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A MULTI-GRID ALGORITHM FOR STOKES PROBLEM*!

7. Huang
(Department of Applied Mathematics, Tongji University, Shanghai, China)

Abstract

In this paper we describe a multi-grid algorithm for the penalty procedure of
Stokes problem. It is proved that the convergence rate of the algorithm is bounded
away from 1 independently of the meshsize. For convenience, we only discuss Jacobi
relaxation as smoothing operator in detail.

1. Introduction

Consider the Stokes problem

—pAu+vy p=f=f in €,
divua=0 in Q, (1.1)
u=0 on 0},

where Q is a bounded domain in R%, d = 2 or 3. Since, within a code for the numer-
ical solution of the Navier-Stokes equations, one needs an efficient Stokes-solver, the
multigrid method is very attractive for the solution of the discrete analogue of (1.1).

Brezzi and Douglas [6]

have applied a penalty procedure for (1.1) with the
CO-piecewise linear element of velocity and pressure and achieved an optimal conver-
gence rate. In this paper we establish a multi-grid algorithm for the penalty procedure
of Stokes problem and show that the convergence rate of the algorithm is bounded away
from 1 independently of the meshsize.

The general structure of our convergence analysis for the multi-grid algorithm is
similar to that of Bank and Dupont®3l and Hackbusch!®/. The smoothing properties are
given in terms of a mesh-dependent norm. The approximation properties are obtained
from error estimates in terms of Sobolev spaces. The connection between the associated
scales of Sobolev spaces, however, requires some special considerations. It is performed
via the duality technique of Aubin-Nitsche. To simplify the analysis we only consider
Jacobi relaxation as smoothing procedure in detail.

* Received November 24, 1992.
1) This Work was Supported in Part by China State Major Key Project for Basic Researches and
in Part by Shanghai Natural Science Foundation.
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2. A Multi-Grid Algorithm

A mixed formulation of (1.1) is given by the finding of [u, p] € H}(Q) x L?(Q) such
that
{ a(u,v) +b(v,p) = (f,v) Vv € H{(Q), 2.1)
; :

(u,q) =0 Vg € L*(Q)

with the bilinear form
i 8 u; 0
v) =Y (V ui, v vi) MZ M; Z?x;

i=1 1,j=1
b(v,q) = —(div v,q)

on H{(Q) x H{(Q), HY(Q)

X
over, H*(Q), k € N, and L?*(Q
1]

LY(Q). Here, (-,-) is the inner product in L2. More-
) = HY(Q) are the usual Sobolev and Lebesgue spaces
equipped with the norms[

Il =1 3 | 1D u@]? do.

la|<k

Furthermore, H(Q) = (HE(2))?. We use a circumflex “ " above a function space to
denote the subspace of the elements with mean value zero.

Let Ty be a partition of €2 into d-simplices and hg be the longest side of the simplices
of Ty. We suppose that the simplices of Ty satisfy the usual regularity assumptions for
finite elements!” and that

hK < COPK VK € T07
hxg = diam(K), (2.2)
px = sup {diam(B) | B is a ball contained in K},

where ¢y is not large. The partitions Ty, 1 < k < R, are defined by dividing each
K € Tj_; into 2% d-simplices by joining the midpoints of the sides (cf. Fig. 1). Then
hy = 27%hg, and the partitions T}, satisfy the regularity assumption (2.2) with the same
constant cq.

Fig. 1. Subdivision of triangles in the construction of T} from 7}_4
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Let S; be the spaces of continuous, piecewise linear finite elements corresponding
to Tj,. Following Brezzi and Douglasl® we define the finite element spaces:

X = Sk OH(l)(Q),
M, = S ﬂﬁ[l(Q),
Dk = Xk X Mk.

