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Abstract

In the sense of the nonlinear multisplitting and based on the principle of suffi-
ciently using the delayed information, we propose models of asynchronous parallel
accelerated overrelaxation iteration methods for solving large scale system of non-
linear equations. Under proper conditions, we set up the local convergence theories
of these new method models.

1. Introduction

Consider the large scale system of nonlinear equations
F(z) =0, F:DCR"— R" (1.1)

Given « (o < n, an integer) nonempty subsets J;(i = 1,2,---,«) of the set
{1,2,---,n} with

UJi:{1727"'7n}7
=1

where Ji, Jo, - - -, Jo may overlap among them. For i =1,2,--- a, we assume that
a) f): D x D cC R" x R* — R" satisfies

FO @ 2) = (f0(@;2), £ (w;2), -+, fO(52))T = F(z),  Va €D;

* Received May 9, 1994.
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b) E; = diag(egi), eg), e ,eg)) € L(R™) satisfies

o) —

67(7? >0, for m € J;
m=1,2,---,n

0, for m ¢ J;

(0%
Z E; =1 (I € L(R"™) being identity matrix).
i=1

Then, the collection of pairs (f @) E;)(i=1,2, -, ) is called a nonlinear multisplitting
of the mapping F': D C R" — R".

Nowadays, there have been a lot of more deepened research results on both the
parallel methods, designed by making use of this concept for solving the system of
nonlinear equations (1.1) on the high-speed multiprocessor systems, and their the-

-4 Considering the intrinsic shortcomings of the synchronous parallel

ory analyses
methods, the parallel iterative methods suitable to the asynchronous computational
environments are particularly considerable. It was just in the sense of the nonlinear
multisplitting that paper [4] set up a class of asynchronous parallel AOR iterative

methods for solving the system of nonlinear equations (1.1).

Based on the already existed results, in this paper we propose a class of method
models of asynchronous parallel accelerated overrelaxation iterations for solving the
system of nonlinear equations (1.1) by making use of the above concept of nonlinear
multisplitting and in light of the principle of sufficiently using the delayed informa-
tion. These method models give consideration to both the advantages of the nonlinear
multiple splittings and the concrete characterizations of the multiprocessor systems,
and are of a lot of good behaviours such as convenient computations, flexible and
freed communications and so on. Therefore, they can greatly execute the efficiency of
practical computations of the multiprocessor systems. Following different choices of
the relaxation parameters, not only can the convergence properties of the new asyn-
chronous parallel relaxation method models be improved, but also many applicable
and efficient asynchronous parallel nonlinear multisplitting relaxed iteration methods
such as the Jacobi, Gauss-Seidel, SOR and so on can be obtained. Meanwhile, the
asynchronous parallel nonlinear multisplitting AOR-Newton, -Chord, -Steffensen pro-
grams, being of highly practical value, are set up, which makes the new method models
become further more convenient, applicable and effective in concrete implementations.
Under suitable conditions, we establish local convergence theories for the new models
of the asynchronous parallel nonlinear multisplitting relaxed methods, and estimate the
asymptotic convergence rates of them, too. At last, the local convergence properties of
the asynchronous parallel nonlinear multisplitting AOR-Newton, -Chord, -Steffensen
programs are discussed in detail in a unified form.

This work is really developments of the results shown in paper [2], and is also further
improvements and generalizations of those in paper [4].
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2. Asynchronous Relaxed Method Models

Assume that the considered multiprocessor system is made up of o CPU’s, we
introduce the following notations:

i) for Vi € {1,2,---,a},¥p € Ny = {0,1,2,---},J0) = {Ji(p)}pen, is used to
denote a sequence of subset (may be empty set ¢) of the set J;;

ii) for Vm € {1,2,-- n} Vp € NO,N ( ):={ilm € Ji(p),i =1,2,---,a};

i) for Vi € {1,2,--,a}, 80 = {s{9p),s9(p), -, 5% (p)}pen, is n infinite se-
quences.

