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Abstract

In the author’s previous paper [13], a Galerkin/Least-Square type finite ele-
ment method was proposed and analyzed for the stationary N-S equations. The
method is consistent and stable for any combination of discrete velocity and pres-
sure spaces(without requiring the Babuska-Brezzi stability condition). Under the
condition that the solution of N-S equations is unique (i.e. in the case of sufficient
viscosity or small data), the existence, uniqueness and convergence (at optimal
rate) of discrete solution were proved. In this paper, we further investigate the
established Galerkin/Least-Square finite element method for the stationary N-S
equations. By applying and extending the results of Lopez-Marcos & Sanz-Serna
[15], an existence theorem and error estimates are proved in the case of branches
of nonsingular solutions.

1. Introduction

For mixed finite element methods solving the stationary (Navier-) Stokes equations
in the primitive variables, it is an important convergence stability condition that the
Babuska-Brezzi inequality (or inf-sup, or LBB condition) holds for the combination of
finite element subspaces[1]. Employment of combinations which fail to satisfy the com-
patibility condition may yield undesirable pathologies in the approximation of pressure
and velocity. Recently, to deal with this potential shortcoming, the so-called CBB[6]

or stabilized finite element methods[4], which circumvents the need to satisfy the LBB
condition by modifying the variational equations carefully, have been developed under
the motivation of SD (or SUPG) methods[7,8]. In addition to works [2-6] on the Stokes
problems, a penalty SD type method and a Galerkin/Least-Square method have already
been proposed for the stationary Navier-Stokes equations in [11] and [13], respectively.
The two methods are stable and different from the method in [12]. So far they have
only been analyzed under the condition of unique solution (i.e. in the case of sufficient
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viscosity or small data). Although G. Lube[19] extended the analysis of SD method to
quasilinear elliptic problems of second order in the case of branches of nonsingualr so-
lutions following the abstract approach in [1,10], it seems difficult to apply his method
to analyze the two stabilized methods[11,13] for the stationary Naver-Stokes equations
in the case of high Reynolds number.

In this paper, we further investigate the Galerkin/Least-Square method established
in [13] for the stationary N-S equations. By applying and extending the abstract results
of Lopez-Marcos & Sanz-Serna[15], the existence, uniqueness and error estimates are
proved in the case of branches of nonsingular solutions. It is worth mentioning that
the penalty SD type method[11] can be similarly analyzed in the case of branches of
nonsingular solutions by our discussions.

For SD method applied to the nonstationary Navier-Stokes equations we referred
to papers [8,9,18].

An outline of the paper follows. In Section 2, we introduce some notations which
are important for the following presentation. In Section 3, we present the Galerkin/
Least-Square method established in [13]. The main result of existence and convergence
of branches of discrete solutions contained in Section 4.

2. Notations and Preliminaries

Throughout this paper, Ω is supposed to be a bounded domain in Rn, n = 2 or 3,
with a Lipschitz continuous boundary Γ. For a scalar function w on a measurable subset
G ⊆ Ω, let ‖ w ‖k,p,G and |w|k,p,G be the usual norm and seminorm on the Sobolev
space W k,p(G), respectively. For vectorvalued functions u = (u1, · · · , un) ∈ W k,p(G)n

and v = (v1, · · · , vn) ∈ L∞(G) we use the following norms and seminorms, respectively.

‖u‖p
k,p,G =

n∑

i=1

‖ui‖p
k,p,G, |u|pk,p,G =

n∑

i=1

|ui|pk,p,G,

‖v‖0,∞,G = max
i
‖vi‖0,∞,G.

(·, ·)G denotes the inner product in L2(G) and L2(G)n, G ⊆ Ω respectively. In the case
of G = Ω and p = 2 we omit the index G and p. Henceforth, we denote by C a generic
constant independent of h. Other notations without being specially explained are used
in the usual meaning.

In this paper, we consider the following stationary Navier-Stokes equations with
boundary conditions.





−ν∆u + u · ∇u +∇p = f in Ω.,

divu = 0 in Ω,

u|∂Ω = 0,

(2.1)

where u = (u1, · · · , un) is velocity vector, p the pressure, f = (f1, · · · , fn) the body
force, ν the constant inverse Reynolds number. Problem (2.1) is equivalent to the
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following variational problem:
(N ) Find û = (u, p) ∈ X such that for all ŵ = (w, r) ∈ X,

A(û, ŵ) ≡ νa(u,w) + b(u;u,m)− (p, divw) + (r,divu)− (f, w) = 0,

where
a(u,w) = (∇u,∇w).

b(u; v, w) =
1
2
{(u · ∇v, w)− (u · ∇w, v)} ∀u, v, w ∈ V,

V = H1
0 (Ω)n, Q = L2

0(Ω);X = V ×Q.