Brezzi and Douglasl® considered the modification of (2.1) given by the finding of
[u*,p*] € D such that

Lk([uk,pk]; v,q]) = (f,v), V[v,q|] € D, (2.3)

where the space D = H}(Q) x H'(Q) and the bilinear form

Lk([ukvpk]a [Vv q]) = a(uk7 V) + b(v7pk) + b(ukv q) - hi(vpk7 V‘])
The problem (2.3) is a penalized version of the Stokes problem. Let [ug,px] € Dy be
the solution of the equations:

Li([ug, prl; [v,q]) = (£,v),  V[v,q] € Dy. (2.4)
Following Brezzi and Douglas!® we have the Lo-estimate
[u — ugllo + hkllp — prllo < chZ|£]lo,

where [u, p] and [ug, px] are the solutions of problem (2.1) and (2.4), respectively.

In order to apply a multigrid procedure to the problem (2.4), we have to consider
the slightly more general problem :

Problem (Aj). Find [ug, px| € Dy such that

Li([ug, pel; [v, dl) = Ge([v,ql),  V[v.q] € Dy,

Here, the linear forms Gy : D — R are defined recursively with
Gr([v,q]) = (f,v) V[v,q] € Dg.

Note that actually we want to solve Problem (Ay) at level £ = R and that the other
levels are only auxiliary ones.

Let {’y,]g}ﬁvz’“l and {ai}jyz’l“l be the orthogonal basis of X}, and M}, with respect to the
(v, *)i,-product. Recalling Dy = X x M}, we know that

. N . Nl
{’Yia O}j:kl u {o, Ui }j:kl

is a basis in Djy. Corresponding to this basis, Problem (Aj) may written in matrix-
vector notation as Uz, = dj, with the indefinite matrix

A, B,
Ue=| F 7, .
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We will perform the multi-grid algorithm under the (-,-);,-product. In smoothing
step, m steps of a Jacobi relaxation will be applied to the squared system after a
renormalization. The relaxation factor wy in the smoothing steps below has to be
greater than or equal to the spectral radius of Uy, which is proportional to h,;2.

Algorithm 2.1. (one iteration at level k, 1 < k < R, with m smoothing steps)

1. Smoothing : Let [ug,pg] € Dy, be a given approzimation of the solution of Problem
(Ay). Forl=1,2,---.m, compute first [€\ ,nL] and then [ul,p\] from [uf,f_l,pf,f_l] by
solving

(& v) + hi (1o ) = wi {GR([v, q)) — Li([w}, 9l i [v,q)), V[v.ql € Dy, (25)

(wf —u ', v) + AR — vy @) = L[ mids [V a)), Vlv,ql € Dy.  (26)

2. Coarse-Grid-Correction : Denote by [u}_,,pi_4] the solution of Problem (Aj_1)
with the functional :

Gr-1([v.q]) = Gr([v,q]) — Le([u’, p']; [v,ql)  V[v,q| € Dg-1.

If k =1, determine [u)_q,p)_,] = [Wi_1,p5_1]. If k > 1, compute an approzimation
[W,_1,Pk_q) to [uf_1,p5_1] by applying p = 2 iterations of the algorithm at level k — 1
to Problem (Aj_1) with starting value zero. Set

m+1 . / m+1 . /
w' =y gy, P = DR Pk -

For actual computations in the smoothing steps we replace the Lo-product on X
and My, respectively, by the (-, -);,-product. Since the norm || - ||;, is equivalent to || - ||o
on X and Mj, our analysis in Section 3 will also hold if the Lo-product are replaced
by the product above.

3. Convergence Analysis

In this section we prove the convergence of Algorithm 2.1. In subsection 3.1 we
give some properties of the mapping defined in problem (2.3) and of the finite element
spaces, which are the bases of our convergence proof. The convergence rate of the
algorithm is measured in a mesh-dependent norm. Then we state the convergence
result in Theorem 3.1. It is pointed out that we only need to show a smoothing
property and an approximation property corresponding to the two-grid procedure of
Algorithm 2.1 for the proof of Theorem 3.1. Subsection 3.2 is devoted to the smoothing
property. In subsection 3.3 we give some lemmas, which will be used in the proof of
the approximation property in subsection 3.4.