The sets J@ and S (i = 1,2,---,a) have the following properties:

a) for Vi € {1,2,---,a},Vm € {1,2,--- ,n}, the set {p € No|m € J;(p)} is infinite;

b) for Vp € No, 'L—J1 Ji(p) # ¢;
c) forWG{1,2,-~,a},Vm6{1,2 -,n}, VpGNO, $n p) < p;
d) for Vi € {1,2,---,a},Vm € {1,2,---,n}, hm sm( )

For Vp € Ny, once we define

s(p) = min_ s)(p),

1<i<a
there evidently hold
s(p) < p, lim s(p) = oc.

p—00

For the large scale system of nonlinear equations (1.1), we now construct the fol-
lowing asynchronous parallel nonlinear multisplitting relaxed method for solving it
numerically:

Method I: Suppose that 2% € D is an approximation of the solution of (1.1), and
that we have got the approximate sequence 2%, x!, - - -, 2P, then the (p+1)th approxima-
tion aPt! = (m’fH, x’z’H, -, xP1T of the solution can be calculated by the following
three processes:

(I) successively solve systems of nonlinear equations

@ (p). . a1 (D) (®)
FO (25 @), gip L g 1’$%’$m:11 e ain Py =, for m € J;(p) (2.1)
m:1727"'7n; 221727"'7

to obtain #4P(m € J;(p),i = 1,2, -+, a), where

i ©) Q) (i)

250 — (21 (p)7x§2 (”)7...795;71 YT i=1,2, (2.2)

while 207 = (277, xé’p, , T ’p)T is given by

(

ip rEEP 4 (1 —r)ap (p), for m € J;(p)
T, = (3)
azfﬁ” (p)7 for m Qf J (p) (2 3)
m:1727 7n7 121727 7a7
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(IT) compute z*P = (;pl’p $2’p, o, 2T by
. (7)
zhP = { Fanl + (1 - )iﬂfrzbn( ), for m € J;(p)
o for m ¢ Ji(p) (24)
m:1727” , 15 i:1727 © Q4

(0%
xfn+l = Z e&?ajf;@p, m = 17 27 2 (25)

Here, r € (0,00) is called as relaxation factor, while w € (0, 00) is called as acceleration
factor.

Clearly, by making use of (2.3), (2.4) can be equivalently written as

) (4)
P — { Wil 4+ (1 — w)ay (p), for m € J;(p)
L —
b, for m ¢ J;(p) (2.6)
m:1,27...’n; i:1’2’...’a‘

It is easy to see from (2.1)-(2.3) and (2.5)-(2.6) that corresponding to the special
choices (0,1),(0,w),(1,1),(1,w) and (w,w) of the parameter pair (r,w), the practi-
cal and effective asynchronous parallel nonlinear multisplitting Jacobi, extrapolated
Jacobi, Gauss-Seidel, extrapolated Gauss-Seidel and SOR methods can be obtained.
Additionally, for Vm € {1,2,---,n},Vi € {1,2,---,a}, when

{JZ — {1,2,"',71}
Vp€ No, Ji(p) =i, sD(p) =p,

Method I reduces to the familiar synchronous parallel nonlinear multisplitting AOR
method(see [2]); when

J; C {1,2,---,7’&}
{Vp € No, (Ji(p) = Ji) \/(Ji(p) = 6) = True, s5)(p) = si(p) € R,

Method I becomes the asynchronous parallel nonlinear multisplitting AOR method
proposed in [4].

In Method I, the exact solution of the implicit nonlinear equations (2.1) is usually
much difficult to obtain, so in concrete applications, we always make use of known
procedures to get an approximate solution of (2.1).

Method II: Given an initial approximation 2° € D of the solution of (1.1), and
suppose that we have got the approximate sequence x°, z!,--- 2P, then the (p + 1)th
approximation P! of the solution is determined by

0 (5O0).
Fp ) f()( W el =120 (27
];[Trlm,,(:vs(’)(P)7 usP)
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as well as (2.2)-(2.5), respectively. Where for i =1,2,---,asm =1,2,--- n,

~i.p Zip snl () L

. (%)
2y s T
Uy = (331 7 Tm—15Tm ) y T (p)) )

Hy(,fb)m(a;, y) is the m-th diagonal element of an approximate matrix H® (z;%) of the ma-
trix o f ) (x; ), while do f D (2;5), 01 f@ (x;y) are the first order derivatives of f®(z;y)
with respect to its variables y, x, respectively.