Let λ ≡ 1
ν , the operator Φλ ∈ (X → X ′) associated with (N ) by

< Φλ(û), ŵ >≡ A (û, ŵ)

is differentiable in sense of Frechet:

< Φ′λ(û)v̂, ŵ >≡ νa(v, w) + b(v;u,w) + b(u; v, w)− (q, divw) + (r,divv) (2.2),

where < ·, · > denotes the scalar product between X and the corresponding dual space.
Let Λ ⊂ (0,∞) be a compact interval, λ ≡ 1

ν ∈ Λ. In this paper, we concern with the
approximation of a continuous branch λ → ûλ, of (N ), which are nonsingular solutions
in the sense that if there exists v̂ = (v, q) ∈ X such that for any ŵ = (w, r) ∈ X

< Φ′λ(ûλ)v̂, ŵ >= 0 (2.3)

then v̂ ≡ 0.
The main assumptions on (N ) are:
(A1): There exists a branch {(λ, ûλ) : λ ∈ Λ, ûλ = (uλ, pλ) ∈ X} of nonsingular

solutions of (N ).
(A2): ∀λ ∈ Λ : |uλ|1 + ‖uλ‖0,∞ + ‖pλ‖0 ≤ C.

3. Galerkin/Least-Square Finite Element Formulation

Let Th = {K} be a finite element partition of Ω with Ω =
⋃

K∈Th
K, which is

assumed to be regular in the usual sense; and let hK = diamK. We also assume that

h/hK < C, ∀K ∈ Th, h = max
K

hK ,

so that we can use inverse inequalities.
We introduce the following finite element spaces of velocity and pressure.

Vh(Ω) = {v ∈ H1
0 (Ω)n : v|K ∈ Rm(K),∀K ∈ Th},

Qh(Ω) = {q ∈ L2
0(Ω) ∩H1(Ω) : q|K ∈ Rt(K),∀K ∈ Th},

where

Rm(K) =

{
Pm(K), if K is a triangle or tetrahedron
Qm(K), if K is a quadrilateral or hexahedron
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for each integer m ≥ 0, Pm and Qm have the usual meaning.
Let Xh ≡ Vh ×Qh, the Galerkin/Least-Square finite element approximation estab-

lished in [13] for the stationary N-S equations (2.1) can be formulated as follows:
(Nh) Find ûh = (uh, ph) ∈ Xh such that for all ŵh = (wh, rh) ∈ Xh,

Bδ(uh, uh; ûh, ŵh) = 0,

where

Bδ(u, uh; v̂, ŵ) = νa(v, w) + b(u; v, w)− (q, divw) + (r,divv)
+

∑
K∈Th

δK(−ν∆v + u∇v +∇q,−ν∆w + uh∇w +∇r)K

−[(f, w) +
∑

K∈Th
δK(f,−ν∆w + uh∇w +∇r)K ],

for u ∈ V, uh ∈ Vh, v̂ ≡ (v, q), ŵ ≡ (w, r) ∈ V × (Q ∩ H1(Ω)). δK = ah2
K , a > 0 is

arbitrary, δ is the piecewise constant function defined by δ|K = δK .
Remark 1. Assume f belongs to L2(Ω)n and the solution û ≡ (u, p) of (2.1)

belongs to (V ∩H2(Ω)n)× (Q ∩H1(Ω)), i.e.

−ν∆u + u∇u +∇p = f, in L2(Ω)n

holds, then û satisfies

Bδ(u, vh; û, ŵh) = 0, ∀vh ∈ Vh, ŵh ∈ Xh. (3.1)

For a given v̂h ≡ (vh, qh), it is obvious that Bδ(vh, vh; v̂h, ·) is a linear continuous
function on Xh, so there exists a nonlinear operator Φλ,h : Xh → X ′

h with

< Φλ,h(v̂h), ŵh >≡ Bδ(vh, vh; v̂h, ŵh), ∀v̂h, ŵh ∈ Xh. (3.2)

Therefore, the problem (Nh) can be rewritten as follows:
(Nh)′ Find ûh ∈ Xh such that for all ŵh ∈ Xh,

< Φλ,h(ûh), ŵh >= 0.

It means that
Φλ,h(ûh) = 0 in Xh. (3.3)

4. Existence and Convergence of Finite Element Solutions

The main result of this paper is the following existence and convergence Theorem
4.0 for the G/L-S finite element method (Nh)(or (Nh)′).

