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Abstract

In the author’s previous paper [13], a Galerkin/Least-Square type finite ele-
ment method was proposed and analyzed for the stationary N-S equations. The
method is consistent and stable for any combination of discrete velocity and pres-
sure spaces(without requiring the Babuska-Brezzi stability condition). Under the
condition that the solution of N-S equations is unique (i.e. in the case of sufficient
viscosity or small data), the existence, uniqueness and convergence (at optimal
rate) of discrete solution were proved. In this paper, we further investigate the
established Galerkin/Least-Square finite element method for the stationary N-S
equations. By applying and extending the results of Lopez-Marcos & Sanz-Serna
[15], an existence theorem and error estimates are proved in the case of branches
of nonsingular solutions.

1. Introduction

For mixed finite element methods solving the stationary (Navier-) Stokes equations
in the primitive variables, it is an important convergence stability condition that the
Babuska-Brezzi inequality (or inf-sup, or LBB condition) holds for the combination of

11, Employment of combinations which fail to satisfy the com-

finite element subspaces!
patibility condition may yield undesirable pathologies in the approximation of pressure
and velocity. Recently, to deal with this potential shortcoming, the so-called CBBI!Y
or stabilized finite element methods!*!, which circumvents the need to satisfy the LBB
condition by modifying the variational equations carefully, have been developed under
the motivation of SD (or SUPG) methods(™®l. In addition to works [2-6] on the Stokes
problems, a penalty SD type method and a Galerkin/Least-Square method have already
been proposed for the stationary Navier-Stokes equations in [11] and [13], respectively.
The two methods are stable and different from the method in [12]. So far they have

only been analyzed under the condition of unique solution (i.e. in the case of sufficient
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viscosity or small data). Although G. Lubel! extended the analysis of SD method to
quasilinear elliptic problems of second order in the case of branches of nonsingualr so-
lutions following the abstract approach in [1,10], it seems difficult to apply his method
to analyze the two stabilized methods'*:13] for the stationary Naver-Stokes equations
in the case of high Reynolds number.

In this paper, we further investigate the Galerkin/Least-Square method established
in [13] for the stationary N-S equations. By applying and extending the abstract results
of Lopez-Marcos & Sanz-Sernal’dl, the existence, uniqueness and error estimates are
proved in the case of branches of nonsingular solutions. It is worth mentioning that

11 can be similarly analyzed in the case of branches of

the penalty SD type method
nonsingular solutions by our discussions.

For SD method applied to the nonstationary Navier-Stokes equations we referred
to papers [8,9,18].

An outline of the paper follows. In Section 2, we introduce some notations which
are important for the following presentation. In Section 3, we present the Galerkin/
Least-Square method established in [13]. The main result of existence and convergence

of branches of discrete solutions contained in Section 4.

2. Notations and Preliminaries

Throughout this paper, €2 is supposed to be a bounded domain in R",n = 2 or 3,
with a Lipschitz continuous boundary I'. For a scalar function w on a measurable subset
G CQ, let || w|lkpe and |w
space W*P(@G), respectively. For vectorvalued functions u = (uy,---,u,) € WEP(G)?

kp,c be the usual norm and seminorm on the Sobolev

and v = (vy,---,vn) € L°(G) we use the following norms and seminorms, respectively.

n n
[ull} e = Do Mwilly s [ulf e = D uilf o
i=1 i=1

[0l = max o

0,00,G+

(-,-)¢ denotes the inner product in L?(G) and L*(G)", G C Q respectively. In the case
of G = and p = 2 we omit the index G and p. Henceforth, we denote by C a generic
constant independent of h. Other notations without being specially explained are used
in the usual meaning.

In this paper, we consider the following stationary Navier-Stokes equations with
boundary conditions.

—vAu+u-Vu+Vp = f in Q.
divu = 0 in Q, (2.1)
ulgo = 0,

where u = (u1,--,u,) is velocity vector, p the pressure, f = (f1,---, fn) the body
force, v the constant inverse Reynolds number. Problem (2.1) is equivalent to the
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following variational problem:

(N) Find @ = (u,p) € X such that for all w = (w,r) € X,

A, w) = va(u,w) + b(u;u,m) — (p,divw) + (r,divu) — (f,w) =0,
where
a(u,w) = (Vu, Vw).
b(u;v,w) = %{(u -Vu,w) — (u-Vw,v)} Yu,v,w €V,
V= Hy(Q)",Q = Lj(Q):; X =V x Q.
Let A =1, the operator ®) € (X — X’) associated with (A) by
< ®\(0), 0 >= A (D)
is differentiable in sense of Frechet:
< @\ (4)0, W >= va(v,w) + b(v; u, w) + b(u; v, w) — (g, divw) + (r, divo) (2.2),

where < -, - > denotes the scalar product between X and the corresponding dual space.