Corresponding to different choices of H®(z;y)(i = 1,2,---,a) in Method II, we
can derive various practical and effective programs. For example, as

{ H (@ P i) = o 70 w0
m e Ji(p), i=12,---, q,

the asynchronous parallel nonlinear multisplitting AOR-Newton program can be ob-
tained, since the nonlinear equations (2.1) is now solved approximately by the Newton

procedure. Where 8§m) A (x;y) and 8%7”) fy(,? (x;y) represent the m-th diagonal ele-
ments of Oy f(z;y) and 81 ) (x;y), individually; as

fun @Oy 4 hiren) — £ (@500 uip)

,p
m

HiD (P i) =
m e Ji(p), i=1,2,--,q,

the asynchronous parallel nonlinear multisplitting AOR-Chord program can be got, as
the nonlinear equations (2.1) is presently solved approximately by the Chord procedure.
Here hiP(m € Ji(p),i = 1,2,---,a,Vp € Ny) are given difference step sizes, while
em € R™ is the m-th unit vector; as

W (@@ 4 £ (@0 uien) — £ (@ P uip)

I (@O @)

H® (l‘s(i)(p); ui,p) _

mm m
mEJZ(p)7 Z‘:1727"'7047

the asynchronous parallel nonlinear multisplitting AOR-Steffensen program can be ob-
tained, since the nonlinear equations (2.1) is now solved approximately by the Steffensen
procedure.

Analogously, with different choices of the parameter pair (r,w) in Method II, we
can also get an extensive sequence of asynchronous parallel nonlinear multisplitting
accelerated overrelaxation methods. For the length of the paper, we will not enumerate
them one by one, here.

In order to set up the convergence theories of the above two asynchronous relaxed
method models, we introduce an infinite number sequence {m; };e, in accordance with
the following rule:

my is the least positive integer such that

U Jl(p):']l i:1,2,"',()é,

0<s(p)<p<mo
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in general, m;y; is the least positive integer such that

U Ji(p) = J; i=1,2,--,q; 1=0,1,2, -

my<s(p)<p<myi1

3. Preliminary Knowledge

In the subsequent discussion, we will carry on the notations, concepts and essential
conclusions used in [4]-[8]. Particularly, we use < - > and p(-) to denote the comparison
matrix and spectral radius of the corresponding matrix, respectively, while |-| represents
the absolute value of either a vector or a matrix. Additionally, we cite several lemmas
set up in [5], which are crucial for the convergence demonstrations of the asynchronous
relaxed method models established in last section.

Lemma 1. Given ¥ € R" and {z'}}_, C R"(Vp € Ny). Assume that for all t €
{0,1,---,p}, there exist positive number & and positive vector v = (vy,va, -+, v,)T € R"
such that

|zt — 7*| < 6v.

Then there identically hold
270 _ 3 <, i=1,2--,a
provided 8%)(]9) <pm=1,2,---,n;i=1,2,---,«). Where

; (1) (1) ;
_g(®) _ _ _ @)
78 (p) _ (.Z'il (P)7x§2 (1!7)7 . ,£8" (p))]

" , 1=1,2,---, .

Presently, we introduce nonnegative sequences {i%, },cn, and {j%, }pen,, where (m =

1,2,---,«), according to
b= > e, gp= > ), p=012-+; m=12-,n
i€Nm (p) i¢ Nim (p)
Lemma 2. Let&, > 0(m =1,2,---,n). Assume that the sequence {€b,},cn,(m =

1,2,---,n) are defined to satisfy

e <l + dhlehl,  p=0,1,2,---.
Then for any nonnegative integer g < p — 1 there hold

p P
e <= I iE)em+ [[ b, m=1,2--,n
k=p—q—1 k=p—q—1

Lemma 3. Let the sequence {jr(rl;,)}zg]vo (m=1,2,---,n) be defined as

mo—1 mypy1—1

7(7(1)) = H jrp;u jg,—i_l) = H ]57]7,7 l:071727'”'
p=0

p=my
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Then, there hold {jy(,l@)}leNo c0,)(m=1,2,---,n).

4. Convergence Analysis of Method 1
Initially, assume that a* = (a7, 23, - ,a:;kl)T € D is a solution of the system of

nonlinear equations (1.1), and that for each i € {1,2,---,a}, f® :DxD C R*x R" —
R"™ is differentiable in a neighbourhood of (z*;z*). We again introduce the following
notations: ‘

M; = (Mf(é;) = 0o f W (z*; %)

M= (V) = O =L ()
D; = diag(M;)

while for i =1,2,---,a, L; = (lgj), U, = (u,(fb)]) € L(R™) are respectively taken to be

1 _ { —Mﬁ} for m,j € J; and m > j

™ 0, otherwise

O { _Mr(;i;, form,je Ji,m<jorm,j¢ J,and m #j (4.2)
" 0, otherwise

m,j=1,2,---,n.