Theorem 4.0. Let

{(λ, ûλ) : λ ∈ Λ, ûλ ≡ (uλ, pλ) ∈ (V ∩H2(Ω)n)× (Q ∩H1(Ω))}
be a branch of nonsingular solutions of (N ), then there exist two constant h0 > 0 and
ρ0 > 0 such that for all h ∈ (0, h0] and λ ∈ Λ, problem (Nh) have a unique solution
ûλ,h ≡ (uλ,h, pλ,h) ∈ Xh in the ball

B(ρ0) = {v̂ ≡ (v, q) ∈ X : |v − uλ|1 + ‖q − pλ‖0 < ρ0},
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which converges to ûλ as h → 0. Moreover, if

ûλ ∈ (V ∩Hm+1(Ω)n)× (Q ∩H l(Ω))

holds for all λ ∈ Λ, then we have

|uλ − uλ,h|1 + ‖pλ − pλ,h‖0 ≤ C(Λ)(hm + hl), (4.1)

where the constant C(Λ) depends on the seminorm |uλ|m+1, |pλ|t, and the parameter a.
For the proof of Theorem 4.0, we shall apply and extend the abstract results of

Lopez-Marcos & Sanz-Serna[15].
Firstly, let us define norms on X and X ′

h:

‖v̂‖X = (|v|21 + ‖q‖2
0)

1/2, ∀v̂ ≡ (v, q) ∈ X, (4.2a)

‖g‖X′
h

= sup
v̂h∈Xh

< g, v̂h >

‖v̂h‖X
, ∀g ∈ X ′

h. (4.2b)

Secondly, let Ih = (I1
h, I2

h) : V × Q → Vh × Qh be the usual Lagrangian interpolation
operator[17]. For a discretization of Navier-Stokes equations (2.1) (or (N )):

Find ûh ∈ X such that
Φλ,h(ûh) = 0, (4.3)

we introduce the concepts of convergence, consistent, and nonlinear stability in the
sense of Lopez-Marcos & Sanz-Serna[15].

If û = (u, p) and ûh = (uh, qh) are solutions of (2.1) and (4.3) respectively, then
the element êh ≡ Ihû − ûh ∈ Xh is, by definition, the global error in ûh. We say that
the discretization (4.3) is convergent if there exists h1 > 0 such that, for each h with
0 < h ≤ h1, (4.3) possesses a solution ûh and

lim
h→0

‖Ihû− ûh‖X = lim
h→0

‖êh‖X = 0 .

If, furthermore, ‖êh‖X = 0(hp) as h → 0, then the convergence is said to be of order p.
The local (discretization) error in Ihû is defined to be element

lh = Φλ,h(Ihû) ∈ X ′
h.

The discretization (4.3) is said to be consistent (resp. consistent of order p) if, as h → 0,
we have ‖lh‖X′

h
→ 0 (resp. ‖lh‖X′

h
= 0(hp)).

We also need the concept of nonlinear stability: the one we shall use is that given
by Lopez-Marcos & Sanz-Serna[15]. Which is an extension of earlier definition due to
Keller[16].

Definition 4.1. Suppose that, for each h in a set H of positive number with
inf H = 0, we define Rh ∈ (0,∞]. Then the discretization (4.3) is said to be stable,
restricted to the thresholds Rh, if there exist positive constants h1 and S (the stability
constant) such that, for h in H with h ≤ h1, the open ball B(Ihû, Rh) is contained in
the domain Xh, and such that, for any v̂h and ŵh in the ball

‖v̂h − ŵh‖X ≤ S‖Φλ,h(v̂h)− Φλ,h(ŵh)‖X′
h

. (4.4)
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With these definitions the following convergence result is derived by Lopez-Marcos
& Sanz-Serna[15] abstract approach.

Theorem 4.1. Assume that the discretization (4.3) is consistent and stable with
threshold Rh. If Φλ,h is continuous in B(Ihû, Rh) and ‖lh‖X′

h
= o(Rh) as h → 0,

then (i) for h small enough the discrete equations (4.3) possess a (convergent) solution
in B(Ihû, Rh). (ii) That solution is unique in the ball. (iii) As h → 0 the solution
converges to û. The order of convergence is no smaller than the order of consistency.

Proof. See Lopez-Marcos & Sanz-Serna[15].
We shall use the above definitions to prove the convergence of problem (Nh) (or

(Nh)′). We have the following result.
Theorem 4.2. For a given λ ∈ Λ, let

ûλ = (uλ, pλ) ∈ (V ∩H2(Ω))× (Q ∩H1(Ω))

be a nonsingular solution of problem (N ), then there exist two constants h0(λ) > 0 and
ρ(λ) > 0 such that for all h ∈ (0, h0(λ)] problem (Nh) (or (Nh)′) has a unique solution
ûλ,h ≡ (uλ,h, pλ.h) ∈ Xh in the ball B(Ihûλ, ρ(λ)) which converges to ûλ as h → 0.
Moreover, if

ûλ = (uλ, pλ) ∈ (V ∩Hm+1(Ω)n)× (Q ∩H l(Ω)) ,

then we have the error estimates:

|uλ − uλ,h|1 + ‖pλ − pλ,h‖0 ≤ C(λ)(hm + hl) , (4.5)

where the constant C(λ) depends on the seminorm |uλ|m+1, |pλ|l and the parameters λ,
a.