Let A C (0,00) be a compact interval, A = 5 € A. In this paper, we concern with the
approximation of a continuous branch A — 4y, of (N'), which are nonsingular solutions
in the sense that if there exists 0 = (v,q) € X such that for any w = (w,r) € X

< D\ (G))0,10 >=0 (2.3)

then o = 0.
The main assumptions on (N) are:
(A1): There exists a branch {(\,4y) : A € A, 4y = (ux,pa) € X} of nonsingular
solutions of (N).
(A2): VA € A |urls + [luallo,co + llpallo < €.

3. Galerkin/Least-Square Finite Element Formulation

Let 7, = {K} be a finite element partition of Q with Q = Ugcz, K, which is

assumed to be regular in the usual sense; and let hx = diam/K. We also assume that
h/hg <C, VK €T, h= m}f}xh;(,

so that we can use inverse inequalities.

We introduce the following finite element spaces of velocity and pressure.

Vi() = {v e Hi(Q)" : v|g € Rin(K),VK € T},
Qn(Q) = {g € LFQ) NH (D) : qlx € Ri(K),VK € Ty},

where

P, (K), if K is a triangle or tetrahedron
Qm(K), if K is a quadrilateral or hexahedron

-
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for each integer m > 0, P,,, and @), have the usual meaning.
Let X = Vj, x Qp, the Galerkin/Least-Square finite element approximation estab-
lished in [13] for the stationary N-S equations (2.1) can be formulated as follows:
(M) Find 4y, = (up, pp) € Xp such that for all @y = (wp, ) € X,

By (up, up; tip, wp) = 0,
where
Bs(u,up; 0,0) = va(v,w) + b(u;v,w) — (g, divw) + (r, divv)
+ X ker, Ok (—vAv +uVv + Vg, —vAw + up,Vw + Vr) g
—[(fsw) + Xker, Ok (f, —vAw + upVw + V)],

for u € Viup, € Vi, o = (v,q), = (w,r) € V x (QN HYQ)). dx = ah,a > 0 is
arbitrary, § is the piecewise constant function defined by ¢|x = k.

Remark 1. Assume f belongs to L*(Q)" and the solution @ = (u,p) of (2.1)
belongs to (V N H2(Q)") x (Q N HY(Q)), i.e.

—vAu+uVu+Vp=f, in L*Q)"
holds, then @ satisfies
Bg(u,vh;ft,ﬁ)h) =0, VYo, €V, wp € Xp. (3.1)

For a given 0y, = (vp,qp), it is obvious that Bs(vp, vp;Op, ) is a linear continuous
function on X}, so there exists a nonlinear operator ® j : X;, — X} with

< (I))\ﬁ(’f)h),ﬁ}h >= Bg(Uh,’l)h;@h,wh), Yoy, wp, € Xp,- (3.2)

Therefore, the problem (N}) can be rewritten as follows:
(ML) Find 4, € X}, such that for all Wy, € X},

< @) p(ip), W >=0.

It means that
Oy p(lp) =0 in Xp. (3.3)

4. Existence and Convergence of Finite Element Solutions

The main result of this paper is the following existence and convergence Theorem
4.0 for the G/L-S finite element method (Np)(or (N3)').
Theorem 4.0. Let

{(\ )t A€ Ay = (ua,pp) € (VN H(Q)™) x (QNHY(Q))}

be a branch of nonsingular solutions of (N'), then there exist two constant hg > 0 and
po > 0 such that for all h € (0,hg] and X € A, problem (N}) have a unique solution
Uxnp = (Urh,Dan) € Xp in the ball

B(po) = {0 = (v,q) € X : [v—uxl1 + |lg = pallo < po},
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which converges to 4y as h — 0. Moreover, if
iy € (VN H™H ) x (Q N HY(Q))
holds for all A € A, then we have
|ux — uxpl1 + [pa — panllo < C(A) (™ + A, (4.1)

where the constant C'(A) depends on the seminorm |uy|m+1, |Prlt, and the parameter a.
For the proof of Theorem 4.0, we shall apply and extend the abstract results of
Lopez-Marcos & Sanz-Sernal'®.