Evidently, L; is a strictly lower triangular matrix, U; is a strictly zero-diagonal matrix,
and there have

MZ'ZDZ'—LZ‘—UZ', 2':1,2,---,oz. (43)

Noticing that F': D C R™ — R" is also differentiable in a neighbourhood of z* € D at
this time, by the chain rule we know that there hold

F'(x*) = o fD (2% 2%) + 0o f D (2% 2%)
= M; — N;
=D; — L — (Ui + N;)
=D-B(i=12,---,a),

(4.4)

where

D = diag(F'(z*)), B =D — F'(z").

Clearly, when det(D;) #0(: = 1,2,---,«), (D; — L;,U; + N;, E;)(i = 1,2, -+, ) natu-
rally induces a multisplitting of the matrix F'(z*) € L(R™).

Now, we begin to establish local convergence theory for Method I.

Theorem 1. Let x* € D be a solution of the system of nonlinear equations
(1.1), (f9,E)G = 1,2,---,a) be a nonlinear multisplitting of F : D C R* — R",
and f : D x D C R" x R* — R" be continuously differentiable in a neighbourhood
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of (z*;2*) for each i € {1,2,---,a}. Suppose F'(x*) € L(R™) be an H-matriz, and
(D; — Li, Ui + N;, E;)(i = 1,2,-- - ,«v) be a multisplitting of it with

< F'(2*) >= |D;| — |L;| — |U; + N;| = |D| — |B], 1=1,2,---, . (4.5)

Then, there exists a neighbourhood N(z*,8) of x* € D such that the sequence {zP}pen,
generated by Method I starting from any initial approzimation x° € N(z*,d) converges
to the solution x* € D of the system of nonlinear equations (1.1) provided the relazation
parameters r and w satisfy

2
0<r<uw, O<w< . (4.6)
1+ p(|D|1|B])

*

Proof.  Because of * = (z},73,---,25)T € D being a solution of the system of

nonlinear equations (1.1), there hold
FO (2 2%) = F(z*) =0, i=1,2,---,q.

For each ¢ € {1,2,---,a}, Take arbitrarily a nonempty subset J; C J;. Noticing
det(D;) # 0(i = 1,2,---,«), in accordance with the implicit function theorem, there
exist for each m € {1,2,---,n} an open neighbourhood N(z*,5®) of z* and an open
neighbourhood N (x},, 55,?) of z*, such that for any z € N(z*,6®), the function T
N(z*,60) — N(z,, ﬁﬁ,?) determined by

fr(ri)($7 ggl)(gj)v T 7952)—1($)7 Tr(rf) ($)7 Tm+1, 7$n) = 07 m e Jz
and
TV (@) =,  meJ;
is uniquely well-defined and continuously differentiable, where

g (@) = {

r T () + (1 —7)m, for m € J; (4.7
T, for m ¢ J;. '

Evidently, gﬁ,? (m =1,2,---,n) are also continuously differentiable in N(z*,5®). Let

50 = iy 50
N(2*,6D) = N(21,6D) x N(z3,6D) x - - x N(a*,5D) (4.8)
9"(@) = (9" (2), 95" (@), -, gD (@)

Then, ¢ : N(z*,6®) — N(z*,5%) defined by the equations

fr(rll)($7g§2)(x)77g(l) ($)7T(i)($)7xm+17"'7$n):07 meJi) m:1727"'7n

m—1 m

and (4.7) is continuously differentiable and satisfies

{T(%(x**):x*;m med, m=12:n (4.9)
g (") =
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Moreover, by the chain rule, there have

(@) (x*)

m—1

) OT (2)

(0 (i) 99, (i _
- . M M, =
mj + ; ml 8:Ej + mm axj 07
for j <m
i % i Tm 7 :
SN0 S y@20E) e @) e (410
=1 8:Ej al‘j
for j > m
meJ}, m,j=1,2,--- n.
From (4.7) we know that
, (@) ( ‘
agﬁﬁ)(:n*) { r%—i—(l—r), for j =m
T (@)
meJ}, m,j =12, ,n.
Substitute (4.11) into (4.10), the following relations can be obtained
) ) 0 j<m
) m—1 . (@) (). ) (6) ¢ % ’ .
— TNTS?. +r Z M(?Lgl (=) + M,(rgniagm (z) =1 (1—7) 7(;2)1, j=m
J =1 m &Tj axj @)
- —rMmj, j>m
mEji, muj:1727 ) T
(4.12)
Now, noticing (4.7) we get
(@) (g .
el (D; — rLi)M = el [(1 —7)D; + r(U; + N;)], medJ, m=12.--n.