We shall prove this theorem by a sequence of Lemmas which prove the consis-
tency and stability of the Galerkin/Least-Square finite element approximation (Nh)
(or (Nh)′).

Since Λ is compact, Theorem 4.0 can be easily proved by Theorem 4.2. We need
only to prove Theorem 4.2.

Lemma 4.1. With Φλ,h defined by (3.2) the inequality

‖Φλ,h(Ihuλ)‖X′
h
≤ C(λ)(|I1

huλ − uλ|21 + ‖I2
hpλ − pλ‖2

0

+‖δ1/2[−ν∆(I1
huλ − uλ) +∇(I2

hpλ − pλ)]‖2
0,h)1/2

holds. Hereafter ‖ · ‖0,h = (
∑

K∈Th
‖ · ‖2

0,K)1/2, C(λ) is a constant dependent on λ, but
independent of h.

Proof. From (3.1) and (3.2) we have that

< Φλ,h(Ihûλ), ŵh >=Bδ(I1
huλ, I1

huλ; Ihûλ, ŵh)

=Bδ(I1
huλ, I1

huλ; Ihûλ, ŵh)−Bδ(uλ, I1
huλ; ûλ, ŵh)

=[νa(I1
huλ − uλ, wh)− (I2

hpλ − pλ,divwh)]

+ [b(uλ; I1
huλ − uλ, wh) + b(I1

huλ − uλ; I1
huλ, wh)



224 M.F. FENG AND H.X. XIONG

+ (rh,div(I1
huλ − uλ))] +

∑

K∈Th

δK(−ν∆(I1
huλ − uλ)

+ (I1
huλ − uλ)∇I1

huλ + uλ∇(I1
huλ − uλ)

+∇(I2
hpλ − pλ),−ν∆wh + I1

huλ∇wh +∇rh)K

=S1 + S2 + S3 , ∀ŵh = (wh, rh) ∈ Xh (4.6)

By Cauchy-Schwartz inequality we have

|S1| ≤ C(ν + 1)(|I1
huλ − uλ)1 + ‖I2

hpλ − pλ‖0)|wh|1 , (4.7)

|S2| ≤ C(1 + |uλ|1 + |I1
huλ|1)|I1

huλ − uλ|1(|wh|1 + ‖rh‖0) , (4.8)

|S3| ≤ δ
1/2
M ‖δ1/2[−ν∆(I1

huλ − uλ) + (I1
huλ − uλ)∇I1

huλ

+uλ∇(I1
huλ − uλ) +∇(I2

hpλ − pλ)]‖0,h

·‖ − ν∆wh + I1
huλ∇wh +∇rh‖0,h ,

(4.9)

where δM = maxx∈Ω δ = ah2. By L4(Ω) → H1(Ω) for n ≤ 3 and using an inverse
inequality we have

‖δ1/2[(I1
huλ − uλ)∇I1

huλ + uλ∇(I1
huλ − uλ)]‖0

≤ δ
1/2
M (‖I1

huλ − uλ‖L4‖∇I1
huλ‖L4 + ‖uλ‖0,∞|I1

huλ − uλ|1)
≤ Cah(h−1|I1

huλ − uλ‖1‖I1
huλ‖1 + ‖uλ‖0,∞|I1

huλ − uλ|1)
≤ C(|I1

huλ|1 + ‖uλ‖0,∞)|I1
huλ − uλ|1

(4.10)

‖ − ν∆wh + I1
huλ∇wh +∇rh‖0,h ≤ Ch−1[(ν + |I1

huλ|1)|wh|1 + ‖rh‖0] (4.11)

Combining (4.9) to (4.11) we have

|S3| ≤ C[(I1
huλ|1 + ‖uλ‖0,∞)|I1

huλ − uλ|1
+‖δ1/2(−ν∆(I1

huλ − uλ) +∇(I2
hpλ − pλ))‖0,h]

·[(ν + |I1
huλ|1)|wh|1 + ‖rh‖0]

(4.12)

By (4.6)∼(4.8) and (4.12), we obtain for any ŵh ∈ Xh,

| < Φλ,h(Ihûλ), ŵh > |
≤ C(1 + ν + |I1

huλ|1)[(1 + ν + ‖uλ‖0,∞ + |uλ|1
+|I1

huλ|1)|I1
huλ − uλ|1 + ‖I2

hpλ − pλ‖0

+‖δ1/2(−ν∆(I1
huλ − uλ) +∇(I2

hpλ − pλ)‖0,h](|wh|1 + ‖rh‖0)

By the definition of ‖ · ‖X′
h
, we have

‖Φλ,h(Ihûλ)‖X′
h
≤ C(1 + ν + |I1

huλ|1)[(1 + ν + ‖uλ‖0,∞
+|uλ|1 + |I1

huλ|1) · |I1
huλ − uλ|1 + ‖I2

hpλ − pλ‖0

+‖δ1/2(−ν∆(I1
huλ − uλ) +∇(I2

hpλ − pλ)‖0,h]

Since ‖uλ‖0,∞ and |uλ|1 are bounded, we get

‖Φλ,h(Ihûλ)‖X′
h
≤ C(λ)|Ihuλ − uλ|1 + ‖I2

hpλ − pλ‖0

+‖δ1/2[−ν∆(I1
huλ − uλ) +∇(I2

hpλ − pλ)]‖0,h
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from λ = 1
ν .

