Navier-Stokes equations. We use Fourier spectral approximation in
the periodic directions and Legendre spectral approximation in the non-periodic one.
For approximating continuity equation, we adopt small parameter techniquel® . This
method has better stability and higher accuracy.

Let 2 = (21, ,7,)7 (n=2or 3)and Q =1xQ where I = {z;/ -1 <1 <
1}, Q={y= (22, ,2,)7/ -7 <2y <72 < q<n}. We denote by U(z,t) and
P(z,t) the speed and the pressure. v > 0 is the kinetic viscosity. Uy(x), Py(x) and
f(x,t) are given functions. We consider the Navier-Stokes equations as follows

%+ (U-V)U-vVU + VP = f, in Qx (0,717,
V.U =0, in Qx (0,77, (1.1)
U(z,0) =Up(z), P(z,0)=Py(z), in Q.

Assume that all functions have the period 27 for the variable y. In addition, we also
suppose that U satisfies the homogeneous boundary conditions in the z;—direction

U(-1,y,t) =U(1,y,t) =0, VyeQ.
To fix P(z,t), we require

u(P) = /QP(x,t)dw =0, Vtel0,T].

* Received November 25, 1993.
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We denote by (-,-) and ||-|| the usual inner product and norm of L?(€). |-|,; denotes
the semi-norm of H*(Q). Let C5%,(€2) be the subset of C*(2), whose elements vanish
at x1 = 1 and have the period 27 for y € Q. H{ ,(€2) denotes the closure of C§5,(€2)
in H'(Q). Note that the solution of (1.1) satisfies the energy conservation

o+ 20 [ [0 = ol? +2 [ ), 7 ar.

One of the both important hands for approximating solutions is an appropriate choice
of two discrete spaces for the speed and the pressure. Another is suitable to simulate
the conservation.

2. The Scheme

Let M and N be positive integers. Suppose that there exist positive constants dy
and dy such that
diN <M < dyN.

Purr(I) denotes the space of all polynomials with degree < M. Define
Vir = {v(x1) € Py (I)/v(—1) = v(1) = 0}.
Let | = (la,---,ln), [, being integers. Set |l| = 21%1qa§xn]lq\, =G+ -+ l,%)%,
ly =loxo+ -+ lpxy, and
Vv = Span {e'/l| < N}.
Let Vi be the subset of Vi, containing all real-valued functions. Define
Vun =V xVn)", Sy-in ={v € Py-_1(I) x Vn/u(v) = 0}.

Let PAl/L N 1 (H§,(Q)" — Van be the projection operator such that for any

u € (Hg, ()",
(V(u— Py yu),Vv) =0, Vo€ V.
While Py n : L?(Q) — Pa_1(I) x Viy is the orthogonal projection such that for
any u € L?(9),
(u — PM_LNU,U) =0, WYve PM_l(I) x Vn.

Obviously, if u € L2(Q) and u(u) = 0, then p(Py—1 yu) = 0.

For continuity equation, we use small parameter technique. Then the incompressible
condition is approximated by

opP
5E+V’U—O, 6> 0.

To approximate the nonlinear term, we define
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where vU) denotes the component of v.
Let 7 be the step of the time, and

T
Re = {t/t = kr,0 <k < H}.
T
For simplicity, u(x,t) is denoted by u(t) or u usually. Let

u(t) = %(u(t +7) —u(t)).

Let u and p be the approximations to U and P respectively. The Fourier-Legendre
spectral scheme for solving (1.1) is to find u(t) € Va,n, p(t) € Sy—1,n for t € R;, such
that

(ue(t),v) 4 (d(u(t) + 07w (t), u(t)), v) + v(V(u(t) + oTu(t)), Vo)
+(V(p(t) +0mpu(t),v) = (f(t),v), Vv e Vun,

(Bpe(t),v) + (V- (u(t) + 07ue(t)),v) =0, Vv € Sy—1,n,

u(0) = Py xUo,  p(0) = Py—1n P,

(2.1)

where 0 < §,0,0 < 1 are parameters.
If we take 6 = 0 = 0 = %, then we can verify the discrete conservation of the
numerical solution

[P +Blp®IF + 5 > [ult) +u +7);

t'ERL U<t

= [[w@)* + BlpO)* +7 > (u(t') +ult' + 1), f().

t'ER /<t

So it simulates the energy conservation.

3. Notations and Lemmas

We first introduce some notations. For any integer r > 0, let H"(I) be the Hilbertian
Sobolev space with the usual norm ||-[|, ; and semi-norm ||, ;, and H(I) be the closure
of C§°(I) in H"(I). For any real r > 0, H"(I) is defined by the interpolation between
the spaces H"I(I) and H"H(1), ete..