3.1. The Convergence of Algorithm 2.1
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Our convergence analysis will be based on the following properties. The properties
refer to the bilinear forms a, b defined in section 2. The two bilinear forms a, b satisfy

the following continuity, coercively and inf-sup condition!®!

(P1) a(w,v) < c[[wllfvll, vw, v € Hj(Q);

(P2) a(v,v) > a|v|?, Vv € H}(Q) with a > 0;
(P3) b(v,q) < 2| vllllallo, Vv € H(Q), q € H(9);
(P4) inf sup bv.9) > 3, with a constant 3; > 0.

gei (@) veri() [VIilallo

The finite element spaces Xy and M, satisfy the usual approximation properties
and inverse estimates!”:

. ﬁ—a 5
— <
(P {M@awv Vel S bl CIvllp, WeBQ)

iankEMk ”q - QkHoc < Chf_aHQHﬁ Vg € ﬁﬁ(Q)

(PG) { ”VkH1 < chlleVkHO, Vv € Xg;

lakllr < chy laxllos Vq € M.

The properties (P5) will be used in the application of the duality technique and the
properties (P6) in the estimate of the largest eigenvalue of the operator Ly on Dy.

Now we define mesh-dependent norms on Dj. Put A := dimDj. Since
Li([u,p];[v,q]) is a symmetric bilinear form on Dy x Dy, there is a complete set of
eigenfunctions [qﬁi,zﬁi] € Dy, 1 <j <Ay, such that

([0}, 03} [v.a) = M@, v) + W0}, VIv.g € Dy (3.1)
They are assumed to be normalized by
(S @1) + Pk Wd) = 655, VI <dj < A (3:2)

From Brezzi and Douglas [6] the eigenvalues are nonzero, and we can arrange them
such that
0< |)\1| <. <L |)\Ak| = Ak

Given
v,q] = > wjld}, ¢i) € Dy,
j=1
we define the ||| - ||[s x-norm, s € N, by
Ay )
v, dllllsr == D [\[Pwi)z.
j=1
Note that for s = 0 we have

1
1Ev, lllloe = {IIVIZ + AZllqllg}=- (3:3)
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Now we state the main theorem of this paper:

Theorem 3.1. Let ) be a convex polyhedron domain and T}, be a reqular partition
of Q. Suppose that A, < wi, < ch,;2 in Algorithm 2.1. Let 6., be the convergence
rate measured in the ||| - |||ox-norm of one iteration of Algorithm 2.1 at level k with
m smoothing steps. Then, for every k € (0,4_ﬁ), there is a number my which only
depends on k such that

Okym < K Vke N, m>my. (3.4)

The proof of Theorem 3.1 will be arranged as follows. Let [u}, p;] € Dy denote the
exact solution of Problem (Ay) and

Lo % l I % l —
e, ==u; —u, €, = Dp — Dk for [ =0,1,....,m

be the error of the I-th iterate of Algorithm 2.1 with m smoothing steps. Using the

mesh-dependent norm || - [||2,x on Dy, we will establish a smoothing property
c
el et < ———h72|[e?, €2 3.5
et e lize < —smshi 2l bl (35)
and an approximation property
2
I[ef" — ug—1, " — Pr—1llllox < chillller", €]l |2 - (3.6)

They immediately yield the upper bound of the two-grid convergence rate
c

O1m < Ntk (3.7

Then, referring to Hackbusch [8] and the idea of the proof of Theorem 4.1 in Verfiirth
[10], by the smoothing property (3.5) and the approximation property (3.6), we obtain
the two-grid convergence rate (3.7) and the multi-grid convergence rate (3.4).

Therefore, we will focus on the proof of the smoothing property and the approxi-
mation property, respectively.