We now have the following consistency result for the G/L-S finite element discretiza-
tion (Nh) (or (Nh)′).

Lemma 4.2. If ûλ = (uλ, pλ) ∈ (V ∩ H2(Ω)n) × (Q ∩ H1(Ω)) is the solution of
problem (N ) (or (2.1)), then the G/L-S finite element discretization Nh (or (Nh)′) is
consistent.

Proof. From Lemma 4.1 and the well-known interpolation error estimates[17], we
have

‖Φλ,h(Ihûλ)‖X′
h
≤ C(λ)h , (4.13)

(where C(λ) is independent of h) and consequently

‖Φλ,h(Ihûλ)‖X′
h

= O(h) = o(1) .

This proves the result.
Consistency of the discretization (Nh) (or (Nh)′) has been established hence con-

vergence will follow if nonlinear stability can be proved. As establishing (4.4) directly
is difficult we follow Lopez-Marcos & Sanz-Serna[15] by considering the stablity of lin-
earized problem and applying the following theorem.

Theorem 4.3. (Lopez-Marcos & Sanz-Serna) Assume that for each h in H, h

sufficiently small, the mapping Φλ,h is differentiable at each point v̂h ∈ Xh in an open
ball B(Ihûλ, Rh) with Frechet derivative denoted by Φ′λ,h. Suppose that the inverse exists
with

‖(Φ′λ,h(Ihûλ))−1‖X′
h
≤ L

and furthermore assume that there exists a constant M ∈ [0, 1) such that for each
v̂h ∈ Xh in B(Ihûλ, Rh),

‖Φ′λ,h(v̂h)− Φ′λ,h(Ihûλ)‖L(Xh,X′
h
) ≤ M/L . (4.14)

Then the discretization (4.3) is nonlinearly stable with threshold Rh and stability con-
stant S ≡ L/(1−M).

We shall prove that the conditions of Theorem 4.3 are fulfilled by the G/L-S finite
element discretization (Nh) ( or (Nh)′) and hence it is nonlinearly stable. To this end,
it is immediate that the Frechet derivative of the mapping Φλ,h defined by (3.2) satisfies

< Φ′λ,h(ûh)v̂h, ŵh >=νa(vh, wh) + b(vh;uh, wh) + b(uh; vh, wh)

− (qh,divwh) + (rh,divvh)

+
∑

K∈Th

δK(−ν∆vh + uh∇vh + vh∇uh +∇qh,

− ν∆wh + uh∇wh +∇rh)K

+
∑

K∈Th

δK(−ν∆uh + uh∇uh +∇ph, vh∇wh)K

−
∑

K∈Th

δK(f, vk∇wh)K . (4.15)
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From which the following Lemma can be established.
Lemma 4.3. For every v̂h ∈ Xh there exists h0(λ) > 0 such that for each h, 0 <

h ≤ h0(λ),
‖v̂h‖X ≤ L‖Φ′λ,h(Ihûλ)v̂h‖X′

h
. (4.16)

Proof. We prove this by contradiction. Suppose the statement of the Lemma is
false, then a sequence {v̂h} with respect to h in Xh can be chosen so that

lim
h→0

‖Φ′λ,h(Ihûλ)v̂h‖X′
h

= 0 (4.17)

with
‖v̂h‖X = 1. (4.18)

Since any bounded sequence in H1
0 (Ω) has an L2 convergent subsequence, by (4.18)

there is a weakly converging subsequence in V × Q which for simplicity we denote
again by {v̂h}, we may presume that v̂h ⇀ v̂ as h → 0. It follows that for any
ŵ ∈ (V ∩H2(Ω)n)× (Q ∩H1(Ω)),

lim
h→0

< Φ′λ,h(Ihûλ)v̂h, Ihŵ >= 0 . (4.19)

Expanding the term < Φ′λ,h(Ihûλ)v̂h, Ihŵ > and taking the limit implies that

νa(v, w) + b(v;uλ, w) + b(uλ; v, w)− (divw, q) + (divv, r) + lim
h→0

F 1
h ≡ 0 , (4.20)

where

F 1
h =

∑
K∈Th

δK(−ν∆vh + I1
huλ∇vh + vh∇I1

huλ +∇qh,

−ν∆I1
hw + I1

huλ∇I1
hw +∇I2

hr)K

+
∑

K∈Th
δK(−ν∆I1

huλ + I1
huλ∇I1

huλ +∇I2
hpλ, vh∇I1

hw)K

−∑
K∈Th

δK(f, vh∇I1
hw)K .