Firstly, let us define norms on X and X} :

Iollx = (ol + lall§)"/?, Vo = (v,q) € X, (4.2a)

< g,0p >

lgllx, = sup . Vge X (4.20)

D E€Xp HﬁhHX

Secondly, let I, = (I,ll, I,%) :V x Q — Vi, x Qp be the usual Lagrangian interpolation
operatorl”l. For a discretization of Navier-Stokes equations (2.1) (or (N)):
Find 1), € X such that
Py p(tin) =0, (4.3)

we introduce the concepts of convergence, consistent, and nonlinear stability in the
sense of Lopez-Marcos & Sanz-Sernal?l.

If & = (u,p) and 4y, = (up,qp) are solutions of (2.1) and (4.3) respectively, then
the element é, = It — 4y, € X}, is, by definition, the global error in 4. We say that
the discretization (4.3) is convergent if there exists hy > 0 such that, for each h with
0 < h < hy, (4.3) possesses a solution 4y and

li Iyu — 1 = 1li e =0.
hlg(l)H ni — Up || x hlg(l)Heth

If, furthermore, ||éx||x = O(h?) as h — 0, then the convergence is said to be of order p.
The local (discretization) error in I5% is defined to be element

), = q))\yh(fhﬂ) S X}IL

The discretization (4.3) is said to be consistent (resp. consistent of order p) if, as h — 0,
we have [|ly]|x; — 0 (resp. [|lx]x; = O(h?)).
We also need the concept of nonlinear stability: the one we shall use is that given

[15]

by Lopez-Marcos & Sanz-Serna Which is an extension of earlier definition due to

Keller[1].

Definition 4.1. Suppose that, for each h in a set H of positive number with
inf H = 0, we define R, € (0,00]. Then the discretization (4.3) is said to be stable,
restricted to the thresholds Ry, if there exist positive constants hy and S (the stability
constant) such that, for h in H with h < hy, the open ball B(Iyt, Ry,) is contained in
the domain Xy, and such that, for any vy and Wy, in the ball

[on — Wrllx < S[[Pan(0n) — Pan(dn)lx; - (4.4)
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With these definitions the following convergence result is derived by Lopez-Marcos
& Sanz-Sernal'! abstract approach.

Theorem 4.1. Assume that the discretization (4.3) is consistent and stable with
threshold Ry. If ®p is continuous in B(Iyi, Ry) and |ln|x; = o(Ra) as h — 0,
then (i) for h small enough the discrete equations (4.3) possess a (convergent) solution
in B(Int, Ry). (ii) That solution is unique in the ball. (iii) As h — 0 the solution
converges to 4. The order of convergence is no smaller than the order of consistency.

Proof. See Lopez-Marcos & Sanz-Sernal!d.

We shall use the above definitions to prove the convergence of problem (N}) (or
(Nn)'). We have the following result.

Theorem 4.2. For a given A € A, let
iy = (ur,pa) € (VN HAQ)) x (QN H'(Q))

be a nonsingular solution of problem (N'), then there exist two constants ho(\) > 0 and
p(X) > 0 such that for all h € (0, ho(N)] problem (Ny) (or (N)') has a unique solution
Uxp = (unp,prn) € Xp in the ball B(Ipay, p(X)) which converges to uy as h — 0.
Moreover, if

iy = (wn,pa) € (VNH™HQ)™) x (QN H () |

then we have the error estimates:
ux — uxpl1 + [Pa — panllo < CA) (R + B (4.5)

where the constant C'(X\) depends on the seminorm |ux|m+1, |pAli and the parameters \,
a.

We shall prove this theorem by a sequence of Lemmas which prove the consis-
tency and stability of the Galerkin/Least-Square finite element approximation (N3)
(or (A3)).

Since A is compact, Theorem 4.0 can be easily proved by Theorem 4.2. We need
only to prove Theorem 4.2.