Let B be a Banach space with the norm ||-|| 5, and A be an interval in R or a domain
in R?. Define

L*(A\,B) = {v(z) : A — B/v is strongly measurable and vl r2(a, 5y < o0},
C(A, B) ={v(z) : A — B/v is strongly measurable and [|v[ ¢, 5) < oo}

where

1
[oll2nm = ([ 0GR ollo,p) = max o5



Fourier-Legendre Spectral Method for the Unsteady Navier-Stokes Equations 147

For any non-negative integer «, let
HY(A, B) = {v(2) € L*(A, B)/ [[v]| o (a, ) < o0}

equipped with

a 2

H’UHHa(A,B) = (Z

k=0

For real a > 0, H*(A,B) is defined by the interpolation between HI®(A, B) and
Hle+(A, B). Let

o
Ozk

)3.

L2(A,B)

H™(Q) = L*(Q,H"(I))(\H*(Q,L*(I)), 1,5>0,
M™(Q) = H™(Q)(VHYQ, H (D) H*~(Q,H' (1)), rs>1,
X"(Q) = H*(Q,H™ (1)) H** 1 (Q, H"(I)), r,5>0,

with the following norms

1
ol s @y = ([0, a0y + 101 (0,22(1) 7

1
[0l pgrs ) = (HU”%V"S(Q) + HUH%ﬂ(Q,Hffl(I)) + HUH%S*1(Q,H1(I)))27

1
||U||xr,s(g) = (HUH%(S(Q,HTH(I)) + HUH%IsH(Q,HT(I)))?-

We denote by Hy»(€2) and Mg, (Q) the closures of Cg5,(Q) in H™*(2) and M"*(9Q),

ete.. Let [[o]], o = max [0(2) ] -

Next, we list some lemmas. Throughout the paper, ¢ will be a positive constant
which may be different in different cases.
Lemma 1. If v(t) € L?(2), then

2(0(t), ve() = (o)1) =7 lo (@)1
Lemma 2. Ifv € Py x Vi, then
[off < (2M* + (n = N?) Jlo]*.
Lemma 3. (Theorem A.1 of [8]). Ifv € H}*(S2) and r,s > 0, then
v = Pry—1,nvl| < (M7 + N72) [[o]l s gy -
Lemma 4. Ifv € (H017P(Q) N M"™*(Q)" and r,s > 1, then
[o = Pl < e 4 N7) ol @ =0.1

This lemma comes from the proof of Theorem A.2 in [8].
Lemma 5. Ifv € (Hé’p(Q)ﬂXT’S(Q))" withr >3, s> 21 then

| Pl < ellvlixra -
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Proof. Let
(1) =/ v(z1,y)e Wy,
Q

P]%/LNUZ Z vl’k(xl)eily,
| (<N

ou Ow 2
CLl(U,"LU) o (a—x17 8—‘T1)L2(I) + ‘l‘ (u7w)L2(I)7 ’l‘oo < N.

Then v; € HE(I),v} € Vs and
aj(vy — v, w) =0, Yw € Vyy.
Obviously,
lo — Ul*‘il + 1) o — vl*HgJ =ai(vy — v, v — o) = ai(vy — v, —w), Yw e V.
By Schwarz inequality and Poincare inequality,
o — o712+ 1 g = 12, < ellen — w2+ W o —wli2,), Vo € Vi,
Let Pi,; : HY(I) — Vi be the projection operator, i.e., for all u € H}(I),

d—w) =0, Ywe Vy.

By Theorem 1.6 of [10], we get for any u € HY(I)H"(I),r > 1,

Hu—PAl/[uH IchO‘_THuH”, 0<a<l.
«, ’
Then

2 2
o= i I 0P Wor = o7 18,1 < e [|or = Phrwt||+07 o = Pl ) < ed® 2wl

)

Using duality technique, we have
lor = v, < eM* " il ;, a=0,1.