By Cauchy’s inequality, L4(Ω) → H1(Ω) for n ≤ 3, an inverse inequality, and (4.18),
we have

|F 1
h | ≤

∑

K∈Th

δK‖ − ν∆vh + I1
huλ∇vh + vh∇I1

huλ +∇qh‖0,K

· ‖ − ν∆I1
hw + I1

huλ∇I1
hw +∇I2

hr‖0,K

+ δM (‖ − ν∆I1
huλ + I1

huλ∇I1
huλ +∇I2

hpλ‖0,h + ‖f‖0)‖vh∇I1
hw‖0

≤CδM (νh−1|vh|1 + h−1‖qh‖0 + ‖I1
huλ‖0,4

· ‖∇vh‖0,4 + ‖vh‖0,4‖∇I1
huλ‖0,4)

· (ν‖w‖2 + ‖r‖1 + ‖I1
hu‖0,4‖∇I1

hw‖0,4)

+ CδM (‖f‖0 + νh−1|I1
huλ|1 + h−1‖I2

hpλ‖0

+ ‖I1
huλ‖0,4‖∇I1

huλ‖0,4) · ‖vh‖0,4‖∇I1
hw‖0,4

≤CδM (νh−1|vh|1 + h−1‖qh‖0 + h−3/4|I1
huλ|1|vh|1)

· (ν‖w‖2 + ‖r‖1 + |I1
huλ|1‖w‖2)



A Galerkin/Least-Square Finite Element Approximation of ...... 227

+ CδM (‖f‖0 + νh−1|I1
huλ|1 + h−1‖pλ‖0 + h−3/4|I1

huλ|21)|vh|1‖w‖2

≤CδMh−1(ν + |uλ|1)[(ν + |uλ|1)‖w‖2 + ‖r‖1]

+ CδMh−1(‖f‖0 + ν|uλ|1 + ‖pλ‖0 + |uλ|21)‖w‖2

≤C(λ, f, ûλ, ŵ)h , (4.21)

where C(λ, f, ûλ, ŵ) denotes a constant dependent on λ = 1
ν , f, ûλ, and ŵ, but inde-

pendent of h. By (4.21), we have limh→0 F 1
h = 0, i.e. for

ŵ = (w, r) ∈ (V ∩H2(Ω)n)× (Q ∩H1(Ω)) ,

(4.20) becomes

νa(v, w) + b(v;uλ, w) + b(uλ; v, w)− (divw, q) + (divv, r) = 0 , (4.22)

since (V ∩H2(Ω)n)× (Q ∩H1(Ω)) is dense in V ×Q, we obtain that

< Φ′λ(ûλ)v̂, ŵ >≡ νa(v, w) + b(v;uλ, w) + b(uλ; v, w)
−(divw, q) + (divv, r)

= 0

(4.23)

for each ŵ = (w, r) ∈ V ×Q. Since ûλ = (uλ, pλ) is a nonsingular solution of problem
(N ), we conclude that v̂ ≡ 0. Thus we have proved that ‖vh‖0 → 0 as h → 0.

Now we prove that
lim
h→0

(|vh|1 + ‖qh‖0) = 0 .

By (4.17) we get
lim
h→0

< Φ′λ,h(Ihûλ)v̂h, v̂h >= 0 (4.24)

and
< Φ′λ,h(Ihûλ)v̂h, v̂h >≡ S1 + S2 + S3 , (4.25)

where
S1 = νa(vh, vh) +

∑
K∈Th

δK(−ν∆vh + I1
huλ∇vh +∇qh,

−ν∇vh + I1
huλ∇vh +∇qh)K ,

S2 = b(vh; I1
huλ, vh) + b(I1

huλ; vh, vh) = b(vh; I1
huλ, vh) ,

S3 =
∑

K∈Th
δK(vh∇I1

huλ,−ν∆vh + I1
huλ∇vh +∇qh)K

+
∑

K∈Th
δK(−ν∆I1

huλ + I1
huλ∇I1

huλ +∇I2
hpλ, vh∇vh)K

−∑
K∈Th

δK(f, vh∇vh)K .