3.2. Smoothing Property

Proof of the smoothing property (3.5). To simplify the notation, we assume that
wi = Ay in Algorithm 2.1, although the analysis still holds under the weaker assumption
Ar < wi < cAg. Using the eigenfunctions and the eigenvalues of (3.1) and (3.2), we
establish an upper bound of the eigenvalues

N = |Lk([oh, ) (00, wi))]
< allgh? + 2ealldhl [ willo + eshi w2 -

From the inverse inequality (P6), Young’s inequality and the normalization (3.2), we
obtain

A

IN

2 NoLlG + (h ot llo) i llo + vl
< e 2 (lonllg + hillvrlp)
= ch,;2.

A
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Hence, Ay, := max;{|\;|} < chy?. A standard argument® then yields

el i llllzge < Ap_max |o(1—2)"] [[[[e}, xlllo
—1<z<1
1
< Ch_27 eO 60 .
< by o ek eillllo

This completes the proof of the smoothing property.

3.3. Some Lemmas for the Proof of the Approximation Property

In this subsection we give some lemmas for the proof of the approximation property.
Lemma 3.1 shows that the operator Ly : D — D’ is an isomorphism and satisfies the
Babuska condition. The proof of the approximation property will heavily depend on the
Lo-error estimate for the finite element approximation. In Lemma 3.3 we shall obtain
this estimate by the duality technique. To this end we have to acquire the corresponding
regularity estimate for the more general problem by finding of [u*, p¥] € D such that

Li([u”, p"; [v,q]) =< Lv >+ < g,q >, (3.8)

with 1 € (H}(Q)) and g € (H'(Q))’. Lemma 3.2 gives this result. Since a penalty
procedure is used in Algorithm 2.1, we have to need an Lo-estimate between mixed
problem with and without penalty term. This is obtained in Lemma 3.4.

The proofs of Lemma 3.1 and 3.2 can be found in Huang [9].
Lemma 3.1. Let Q be a convex polyhedron. Then the operator

Ly: [¢&neD—[lg eD

defined by
Li([&n), [v.d) =<lLv>+<gq>, V[vqeD

18 an isomorphism, if D is equipped with the norm

v, dlllp = Ivllx + llgllo + Prliglls -

Moreover, the Babuska condition

€111+ limllo + Raellnlls < ¢ sup :
vaen VIl + llallo + Rxllgllx
holds.
Lemma 3.2. (Regularity) Suppose that Q0 is a convex polyhedron and that 1 €
L2(Q), g € L2(Q) . Then there is a unique pair [u*,pF] € H(Q) x H(Q) solving
(3.8). Moreover, uF € H}(Q) NH2(Q), p* € H(Q) N H2(Q) and

k k k _
[u®ll2 + (1P [l + hllp*[l2 < e(lllllo + Ay Mlgllo) -
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Lemma 3.3. (Lg-error estimate) Assume that Q is a convex polyhedron. Given
[x,v] € D, let [xg,vk] = Ri[x,v] € D be the finite element approximation of problem
(8.8) on the space Dy, i.e.,

Li([x = xx, v — w]; [v.q]) =0, V[v,q] € Dy. (3.9)
Then we have the error estimate

x = xk, v — viellllore < chif{llx — xwllt + helly — vill1 }s (3.10)

where ¢ is a constant independent of hy.
Proof. First we rewrite (3.9) as

{ a(X — Xk, V) +0(v,v — 1) =0, V[v,q] € Dj. (3.11)

b(X_Xk7Q)_h%(V(V_Vk)7vQ) =0 )

Now we use the duality technique to prove (3.10). Let [{,n] € D be the solution of
b =(x —

b(£7 (]) - hk(vnv V(]) = hk(y — Vg, Q)
Choosing v = x — xx, ¢ = ¥ — 1}, in (3.12) and subtracting (3.11) from (3.12) we have
for all [v,q] € Dy,

I = xkllg + Rilly = wills = a(§ = v.x = xw) +b0x = xk:n — @)
+b(€ —v,v —v) = B (V () — @), V(v — )

c(l€ = vll1 + In — qllo + hlln — qll1)
(Ix = xxllh + lv — villo + hallv — vell1) -