Moreover,

|Phao], < 30 (e + (L 1) 07 o)
’ | <N

oo —

Let Po : C(I) — Py be the interpolation operator whose interpolation points are the
nodes of Gauss-Lobatto integration formulas, i.e.,

xgo) =1, ;pgN) =1, :Egj) (j=1,---,M — 1) zeroes of L),

Ly being Legendre polynomial of degree M. Then
dvf P du; dv; P du;

L} du du
dxq Cdxl dxy Cdﬂ?l

0,1 }dﬂfl 0,1

ofl1 s <| |
00,l
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If w € Py, then
Hw”oo,l <cM ”w”L2(I) :

By Theorem 3.2 of [11], we have that for 0 < m < r and r > 1,

a2l
lor = Povill, p < eM*™ %2 |luyl,. -

dvy dv ’ dvy dv
— Po— <cM||— — Po—
’ dxy < day ool ¢ dx; < day 0,1
" du; du;
SCM("Ul—’Ul’LI‘i"d—xl—PCd—xl O’I)

3_ 1
< cM v — Ul*|1,1 +eMzT" ||Ul||7’+l,f7 r> 3

On the other hand,

[w— Pewl| o, ; < Hw - H%+€7Mw}’00’1 + HPc(w - H%Jre’Mw)H e >0,

)
oco,l

149

where H%—i—e,M is defined in Lemma 3.3 of [11]. We get from the proof of Theorem 3.2

n [11] that

|Potw =11, )|, < edt|[Petw =Ty, ) < et flo =11y e

1
w — Il ’lUH <c’w—H1 ’lUH
H LieM 1= ( s+e,M

H3(I) ’ (1)

By (3.10) of [11],

3_ 1
[w—Pewl|y ; < eM27" [wl], s, 7‘>§.

Since imbedding theorem, we have for r > %,

d?}l P d?}l

3_
oy~ Todny |, S M s

00,l

|Ul|1,oo71 <c ||Ul||r+1,1'

Thus we get for r > %,8 > "T_l,

Yo iheer<eM Y fu=vili+e > vl

oo <N oo <N oo <N

< (M7 4e) D0 illygar
<N

o S @A APl )

oo <N lloo <N

IN

IN

cllvll xrsqy -

w — I wH 2,
§+€,M H%*é )

g1’
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We can estimate > (1 + |l|)[|v]]|, ; in similar way. This completes the proof.
<N ’
Lemma 6. If v,w € Py x Vy, then

lowl|* < eM>N"{Jo]|* ]

1
AW) = [ swp (@ y)dy, Blw) = [ supw?(eny)don.
Q

z1€l —1yeQ
Then
lvw]|* < A(v) B(w).
Set
M .
v = Z vp(y)Lg(x1), w= Z wy(z1)eW.
k=0 <N

Since |Lg(z1)| < 1, we have

supv a:l, (Z’Uk )

x1€l

l\’)l»—\

ZM ZM 203 (y) 2012
On the other hand,

supw®(21,y) < (Y Jwi(@1)])? < N w72
veq 1], <N

Therefore,
A(v) < eM?|[v]?, B(w) < eN"!uw|?.
Then the proof is completed.
Lemma 7. If v,w € Vyy n, then
ld(v, w)]| < cllv]ly o Hwll + [wly),
ld(v, w)|| < CHleoo (vl + [vly),
ld(v,w)|| < eMNT (|jo]| [wl, + [o], [|w])-

The first and second conclusions are obvious. The third one is obtained from Lemma

Lemma 8 (Lemma 4.16 of [1]). Assume that the following conditions are fulfilled
(i) E(t) and Eq(t) are non-negative functions defined on R;;

(ii) p, M1 and My are non-negative constants, and Mz > 0;

(i1i) B(z) is a function such that if z < Ms, then B(z) < 0;

(iv) for allt € R,

E@t)<p+Mr Y [B()+ME* )+ B(E)E(Q);
CER (<t
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(v) E(0) < p, and for some t1 € R,

1
p62M1t1 S min(ﬁz, Mg)
Then for allt € R;, t<ty,
E(t) < pe?Mht,

4. Error Estimation

In this section, we first analyze the generalized stability of scheme (2.1). Assume
that the initial values and the right terms of scheme (2.1) have the errors @(0), 5(0), f(t)
and g(t) respectively, which induce the errors @ and p of u and p. They satisfy

(@e(t), v) + (d(u(t) + 07ue(t), a(t)), v) + (d(at) + oran(t), u(t) + a(t)), v)
+u(V(a(t) + ot (t), Vo) + (V(p(t) + 07pi(t)), v) = (f(t),v), Yv € Var,

(BDe(t), v) + (V- (@(t) + 01wu(t)),v) = (g(t),v), Vv € Sy-1,n.
(4.1)

Let € > 0, and m be an undetermined positive constant. By putting v = 2a(t) +
m7u(t) in the first formula of (4.1), we have from Lemma 1 and integrating by parts
that