Lemma 4.1. With @), defined by (3.2) the inequality

[@xnTnun)llx; < CO(Tpux = urli + [IT5px — pall3
|02 —vA(Tfuy — un) + V(IEpx — pa)llIE )12

holds. Hereafter || -
independent of h.
Proof. From (3.1) and (3.2) we have that

on = ez, |l - ”%,K)l/ch()‘) is a constant dependent on A, but

< O p(Inin), b >=Bs(Tjux, Iyux; Inii, W)
=Bs(Ijux, Ihuy; Intix, oy) — Bs(ux, [yun; dix, )
=[va(Ituy — uy,wy) — (IFpy — pa, divwy,)]
+ [b(ux; Thuy — ux, wp) + b(TEuy — ux; IHuy, wy)
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+ (rp, div(Iiuy — uy))] + Z Sr(—vA(THuy — uy)
KeT,
+ (I;llu,\ — uA)VI}%U)\ + U,\V(I}LUA —uy)
+ V(I;%p)\ —pa), —VAw, + I}LuAth + Vi) K

=51+ 52+ 83 , Vaby, = (wp, 1) € X (4.6)

By Cauchy-Schwartz inequality we have
151] < O(v + D)(Tun —u)1 + [ Z5pa — pallo)lwnlr (4.7)
|So| < C(1+ [uxlr + [ Tyual) [Ty — uxh (fwnh + [[alo) (4.8)

|S3] < 6M2H(51/2[—VA(I}Lu>\ —uy) + (Truy — upn)VIiuy
+urV(Ihux = un) + V(IEpx = p)lllos (4.9)
|| = vAwp, + IuaVwp + Vryllon

where 6y = maxzeqd = ah?®. By LY(Q) — HY(Q) for n < 3 and using an inverse
inequality we have

18172((Dhur = ux)V s+ ur ¥ (L — )]l

1/2
< 03 (1 s = wall el VIuall o + lfuallo.cc T — ualy) (410)
< Cah(h™| T —wlly| Zhuall + fuallo.c Thus = ualy)
< C(Lual + luslloeo) Tyua — uxh
H — vAwy, + I}LuAth + VT’hHo,h < Chil[(v + \I,llu,\|1)|wh]1 + HthO] (4.11)

Combining (4.9) to (4.11) we have
193] < Cl(Thuah + lualloco) Haus — urh
|62 (—vA(ILux — ux) + V(IEpx — pa))llon] (4.12)
(v + [Lhuxl)wa |y + [I7a o]
By (4.6)~(4.8) and (4.12), we obtain for any w, € X},
‘ < (I))\,h(fh’ll,\),if}h > ‘
< C(l+v+ |Lux)[(1+ v+ |lualloco + |urls
+HIEual) [ Tuy — walt + [ T2pA — pallo
|62 (—v AL un — wn) + V(IEpa — px)lloa) (Jwal1 + lIrallo)

By the definition of || - [|x;, we have

[@xnInin)llx; < C(L+ v+ [Lua)[(1+ v+ [lualloe
+luxlt 4+ [Thual) - [Thux — ualy + [ Tipa = pallo
+|0Y2(—vA(TEuy — up) + V(I2py — py)
Since ||uxllo,00 and |uy|; are bounded, we get
[@xn(ntn)llx; < C)Ipun — ualy + [[T5px = pallo
82 [~rA(Luy —uy) + V(Iipa = p)]llon

O,h]
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from A\ = %

We now have the following consistency result for the G /L-S finite element discretiza-
tion (N3) (or (./\[h)l)

Lemma 4.2. If 4y = (uy,px) € (VN H2(Q)") x (Q N HY(Q)) is the solution of
problem (N) (or (2.1)), then the G/L-S finite element discretization Ny, (or (Ny)') is
consistent.

Proof. From Lemma 4.1 and the well-known interpolation error estimates!!”), we
have

[Pxn(Tnin)] x; < C(A)h, (4.13)

(where C()\) is independent of h) and consequently
[Pan(Inia)llx; = O(h) = o(1) .

This proves the result.

Consistency of the discretization (A},) (or (M},)") has been established hence con-
vergence will follow if nonlinear stability can be proved. As establishing (4.4) directly
is difficult we follow Lopez-Marcos & Sanz-Sernal'® by considering the stablity of lin-
earized problem and applying the following theorem.