IN

Applying the approximation property (P5) and Lemma 3.2 we have

Ix = xxll§ + hillvy — villg
< chg(|lEll2 + Inll + helinll2)(Ix — xells + [[v — vello + Bl — villh)
< chp(llx = xkllo + Pl — vello)(Ix = xelle + v = villo + helly — vll1) -

From this it follows that
X = xxllo + Pellv — vello < chi(llx — Xxellt + lv — vello + hellvy — vill) - (3.13)

Next, we use again the duality technique to estimate ||[v — vg|lo. Let [¢), 6] be the

a(,v) +b(v,0) =0 .
{ b(¢,q) =(v—vkq V[v.afe D . (3.14)

solution of
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Then
19l + [16]lo < ellv = villo - (3.15)
From (3.14) and (3.11) we have for any v € X; C H}(Q),
= wills = b, v —w)
= b(¥ —v,v—vg) —a(x — X V)
< dlY = vllolly = wallr + [Ix = x&ll2 V] -

Referring (P5) and (3.15) we obtain

chill¥lllly — vl + lIx — xxllL ¥l
cllv —vello(hellv — velln + [Ix — xxll1) -

lv —will§ <
<

From this it follows that
v = villo < e(hrllv = vielly + [Ix = xkll1)- (3.16)
Now the Lg-error estimate (3.10) follows immediately from (3.13) and (3.16).

Lemma 3.4. Suppose that Q is a convex polyhedron and that1 € L2(Q), g € L*(Q).
Let [x,v] € HY(Q) x L2(Q) and [x*,v*] € HY(Q) x H'(Q) be the solutions of

{ a(x,v) +b(v,v) =(r,v), Vv € H(l)(Q), (3.17)
b(x;q) = hj(s,q), Vg € L*(Q),
and
b(x*,q) — hi(VF,Vq) = hi(s,q), Vg e HY(Q), '
respectively. Then we have the estimate
I = xllo + hellv® — vllo < ehi(|Irflo + Rxlls|lo) - (3.19)

Proof. We use the duality technique to estimate || x* — x|lo. Let [, p] € H}(Q) x
L2(Q) be the solution of

{ a(,v) +b(v,p) = (x*—x,v), Vv € Hj(Q),

b(v, q) =0, Vg e L2(9) . (3:20)

Choosing v = x¥ — x, ¢ = v*¥ — v in (3.20) and subtracting (3.17) from (3.18) we
conclude that

IX® = X113 = a(, x* —x) +b(x* — x,p) + b(¥, v —v) = hL(VVF, Vp).

Applying the regularity estimate of Stokes problem

[9ll2 + el < ellx® = xllo
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and Lemma 3.2 we have
k k k
Ix* = xl3 < hEllv Inllolly < ehillx® = xllo(llrllo + Rxllsllo) -

From this it follows that
I* = xllo < ehi(liello + Arllsllo) - (3.21)
Now we estimate hg||lv — vgllo in (3.19). Subtracting (3.17) from (3.18) we have

a(xk —X,V) +b(v, vk — v) = 0, Vv e H(l)(Q),
b(x* = x,q) — hi(Vv*,Vq) = 0, Vg € HY(Q).

From this and inf-sup condition (P4) it follows that

b(v, vk —v —a(x® —x,v
W= lo<h sup A0V g MO0V k) (322)
veri@)  IIvlh veH) (@) vl
and
b k _ h2 k v
qEHY(Q) llqlo q€H () llqlo
Since (3.18) is the variational problem of
—AxF +vF =, in Q,
div x* — h%Ayk = h2s, in Q,
xF =0, on 0f),
%L: =0, on 012,

by first Green’s formula we obtain

ok
[oavkoag=— [(ao) g+ [T qdy < vl lalo
Q Q r on
From this and (3.22), (3.23) we have
1" = vllo < ehllv*|l2 -
Recalling (3.18) and applying Lemma 3.2 it follows that
hillv* = vllo < ehil[v*ll2 < ehi(llello + Pellsllo) -

Combining this and (3.21) we obtain the estimate (3.19).