(laON)e +r(m =1 =€) [a(®)|* + 2v [a(t)[; + vr(o + %)(!ﬂ(t)\f)t

+urdom — o — D) O + (V) + 0ru(t)), 20(t) + mrin(t)

(4.2)
3 2
£ SR < )P+ 0+ 5o o)
j=1
where
Fi(t) = 7(m = 20)(d(a(t), u(t) + a(t)), u (1)),
Fy(t) = 2(d(u(t) + otue(t), a(t)), a(?)),
F3(t) = mr(d(u(t) + 0Tue(t), 4(t)), G (t)).
By putting v = 2p(t) + m7p(t) in the second formula of (4.1), we get from Lemma 1
that
BUBONP): + Br(m —1 =€) |Be()]* + (V - (@(t) + 0riin(t)), 25(t) + mrpu(t))
< BIFOIE+ (5 + ) (o). -
- 8 40e

By combining (4.2) and (4.3), we obtain
(@) + BB +7(m = 1 =) ([[ae* + 5 15:(6)]1*) + 2v |ﬂ( t))3

+ (o + ) ([a®) )+ vr(om — o = 2) [ \1+ZF 4

< la)* + Bl +<1+— (7ol + 3 1aw®),
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where
Fy(t) = (V(p(t) + 07pi(t)), 2a(t) + mrtg(t)) + (V - (@(t) + 07a,(t)), 25() + m7p(t))
= (m = 20)7[(V - a(t), pe(t)) + (VB(t), 6 (1))]-
We estimate |Fj(t)] (j=1,---,4). By Lemma 7, we have

T\m — 2
( 4625) ld(@(t), u(t) + a(t))|

er(m — 26)?

<er i (t))? + ﬂ(\ld(ﬂ(t%w))\lz +[ld(a(t), a(t))|*)
ull} o ()12 + [a)]7)

a1 la@)l;

IE()] < elllullly o (@)1 + l[a@)] |a)],)

12 2 & -
< L0 + e+ < Ml o) Ml o 150

We get from Lemma 7 and Lemma 2 that

|Fy ()] < er[|a(t)]) +

B cr(m — 26)2
< er flad(r)? + T2

n cr(m —26)?M2?N"!

’ 2

Tm2
IBy()] < e au®]? + T d(u(t) + drus(6), (1))

2
- ctm - -
< era(t)]? + Iulll} oo (@I + [a)]7)-
Moreover,
THG | . s T(m—20)% _ 5 nB(m—20)2 _
< — Sl S
B0 < 5P I+ T jatof: + P2 )

2

+%|at(t)|§, b>0.

By substituting the above estimations into (4.4), we obtain

(@) + BB +7(m — 1 = 3¢ — g)(llﬂt(t)ll2 +B5:6)])

7(m — 26)2 m
(o= T2 o)t + et + (a0
m 1, .
For(om—o =2~ D) a0}
< (O + BIFOI) + BUGON @ + G, (45
where
n{m — 2 C CTm2 m — 2

My =14 220 +cwmuw+<;+ S 2®))mmmm,

v er(m?+ (m—26)2 er(m — 26)2M2N™1
Blla))) = —5 + T2 ey el 2 2PN iy

Gt = 1+ Sy 0]+ 5 laIP)
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Let 8 < 1, and suppose that

1 1 1
= 2M* ~1)N?)|o— 2| < — 1

T O<2M4—|—(n—1)N2)’ v ( +(n—1)N°)|o 2'<a’ a>1,
— 920)2

B > max <7’(mb7V0)’ cvT(2M* + (n — 1)N2)> .

We take
143e+co+ 5+ (0 + 5)vr(2M* + (n — 1)N?)
m = co > 0.

11 ’

«

Then we get from (4.5) and Lemma 2 that

(Ia®) > + 8 1BOI): + cor(lae @I + 8115 0)%) + 5 @)} + v+ Z) (w1,

< My([[at)|* + Bl5E)I1P) + BUla@)|l) [at)| + G (t). (4.6)
Let

E@t) = a®l* + 816017 +7 > (cor(ladOI” + BB OI) + g [a(Q)l),

CER- (<L
p(t) = [GO)| + BIIBO) > +vr(o + D @O +7 > Gi(Q).
CER- (<L

By summing (4.6) for t € R,

E@) <pt)+7 > [MEQ)+B(la)l) @]

CER- (<L

From Lemma 8, we obtain the following result.
Theorem 1. If the following conditions are satisfied
(i)T:O(m), VT(2M4+(TL—1)N2)‘O'—%‘<l, Oé>1,'