Theorem 4.3. (Lopez-Marcos & Sanz-Serna) Assume that for each h in H, h
sufficiently small, the mapping ®y 5, is differentiable at each point vy, € Xj, in an open
ball B(Ipuy, Ry,) with Frechet derivative denoted by <I>'/\7h. Suppose that the inverse exists
with

1@ (Tnin)) M, < L

and furthermore assume that there exists a constant M € [0,1) such that for each
Op € X, in B(Ipty, Ry),

195 1 (0n) — @ p(Tnin)lLix,xp) < M/L (4.14)

Then the discretization (4.3) is nonlinearly stable with threshold Ry, and stability con-
stant S = L/(1 — M).

We shall prove that the conditions of Theorem 4.3 are fulfilled by the G/L-S finite
element discretization (N},) ( or (N3)') and hence it is nonlinearly stable. To this end,
it is immediate that the Frechet derivative of the mapping ®) ;, defined by (3.2) satisfies

< <I>'/\7h(?lh)@h, wp, >=va(vp, wp) + b(vp; up, wr) + b(up; vy, wp)
— (qn, divwy,) + (rp, divoy,)
+ Y S (—vAv, +up Vo + v Vug + Vap,
KeT,
— vAwy, + upVwy, + Vry) g

+ Z 5K(—VAuh + upVup + Vpn, Uthh)K
KETh

= > Ox(f,vrVwn)k - (4.15)
KeT,



226 M.F. FENG AND H.X. XIONG

From which the following Lemma can be established.
Lemma 4.3. For every vy € X}, there exists ho(\) > 0 such that for each h,0 <
h < ho(A),
[on|lx < LI 4 (Inin)0nl x; - (4.16)
Proof. We prove this by contradiction. Suppose the statement of the Lemma is
false, then a sequence {0y} with respect to h in X}, can be chosen so that

lim (|9 1, (Th@r) o x; = 0 (4.17)

with
[Onllx = 1. (4.18)
Since any bounded sequence in HE () has an L? convergent subsequence, by (4.18)
there is a weakly converging subsequence in V' x @ which for simplicity we denote

again by {0}, we may presume that v, — © as h — 0. It follows that for any
w e (VNH2(Q)") x (QNHY(Q)),

}Llif% < (I),)\’h(fhfb)\)@h, Iy >=0. (4.19)
Expanding the term < <I>’)\7h(f RUN)Op, In > and taking the limit implies that
va(v,w) + b(v; uy, w) + b(ux; v, w) — (divw, q) + (dive, r) + }Ilin%) Fl=0, (4.20)

where
Fl= Y ker, Ok (—vAv, + I Vo, + v, VItuy + Vap,
—vAIlw + LupVIiw+ VIFr) g
+ 2 KkeT, S (—vAILuy + [FuaVItuy + VI2py, v VIiw) g
— > KeT, Sr(f, thIfle)K .
By Cauchy’s inequality, L*(Q) — H'(Q) for n < 3, an inverse inequality, and (4.18),
we have

|Fﬁ| < Z Or || — vAv, + I}ILU)\VU}L + UhVIflLuA + Van |O,K

KeT,
= yAI%w + I,iu,\VI,iw + VI;%THQK
+ 6ar(|| = vATL uy + TupyVIiuy + VIipy
<Cop(vh™ onlt +h™ anllo + [Hhullo.a
NVonlloa + lloalloal VIyualloa)
-(lwlle + 171l + 1 T ulloall VIwlio)
+ Counr (|| fllo + vh ™ Iuals + b~ Ipallo
+ [ hurlloal VIyuallo) - lonllo,allV Izwllo.4
<Cop(vh ™ only + h 7 lanllo + B34 Lunli[onh)

(llwllz + lIrlh + Zyualiwll2)

0.+ [ flo)lonV Izl
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+ Cou([Ifllo + vh™ | Tyualt + B M Ipallo + ¥4 Tiua D) lon [|wll2
<Coph™ (v 4 Jun D) [(v + funl 1) [wll2 + [7]14]
+Couh™ (|| fllo + viual + [lpallo + [ual}) [[w]l2
SC()‘afv ﬁ)\,ﬁ))h ) (421)
where C(, f, Uy, w) denotes a constant dependent on A = %,f, iy, and w, but inde-
pendent of h. By (4.21), we have limj,_o F} =0, i.e. for
W= (w,r) € (VNH(Q)") x (QnHY(Q)),
(4.20) becomes
va(v,w) + b(v;uy, w) + b(uy; v, w) — (divw, q) + (dive,r) =0, (4.22)
since (V. N H2(2)") x (Q N H'(2)) is dense in V x @, we obtain that
< P\ (up)0, 0w >= va(v,w) + b(v; uy, w) + blux; v, w)
—(divw, q) + (divv,r) (4.23)
=0
for each w = (w,r) € V x Q. Since 4y = (uy,py) is a nonsingular solution of problem
(N), we conclude that © = 0. Thus we have proved that ||vg|lo — 0 as h — 0.
Now we prove that
Lim (Jon|1 + llanllo) = 0 -