3.4. Approximation Property
Proof of the approzimation property (3.6): The proof of the approximation property
is as follows. [u;_,,p;_4] and [e}", ;'] will be considered as the finite element solutions
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of an auxiliary problem in Dy_; and Dy, respectively. We will estimate the auxiliary
problem between the finite element solutions and the solution of the auxiliary problem
by a duality argument. This technique can be seen in Hackbusch [8], Braess and
Verfiirth [4] and Huang [9].

Following the technique in Huang [9], consider the auxiliary function [rg, sx] € Dy
defined by

(rx, v) + hii(sk,q) = Li([efl', e']; [v, q)), V[v.q] € Dy . (3.24)
From the definition of the norms ||| - |||s it follows that
lwellg + i llsilld = Li(leils ei'l; [rrs sa]) < 1110k ik - e sellllox -
Then, we obtain the estimate for the residual [r, si]
[kllo + Prllskllo < clll[ex, € ]lll2,x - (3.25)

Next, we use the estimate of the residual to make an Lo-estimate for the dual problem.
By the Hahn-Banach extension theorem, there exists two linear continuous func-
tional r’ on (L2(Q),] - |lo) and 8" on (L?(Q),]| - |lo) satisfying

<r',v>=(rgv) VveXy, [t = sup (xk, v) <|Irkllo (3.26)
vex; [Vl
and
Sk,
<s',q>=(sk,q) Vg€ My, Is'l = sup Lig) l[skllo - (3.27)
g llallo
Let [x*,v*] and [x*~!,v*71] in D be the solutions of
Li(X* v [ved)) =< v/, v > +hi < s'q >, Vv,q] € D (3.28)
and
Lia(X LM i veg)) =< v’ ,v > +hi < s'.q >, Vv,q]€D. (329)
From Eqgs.(3.24), (3.26) and (3.27) we obtain
Lk([ezn7€;€n]7 [V7q]) =< I'/,V > +hi < Slvq >, \V/[V,Q] € Dy .

From this, (3.28) and the definition of Ry it follows that
[ef', el = Ri[x*, V"] . (3.30)
From the definitions of [u;_,p;_;], Gk—1, [€]",€'] , [k, sk], and (3.26), (3.27), we
conclude that for all [v,q| € Dy
Ly ([up—1 prali[vid)) = Gr-a([v,d))

= L[, ef: [v, q])

= <r',v>+h%<s',q>.



302 Z. HUANG

From this , (3.29) and the definition of Rj_; it follows that

(w1, pioa] = Rt X 0A1) (3.31)

Now we estimate [x*,v*] — Rp[x*,v*] by a duality technique. Let us rename the
Ritz projection [e?, ei*] = Ry[x*,v¥] by [x&,vx]. By Lemma 3.3 we have

1D, %] = Relx® oMo < ehudlIn® = xall + haollv® = v} - (3.32)

On the other hand, referring to the definition of Ry and (3.28) we have for all [v,¢] € D
Lk([xkal/k] - Rk[xkal/k]ﬂ [V,Q]) (333)

= Lk([ka Vk]a [Vv Q] - Rk[V,Q])

=<1, v—vp>+hi <s,q—q >

< (eI + hells" DUV = villo + hxllg — gxllo) -
From Lemma 3.3 we have

v —villo + Prllg — arllo < chi(Iv — vil1 + hillg — qxll1) - (3.34)

From (P2) and the equivalence of the norms || - ||; and |- |; in H'(Q), the definition Ry,
and (P1), (P3), Lemma 3.3, we conclude that

v = vlli + hiclla — axll?

< la(v = vg,v—vg)+b(v—vg,q— q)]
—[b(v = Vi, q — ar) — hi(V (g — ax), V(g — )]}
< la(v = vk, v) +b(v,q — q1)]
—[b(v = vk, @) = hi(V (g — @), Va)]}
< elllv = vills + llg = arllo + hellg = arll) (vl + llgllo + hllglln)
< elllv = villi + hellg = arll) (vl + llgllo + hellgllh) -
Then
v = Vel + hellg = gelln < e(llvll + llallo + Rellgll) (3.35)
holds.