(ii) B> max (T2E cpr(@M* + (n— 1)N?));

(iti) € ter(m? + (m — 20)) [||ull[§ o < %
(iv) for some t1 € R.,

¢ 2M1t1 < Ve )
plir)e = der(m — 20)2M2N1

Then for allt € Ry, t <ty,
E(t) < p(t)e*Mt,

Next, we derive the convergence of scheme (2.1). Let

U(t) = Py nU(t), P (t) = Pa—inP(1),  e(t) = u(t)=U*(t), ¢(t) = p(t)—P*(t).
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By (1.1) and (2.1), we get
(er(t),v) + (d(U* () + 67U (t), e(t)), v) + (d(e(t) + 7es(t), U (t) + e(t)), v)
+v(V(e(t) +oTes(t), Vo) + (V(6(t) + 076:(1)), v)
2
(ElAa() v) = v(A3(t), Vo) = (Au(t),V -v), Vo € Vun,

(ﬁ‘ﬁt( )’ ) + (V (6( ) + eTet(t))v’U) = _(ﬁA5(t)v’U) + (Aﬁ(t)’v)’ Vo € SM—LNv

where

()= 200 070, Aslt) = (U(0)- V)UE) - dU*(6) + 5707 (6, U (1),
As(t)ZUTVUt() Ay(t) = P(t) — P*(t) — 0T P/ (1),
As(t) = Fi(t),  As(t) = V'(U(t) U*(t) = 07U/ (1)).

We give the bounds of || A4;(t)]| (j = -,6). Since

t+1 2
U0 thge) - —%/t+<t+f—c>8;é§od<

and Lemma 4, we have that for any r,s > 1,

2

41 ()] <2H——Ut<> @) - UF @) )

2

o0*U

oru ou |2
ot?

<ecr .
L2(tt+7;M™s(Q))

+or (M 4+ N7
L2(t,t4+7;L2(2))

Let AQ(t) =J; (t) + Jg(t) + Jg(t) where

J(t) = (U) - VU (#) = (U(t) - V)U(E),  Ja(t) = —%(V UT(#)U (1),

J3(t) = =0T (U™ (t) - VU (t) — %5T(V U (@)U (1)

From Lemma 4 and Lemma 5, we get that for r,s > 1, A > %, v > "T_l,

I7:®))1 < 21U ) - VU ) = (U*(1) - V)U@)]?
(U () - VYU () — (U (1) - V)U*(B)]1%)
< (UM o 1U#) = U@ + [T @) 1% 1U () — U*@)]])
<M+ N2 UMI o0 1T 30050
U@ @) 1U Ol 110

By the second equation of (1.1), Lemma 4 and Lemma 5, we obtain that for r, s > 1,
A> 5>

172(8)1* < e [T @)1 IV - (U ) = U* @)
< oM+ N"2) U0 3ern @) IUON 10010
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Similarly,

1I5@)II* < e®T 1U* ()15 (IV (Uelt) = UF @)1 + [ U()I17)
+ e U] o (U () = UF @O + [1U:(0)])

U ||2 Syl
S 6527— U t 2 ) I ) A > = > .
1U( )HXA“’(Q) ot L2(tt+1;M11(Q)) 2 ! ’
Obviously,
2
43| < co?r |2 '
Ot |l L2(t 711 (02))

We have from Lemma 3 that for r, s > 0,

1AOI* < 20| P(t) = PH@)II* + 6> (| BF (1) — PO + [ P(0)])
2

—4r — 4S8 8P
< (M N72) | POl ey + 67 | 5

L2(tt+7;L% ()
Moreover,

OP |2

40 < er | S

)

L2(tt+7;L2(Q))

2

ou
1A6()I1* < (M2 + N72) U (0) 41,001 (q) + €677

a, 9 7’,3>1,
ot

L2(t,t4+75M 11 (Q)) B

By an argument as in Theorem 1, we get the following result.
Theorem 2. Suppose that
(i) conditions (i) and (ii) of Theorem 1 hold;
(i) forr,s > 1, > % and y > "T_l,

oU
. r+1,5+1 A, ,00 ] rs
U € C0,T; My, T (VXM (@ (AWE=(Q),  —- € L*(0,T; M™(9)),
2
%—g € L*(0,T; L*()), P e C(0,T; Hy®()), %—JZ € L*(0,T; L*(Q)).

Then for all t < T,
U (#) = u(@)[* < ds(B7" (7% + M7 + N7%) 4 ),

where d3 is a positive constant depending only on v and the norms of U and P in the
spaces mentioned in the above.
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