ox
Therefore, there hold

39%) (z*) _ T

) m(DZ—TLZ)_I[(l—T)Dz—i-T(UZ—I-NZ)], med;, m=12--- n.
X

Write
N(z*,0)= () N(z*,dD), N(z*,0)= |J N(z*,89).
1<i<a 1<i<a

Then, for all i € {1,2,---,a},¢®% : N(z*, 5) — N(x*,0) are continuously differentiable
and obey (4.7), (4.9) and (4.13).
Since F'(z*) € L(R") is an H-matrix, p(|D|~}|B|) < 1. For any & > 0, denote

J. = |D|7YB| +eee’,  e=(1,1,---,1)T € R™ (4.14)
By continuity of the spectral radius of matrix and (4.6) we see that

w
pe = p(Je) < 1, e = —¢€ + 1 —wl+wp: <1 (4.15)
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provided ¢ is taken to be small enough. Recalling the Perron-Frobinuis theorem in
nonnegative matrix theory, there exists a positive vector

/U( ) (Uge),vge)’ e 7v7(”LE))T G Rn

such that
Joo®) = pol®), (4.16)

For this €, in light of the continuous differentiability of ¢(® : N(m*,g) — N(x*,9), we
can take 0 € (0, 5) properly small such that

. . (@) (4
19D () — g (") — 898756)(9@ —aM)| <elz -z, i=1,2-,a (4.17)

hold as long as
z e N(x*,68) :={z| |z—=z<s®}c N*d).

Up to now, the proof can be proceeded in three parts.
Part I. Suppose 2° € N(z*,d), then

aP € N(z*,0), Vp € Ny. (4.18)

In fact, when p = 0, (4.18) is obviously true. Assume that for all p < ¢, (4.18) hold.
By making use of Lemma 1 we know that there have

20 e N@*,8), i=1,2-,a (4.19)
at this time, too. Using (4.7) we can equivalently express Method I as
Sw oy, L0 w
= ¥ 0 - 20 P e
iENm (1) i Nom (1) (4.20)
m=1,2-.,n

Considering (4.13), there immediately hold for m = 1,2,---,n that

et —at = Y LELOrw)@ O )+ 2 Y el BRO (Y 0)

’iENm(t) r ’iENm(t) (421)
+ ) el Bi(z! — z%),
i& N, (t)
where
{ ﬁ(i)(T,w) - (Dz - TLi)_l[(l - W)Di + (W - T)Li + W(Ui + Nl)] (4 22)
i=1,2,---, .
, . , g\ (x*)
(@) — () @y Y99\ )k
RY(z) = ¢ (2) — " (27) = =5 — (v —a7) (4.23)

Ve € N(z*,9), i=1,2,---,«
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Because of (D; —rL;)(i = 1,2,---,«) being all H-matrices, we can get the following
inequalities
(D; —rL) ™Y << Dy —rL; > 1= (|D;| — r|Li|) 7, i=1,2,---,a.
Noticing (4.14), the following estimations can be obtained by direct calculations
1L (r, )| < (D = L)~ [I11 = w||Di] + (0 = )| L] + w|U; + Ni]

< (1Ds] = r|Lil)7H(Di| = r[Lal) + (11 = w| = DIDs| +w(|Li| + Ui + Ni)]

< T+ (D] = r|Li ) HDi[(1L = w| = )T + w| Dy 71| B]

< T+ (D3] = L) DA = w = DI+ w](i = 1,2, a),

where in the third inequality we have applied the condition (4.5). Presently, by making
use of (4.16) as well as inequalities

|D;| — r|L;| < |Djl, i=1,2,---, 0,
we can immediately get the following relations
1IL£D ()0 < (|1 —w| +wp)o®,  i=1,2,--- (4.24)
Using (4.17), (4.23), (4.19) and (4.24), from (4.21) we know that
it = 2l < ia0e00D) + ity — a7 (4.25)
< (i + Ji)0vy) = 007
According to the induction, the correctness of (4.18) is confirmed.
Part II. Suppose z° € N(x*,§), then
P e N(z*, A), Vp > my, (4.26)

where
Ap = (0c+ (1 =07 ?)s

A1 = (0 4+ (1 — o)D) A,

O _ (1)
v |ax jy) € [0,1)