By (4.17) we get
}lLli% < q)/)\,h(IhaA)@ha{)h >=0 (4.24)
and
< @ 4, (Intin)Op, 0 >= S1 + Sz + Sz, (4.25)
where
S1 = wva(vn,vn) + Y ger, O (—vAUL + [JuxVo, + Vg,
—vVup, + I}ILU)\VUh +Van)k
Sa = b(vn; Tyux, va) + b(Ijux; vh, vn) = b(vn; Tjux, vs)
Sy = Y ker, 0k (nVILuy, —vAv, + iuVop + Van) i
+ 2 KkeT, (5K(—VAI}IL’U,)\ + I]%UAVII}LUA + VI,%p)\, v Vo) K
= Yker, 0k (f;vnVun)Kk -
It is easy to see that
Sy = vlop[} + |62 (—vAvy, + Lua Vo + Var) |13, - (4.26)
Using Cauchy’s inequality, L*(Q) — H'(Q2) and L>(Q) — H?(2) for n < 3, an inverse
estimates, and (4.18), we have
1S2| < C(llvnllollvnllo.all VI ualloa + [[Tyullo.colvnl1]|vallo)
ClllvallolvalilVuallos + l[uallo.cclvalillvallo) (4.27)
Clluall2llvnllo

IN A
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|S5] < 5M||thI,1u,\||0|| — vAvy, + I,{u,\Vvh + Vanllon
+ou (|| = vALyux + LuaVIuy + VIEpallos + [1.fllo)[[onVsllo
< CoullonlloallVIzuslloa(wh™ onlt +h™ anllo + [1huallo,colvnlr)
+Com (I fllo + vlluallz + [Ipalls + lluall2lwxli) [vnllo,al Vonllo (4.28)
< Coplvnlilluallz(vh™ ol + A~ lgnllo + lluallo,colvnlr)
+Coh (| fllo + vlluallz + lIpally + lluall2luxly) val?
< Ch[llull2(1 + v+ [lurll2) + | fllo + [[pall1] -

Combining (4.24) — (4.28) and noting that ||vs|lo — 0 as h — 0, we have

%ir%(l/]vh]% + 162 (—vAvy, + TupVuy, + Va)llgn) =0 . (4.29)

This implies that
i =1 = 4.
}Lli%h}hh lim lgnllo =0, (4.30)
which is a contradiction. Hence the statement of the Lemma is true.
The proof of nonlinear stability now follows by verifying the second condition of

Theorem 4.3. We first prove the following Lemma.
Lemma 4.4. If 0}, in X}, then

124 1 (0n) = @ (Inx) | (x, x7)
< Cl( 4 v+ |vpl + [Thual)|on — Tiual + llgn — I7pallo] -

Proof. By definition

(4.31)

[R5 4 (0n) = AL (Tnin)Lix, x;) = sup (|4 () — @) (Intin))2nllx; »  (4.32)

12nllx=1

while

[R5 4 (0n) = @ 4 (Tnin)) 20l x; = H Sﬁlp < (PY p(0n) — PN (Tntix))2n, wn >, (4.33)

where Z;, = (zp,,mp) and Wy = (wp, 71,) are in Xp,. Expanding
< (@Y (0n) — PN (Tntx)) 2p, wp >= S1+ So + S3 4+ Sy, (4.34)
where
Sy = b(zn;vn — Ltuy,wp) + b(op, — Ihuy; 2, wp)
Sy = Y ker, Ok (—vAzy +vnVzn + 2, Vo + Vi, (v, — Tiua) V)i
S3 = Y ker, O ((vp, — IflLuA)Vzh + 2p V(v — I,lluA), —vAwy, + I,lLquh + V)i
S1= Yker, O (—vA(vp — I,%uk) + v, Vop, — I}%U)\VI}LU)\ + V(g — I,%pA), 2 Vwp) i -
For Sy, it is easy to get
51| < C(Jon — Tyualilzaliwnl - (4.35)
By means of Sobolev’s imbedding theorem and an inverse inequality we can prove that