Recalling (3.33), (3.34), (3.35) and Lemma 3.1 we obtain

I = xkll1 + |77 = vkllo + haell® — vell1
L k _ k .
S ¢ sup k([x Xk, V Vk]v [V7Q])
vagep VI +llgllo + hrllglh
chi ([t + hells"]]) -

IN

Combining this and (3.32), (3.26), (3.27), (3.25), we have

D¢ = i v* = wdllloe < chl[fef el - (3.36)
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Analogously, we rename the Ritz projection [uf_,,pi ;] = Rr_i1[x*"v*7!] by

[Xk—1,Vk—1]. From hi_1 = 2h; and (3.26), (3.27), (3.25), it follows that

1D = X, 7570 = ] llloge < eh (Il + hls'll) < chil[l1ef, e ]lllzx -

Let [x,v] € HA(Q) x H'(Q) be the solution of

a(x,v) +b(v,v) =<r',v>, Yv € Hi(Q),
b(x,q) =h<s,q>, Vg e L2(9).

From Lemma 3.4 and (3.26), (3.27), (3.25) we have
1D = xv* = vl < ehi (e[| + fells') < ehill1[ef, eIz,

and

DE = x5 =l < ehlller”s el -

(3.37)

(3.38)

(3.39)

Finally, by (3.36), (3.37), (3.38), (3.39) we obtain the approximation property (3.6),

lller” — w1 €” = Pr—i]lllo

k ok ko k ko k
< X v = RelX®s v¥lllo + 1R, V] = D Yl ok
D6 V] = ReaDFH VY ok + N Re—1 D v 1 = DEH 4 ok
< chilllle, el -
4. Numerical Results
We consider the Stokes problem
—Auy + % = —2y(y? —1)(32% — 1)1— 3y(z? —1)?
—=ERame e, (z,y) € Q,
—Aug + g—z = 2z(2% - 1)(3y? — 1) + 3z(y? — 1)?
S S
~ e O, (z,y) € Q,
%4_%_“; = 07 ($7y)€Q7
Uy = u2 = 07 ($7y) € 897

where the domain = (—1,1) x (—1,1) and the true solution

ur = 0.5(z” = 1)*(y* — D)y,
uy = —0.5(y% — 1)*(2? — 1)z,

N S
p=e (1—22)(1-y2?) |
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Let Ty be the coarsest grid triangulation of €2 into triangles. The triangulations
Ty, 1 < k < 3, are defined by dividing each K € T} into 4 triangles by joining the
midpoints of the sides, as illustrated in Fig. 2.

Fig. 2. The triangulations Ty, 177, T> and T3 of €2 into triangles

We use Algorithm 2.1 to compute the example. The convergence rates 0y, of
two-grid method and multi-grid method are given in Table 1—3.

Table 1
The convergence rates 6y, ,, of Algorithm 2.1
with m Jacobi relaxations in smoothing steps

Okm | MmM=5|m=10 | m=15| m=20 | m =25
k=11 0.90 0.88 0.85 0.82 0.80
k=21 0.94 0.93 0.91 0.88 0.87
k=3 | 0.98 0.95 0.95 0.92 0.90

Table 2
The convergence rates 0y, ,, of Algorithm 2.1
with m Gauss-Seidal relaxations in smoothing steps

Okm |m=1|m=2|m=3|m=5|m=10
k=1 | 0.63 0.56 0.52 0.46 0.38
k=2 | 0.71 0.61 0.54 0.48 0.40
k=31 0.79 0.68 0.57 0.51 0.43
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Table 3
The convergence rates dy, ,, of Algorithm 2.1
with m SOR relaxations in smoothing steps (w = 1.133)

Okm |m=1|m=2|m=3|m=5|m=10
k=1 | 0.60 0.50 0.45 0.35 0.26
k=2 | 0.65 0.53 0.48 0.37 0.30
k=3 | 0.70 0.57 0.52 0.40 0.35
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