[=0,1,2,---.
As 1 =0, by (4.25) and Lemma 2 we can get for m = 1,2,---,n that

™t — | < ihoebul) + jhlab, — |

p p
< (1] s&)oeove + T ik |25, — 2|
k=0 k=0
p p
< (1- ] dh)oeovl) + I jkov)
k=0 k=0
p

= (o +(1—0.) H jfn)évﬁzi)
k=0

< (0e + (1 = 02)j) 50
< ongj).
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Hence, (4.26) is valid.

Assume that for p > my, (4.26) have been proved. Then, when p > m;,1, by making
use of (4.17), (4.23), (4.19) and (4.24) as well as the induction assumption, from (4.21)
we have for m =1,2,---,n that

ml

+1 * . € . *
™t =] < oAl + b |k, — @

hold. Similarly, in light of Lemma 2, there hold for m =1,2,---,n that

p p
bt —ar | < (1= [ dh)eaw) + ] ik lem —ap,]
k:ml k:ml
p p
<= I dkeaw) + ] hAw
k=my k=my;
< (00 + (1= o)) Al
< Aol

Therefore, (4.26) is also valid for this case. In accordance with the induction, we can
conclude the validity of (4.26).
Part III. Suppose z° € N(z*,6), then z? — z*(p — o0).
Let
B =5, 4+ (1 —0)yY, 1=0,1,2,---.

Then {8"},cn, C [0,1). Additionally, as
Ay = DA =

I+1

= 11 8% — 00 — o),

k=0
By (4.26) we know that

lim 2P = z*.
p—oo

5. Convergence Analysis of Method II

Fori=1,2,---,a, let J; C J; and define

| lm_rﬁywﬂm7 me Ji
gr(rzl) (-T) = Hmm(x;»ym,z m)) ) m = 17 27 e, Ny, (51)
T, m ¢ J;

where

{fiﬂzw
/ym’Z(x) = (g?)(‘ﬁ)’ o 79(2) (:E))xm) to 7xn)T7 m = 2737 L2

m—1
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Then, by (2.2)-(2.5), (2.7) and (5.1)-(5.2) we see that Method II can be equivalently
represented as

2Pt = Z e {wg%)( s@(p)) +(1— w Lo (P ] + Z e@gp
’iENm(p) " Z¢Nm( ) (53)
m=12--.n
Based on these identities, we can set up the local convergence theorem of Method
1I.
Theorem 2. Under the conditions of Theorem 1, we additionally suppose that
H(z;y) is continuously differentiable in a neighbourhood of (z*;x*) and satisfies
(w;y)*(w*;w*)
for each i € {1,2,---,a}. Then, there exists a neighbourhood N(x*,8) of * € D such
that the sequence {xP},cn, generated by Method II starting from any initial approx-
imation x° € N(x*,8) converges to the solution x* € D of the system of nonlinear

equations (1.1) provided the relaxation parameters r and w satisfy (4.6).
Proof. Define p,, 0., J. and v(®) as (4.14)-(4.16), and take

N(z*,0):={z| |z—=z"| <o} cD
such that f@ and H® are continuously differentiable on N(z*,48) x N(z*,0) for each
i€{1,2,---,a}. Let
{ r (@) = £ (@ y) — £ @5 a%) — [0 (2% a7) (@ — 2%) + 0o 32 (%5 27) (y — 27)]
m=1,2,---,n
(5.5)
by making use of the induction, we can prove that there exist () ¢ (0, 5) and positive
constants a%),b%),c%) (m=1,2,---,n;i=1,2,---,a) such that
) (@ ’Y"”( )| < a e — |
99 (2) — gD (@*)| < bz —a*| Vo€ N(",69) (5.6)
Y™ () =A™ @) < o) fle — 2|
hold form=1,2,---,n;1=1,2, -+, «
As a matter of fact, by (5.1)—(5.2) we see that

(1) (ommyi (%) * (8) (k. ok m,i * A

* m (%5 +9 —x*)+0 ; (x)—
{ T ¥ pTm @ (@) 401 f (2 5,§ZZ((::c;wfnz(x)2)f @5 @)=2) -y e
1
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Additionally, noticing the continuous differentiability of fy(,? and Hr(,?m (m=1,2,---,m;

i=1,2,---,a) on N(z*,8§) x N(z*,4), by concrete derivation we can obtain (5.6).