[vllo.co < CA V2 uly,  YweV,. (4.36)
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Using (4.36) and an inverse inequality we have

|So] < Cop(vh™ Yzt + |lon
Jlon = Lyuallo,colwnly
< Con(wh™znh +h™Y2onlilznl + 7 lnwllo) (4.37)
-h_l/g\vh —I,1Lu>\|1\wh|1
< Clon = Lhunlt (v + lval1)|znls + [196llo)wslr

0.00l2n11 + Iz llo.colvnl + B [ lo)

193] < Conr(llon — Thunllo.colznli + llznllocolvn — Thualt)
(vh™ wn |1 + [ Thuallocolwnlt + R~ lrallo)
< C’(Sthl/leh — I}luAh]zhh (4.38)
-(wh™wp|y 4+ hY2 Lux | fwnly + B rlo)
< Clop = Luahlzal1 (v + [ul) lwaly + [[7allo)

1S4l < Omll — vV (vp — TFuy) + vp Vo — ILupaVItuy + V(g — IEpa) lo.nl|2n Vwrllo
< Coy(wh™ o — Lrurly + [[vnllo.colvn — THunly
Hllon = Lhuallo,co - [Thurh
+h " gn — Tipallo)ll2all0,00lwny
< Coph™32((v + |vnl1 + | Tyua ) on — Liual + llgn — I2pallo) |20 )1 |wn 1
< Ol + [onls + [Tyuli)lon = Tyunly + llgn — Tipallo]|2nl1lwnls -

(4.39)
By (4.32) — (4.39), we have

[R5 1 (0n) = @4 (I Lx,.x)
< ClA+v+ vl + Hyual)|vn — Tyualy + llan — Iipallo] -
To prove stability we now show that for a given € > 0 and suitable p.
1@5n(00) = @AW (Tnd) L, xp) <€ i On € B(Intn, p).
We firstly note that
(lonl + Haurlt) < QIual + |vn — Tyuali)
thus, as |[Iluy|; is bounded as h — 0 it follows from Lemma 4.4 that if ¢, € B(Ixiy, p)
then there is a constant () such that
| @ 1, (0n) — l)\,h(Ihak)”L(Xh,X;L) < (B+cp)p , (4.40)
which can be made smaller than e provided that p(\) < eD for a constant D(\).
Lemma 4.5. (The stability result) There exist positive constants p(\) and S for
all vy, and wy, in B(Ipay, p)
[0n — nllx < S||®rn(0r) = Pan(dn)lx;

holds, where ®y p(-) is defined as in (3.2).
Proof. This follows from Theorem 4.3, Lemma 4.3, 4.4 and the above discussion.
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The proof of Theorem 4.2 follows by combining these Lemmas. Using the consis-
tency and stability results of Lemma 4.2 and 4.5, it follows from Theorem 4.1 that
there is a function y , = (up, prn) € X, satisfying (Np) (or (M,)') such that

[Tty — danllx < CO)(TEun —urli] + [ T3pa — pallo

(4.41)
62 [~r A(Lyuy —uy) + V(Iipa = p)]llos) -
Hence, from the triangle inequality and (4.41) it is immediate that
lix = danllx < CO)(Hyua —uals + 1 Z7pa = pallo (4.41)

|02 [~ A(Truy — up) + V(I2pa — p2)]llo.s)

By using @y = (ux,px) € (VN H™(Q)™) x (Q N HY(Q)) and the well-known interpo-

[17]

lation propertiest' ‘!, we finally get

[in — @anllx < CA) (W™ + h)

for h sufficiently small. This concludes the proof of Theorem 4.2.

Remark 2. If the finite element pressure subspace @, belongs only to LZ(Q2), we
need to add the boundary integral term Y_ - Bhi [5x [q][r]ds to Bs(u,up; 0, %w). (Where
B> 0,[q] = ¢+ — ¢q—) in order to obtain corresponding convergences.

Remark 3. Sufficient conditions for convergence were also establihed in [20] for
some common iterative methods (such as successive approximation, Newton’s method)
applied to the G/L-S finite element formulation (A},) of the N-S equations.
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