It is easy to see that

S1 = ν|vh|21 + ‖δ1/2(−ν∆vh + I1
huλ∇vh +∇qh)‖2

0,h . (4.26)

Using Cauchy’s inequality, L4(Ω) → H1(Ω) and L∞(Ω) → H2(Ω) for n ≤ 3, an inverse
estimates, and (4.18), we have

|S2| ≤ C(‖vh‖0‖vh‖0,4‖∇I1
huλ‖0,4 + ‖I1

hu‖0,∞|vh|1‖vh‖0)
≤ C(‖vh‖0|vh|1‖∇uλ‖0,4 + ‖uλ‖0,∞|vh|1‖vh‖0)
≤ C‖uλ‖2‖vh‖0 ,

(4.27)
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|S3| ≤ δM‖vh∇I1
huλ‖0‖ − ν∆vh + I1

huλ∇vh +∇qh‖0,h

+δM (‖ − ν∆I1
huλ + I1

huλ∇I1
huλ +∇I2

hpλ‖0,h + ‖f‖0)‖vh∇vh‖0

≤ CδM‖vh‖0,4‖∇I1
huλ‖0,4(νh−1|vh|1 + h−1‖qh‖0 + ‖I1

huλ‖0,∞|vh|1)
+CδM (‖f‖0 + ν‖uλ‖2 + ‖pλ‖1 + ‖uλ‖2|uλ|1)‖vh‖0,4‖∇vh‖0

≤ CδM |vh|1‖uλ‖2(νh−1|vh|1 + h−1‖qh‖0 + ‖uλ‖0,∞|vh|1)
+CδMh−3/4(‖f‖0 + ν‖uλ‖2 + ‖pλ‖1 + ‖uλ‖2|uλ|1)|vh|21

≤ Ch[‖u‖2(1 + ν + ‖uλ‖2) + ‖f‖0 + ‖pλ‖1] .

(4.28)

Combining (4.24) — (4.28) and noting that ‖vh‖0 → 0 as h → 0, we have

lim
h→0

(ν|vh|21 + ‖δ1/2(−ν∆vh + I1
huλ∇vh +∇qh)‖2

0,h) = 0 . (4.29)

This implies that
lim
h→0

|vh|1 = lim
h→0

‖qh‖0 = 0 , (4.30)

which is a contradiction. Hence the statement of the Lemma is true.
The proof of nonlinear stability now follows by verifying the second condition of

Theorem 4.3. We first prove the following Lemma.
Lemma 4.4. If v̂h in Xh, then

‖Φ′λ,h(v̂h)− Φ′λ,h(Ihûλ)‖L(Xh,X′
h
)

≤ C[(1 + ν + |vh|1 + |I1
huλ|1)|vh − I1

huλ|1 + ‖qh − I2
hpλ‖0] .

(4.31)

Proof. By definition

‖Φ′λ,h(v̂h)− Φ′λ,h(Ihûλ)‖L(Xh,X′
h
) = sup

‖ẑh‖X=1
‖Φ′λ,h(v̂h)− Φ′λ,h(Ihûλ))ẑh‖X′

h
, (4.32)

while

‖Φ′λ,h(v̂h)− Φ′λ,h(Ihûλ))ẑh‖X′
h

= sup
‖ẑh‖X=1

< (Φ′λ,h(v̂h)− Φ′λ,h(Ihûλ))ẑh, ŵh > , (4.33)

where ẑh ≡ (zh, ηh) and ŵh ≡ (wh, rh) are in Xh. Expanding

< (Φ′λ,h(v̂h)− Φ′λ,h(Ihûλ))ẑh, ŵh >≡ S1 + S2 + S3 + S4 , (4.34)

where

S1 = b(zh; vh − I1
huλ, wh) + b(vh − I1

huλ; zh, wh) ,

S2 =
∑

K∈Th
δK(−ν∆zh + vh∇zh + zh∇vh +∇ηh, (vh − I1

huλ)∇wh)K ,

S3 =
∑

K∈Th
δK((vh − I1

huλ)∇zh + zh∇(vh − I1
huλ),−ν∆wh + I1

huλwh +∇γh)K ,

S4 =
∑

K∈Th
δK(−ν∆(vh − I1

huλ) + vh∇vh − I1
huλ∇I1

huλ +∇(qh − I2
hpΛ), zh∇wh)K .

For S1, it is easy to get

|S1| ≤ C(|vh − I1
huλ|1|zh|1|wh|1 . (4.35)

By means of Sobolev’s imbedding theorem and an inverse inequality we can prove that

‖v‖0,∞ ≤ Ch−1/2|v|1, ∀v ∈ Vh . (4.36)
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Using (4.36) and an inverse inequality we have

|S2| ≤ CδM (νh−1|zh|1 + ‖vh‖0,∞|zh|1 + ‖zh‖0,∞|vh|+ h−1‖ηh‖0)
·‖vh − I1

huλ‖0,∞|wh|1
≤ CδM (νh−1|zh|1 + h−1/2|vh|1|zh|1 + h−1‖ηh‖0)

·h−1/2|vh − I1
huλ|1|wh|1

≤ C|vh − I1
huλ|1((ν + |vh|1)|zh|1 + ‖ηh‖0)|wh|1 ,

(4.37)

|S3| ≤ CδM (‖vh − I1
huλ‖0,∞|zh|1 + ‖zh‖0,∞|vh − I1

huλ|1)
·(νh−1|wh|1 + ‖I1

huλ‖0,∞|wh|1 + h−1‖rh‖0)
≤ CδMh−1/2|vh − I1

huλ|1|zh|1
·(νh−1|wh|1 + h−1/2|I1

huλ|1|wh|1 + h−1‖rh‖0)
≤ C|vh − I1

huλ|1|zh|1((ν + |I1
hu|1)|wh|1 + ‖rh‖0) ,

(4.38)

|S4| ≤ δM‖ − ν∇(vh − I1
huλ) + vh∇vh − I1

huλ∇I1
huλ +∇(qh − I2

hpλ)‖0,h‖zh∇wh‖0

≤ CδM (νh−1|vh − I1
huλ|1 + ‖vh‖0,∞|vh − I1

huλ|1
+‖vh − I1

huλ‖0,∞ · |I1
huλ|1

+h−1‖qh − I2
hpλ‖0)‖zh‖0,∞|wh|1

≤ CδMh−3/2((ν + |vh|1 + |I1
huλ|1)|vh − I1

huλ|1 + ‖qh − I2
hpλ‖0)|zh|1|wh|1

≤ C[(ν + |vh|1 + |I1
hu|1)|vh − I1

huλ|1 + ‖qh − I2
hpλ‖0]|zh|1|wh|1 .

(4.39)
By (4.32) — (4.39), we have

‖Φ′λ,h(v̂h)− Φ′λ,h(Ihûλ)‖L(Xh,X′
h
)

≤ C[(1 + ν + |vh|1 + |I1
huλ|1)|vh − I1

huλ|1 + ‖qh − I2
hpλ‖0] .

To prove stability we now show that for a given ε > 0 and suitable ρ.

‖Φ′λ,h(v̂h)− Φ′λ,h(Ihûλ)‖L(Xh,X′
h
) < ε, if v̂h ∈ B(Ihûλ, ρ).

We firstly note that

(|vh|1 + |I1
huλ|1) ≤ (2|I1

huλ|1 + |vh − I1
huλ|1) ,

thus, as |I1
huλ|1 is bounded as h → 0 it follows from Lemma 4.4 that if v̂h ∈ B(Ihûλ, ρ)

then there is a constant β(λ) such that

‖Φ′λ,h(v̂h)− Φ′λ,h(Ihûλ)‖L(Xh,X′
h
) < (β + cρ)ρ , (4.40)

which can be made smaller than ε provided that ρ(λ) < εD for a constant D(λ).
Lemma 4.5. (The stability result) There exist positive constants ρ(λ) and S for

all v̂h and ŵh in B(Ihûλ, ρ)

‖v̂h − ŵh‖X ≤ S‖Φλ,h(v̂h)− Φλ,h(ŵh)‖X′
h

holds, where Φλ,h(·) is defined as in (3.2).
Proof. This follows from Theorem 4.3, Lemma 4.3, 4.4 and the above discussion.
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The proof of Theorem 4.2 follows by combining these Lemmas. Using the consis-
tency and stability results of Lemma 4.2 and 4.5, it follows from Theorem 4.1 that
there is a function ûλ,h = (uλ,h, pλ,h) ∈ Xh satisfying (Nh) (or (Nh)′) such that

‖Ihûλ − ûλ,h‖X ≤ C(λ)(|I1
huλ − uλ|1|+ ‖I2

hpλ − pλ‖0

+‖δ1/2[−ν∆(I1
huλ − uλ) +∇(I2

hpλ − pλ)]‖0,h) .
(4.41)

Hence, from the triangle inequality and (4.41) it is immediate that

‖ûλ − ûλ,h‖X ≤ C(λ)(|I1
huλ − uλ|1 + ‖I2

hpλ − pλ‖0

+‖δ1/2[−ν∆(I1
huλ − uλ) +∇(I2

hpλ − pλ)]‖0,h)
(4.41)

By using ûλ = (uλ, pλ) ∈ (V ∩Hm+1(Ω)n)× (Q ∩H l(Ω)) and the well-known interpo-
lation properties[17], we finally get

‖ûλ − ûλ,h‖X ≤ C(λ)(hm + hl)

for h sufficiently small. This concludes the proof of Theorem 4.2.
Remark 2. If the finite element pressure subspace Qh belongs only to L2

0(Ω), we
need to add the boundary integral term

∑
K βhK

∫
∂K [q][r]ds to Bδ(u, uh; v̂, ŵ). (Where

β > 0, [q] = q+ − q−) in order to obtain corresponding convergences.
Remark 3. Sufficient conditions for convergence were also establihed in [20] for

some common iterative methods (such as successive approximation, Newton’s method)
applied to the G/L-S finite element formulation (Nh) of the N-S equations.
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