Corresponding to each i € {1,2,---,a}, we now define the sets

By the continuity of aém)f,(,? (m=1,2,---,n) in N(z*,6®) x N(z*,6¥) and 4™ (m =
1,2,---,n) in N(z*,6®) as well as

,ym,i(l‘*) ::1}*’ aém)fr(r?(x*ax*) 7&0’ m=1,2---,n,

we know that each Dy(ft) is open. Again, according to the continuous differentiability of
H®  there exists, corresponding to each Dy(ft), a neighbourhood Dn(f) - Dy(é) of z* such
that

HO (2:4™(z)) # 0, Vee DWW, m=1,2--,n.
Write ‘ ' ‘
SOZ) _ Dl(l)7 S(Z) _ S(l)_l n D/(i)7 m = 1’ 2’ R O

m m

Clearly,

m

By (5.1)—(5.2), for m = 1,2,---,n, 97(7? is well-defined in Sﬁ,?. As each D/n(f') is open,
each 57(,? is open, too. Take § € (0, 11211<n 6(®)), a neighbourhood

N(2*,8) = {z| |z—a*| <o} C ()SP
i=1

of x* is therefore determined. Evidently, g(i) (t=1,2,---,a), and hence Method 11, is
well-defined in N (z*,9).

Denote
[Him (37 (@) = 0™ fix) (23 2] gn (@) = g (2) = (@ = 27,
e (237 (x)),
qﬁ,? (z) = for m € J;
—rel F'(z*)(z — x*),
for m ¢ J;
m=12,---,n; 1=1,2,---, .

(5.10)
Then by (5.8) we have for m € j,(m =1,2,---,n;i=1,2,---,a) that

o™ £ (%5 2%) (g (2) — gG) (%)) = O™ £ (2 2*) (@ — @)
— [0 fD (2% 27 (2 — 27) + DafD (2% 27) (v () — )]
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M (g9 () — g (a*)) +r ; M (g (@) — ¢ (%))

= MO (zy, — ) — [0 fD(@*; %) (@ — 2* +ZM(Z i — 7))

or equivalently,

m(Di = rLi) (g9 () — ¢V (2")) = ep[(L =) D; +r(Ui + Ni)l(x —2*) — gy (2), (5.11)

e
where

0D @) = (0P @), g (@), gD @)T,  i=12-,a
Let

{q@(x) - <q§">< pe’@nad@)” L Gy

N(z) = =(Di = L)"') (2)
By making use of (5.10) and (5.11)—(5.12) we can obtain that

{gw@ﬂ—ﬁwmﬂ:e%@h—rhrwﬂ—rﬂh+dU¢hMﬂ@—xﬂ+@ﬁme)

meji, m=1,2,---,n
(5.13)
hold for all ¢ € {1,2,---,a}.
On the other hand, by (5.6) there hold
IRD(z)| < elw —2*|, Voe N6, i=12,a (5.14)

for ¢ sufficiently small.
Now, based on (5.3) and (5.12)—(5.13), the following relations can be concluded,

gt gt = Z el Bic® (r,w)(azs(i) ®) %) + Z el Bi(a? — 2*)
i€Nm (p) i Nim (p)
+ ¥ el B, RO (257 @)
iENm(p)
m=12---,n

where L&) (r,w)(i = 1,2,---,a) are defined in the same way as (4.22).

Up to now, the proof of Theorem 2 can be fulfilled analogous to that of Theorem 1.

We end this section with the following two remarks.

Remark I: The convergence theories of the asynchronous parallel nonlinear multi-
splitting AOR-Newton, AOR-Chord and AOR-Steffensen methods can be got as special
cases of Theorem 2.
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Remark II: The varying intervals of the relaxation parameters r and w in Theorems
1 and 2 can be enlarged to

2

0<r<w, O<w< — .
L+ p(ID|71B])

The proofs are thorough analogies of those of Theorems 1 and 2, for the length of the
paper, we will not demonstrate them here in detail.

6. Numerical Results

We adopt the problem used in [4], i.e., the system of nonlinear equations

F(‘T):O7 F:(f17f277fn)TRn_>Rn (61)
defined by
fi(x) = ajzj 1 = bjwj + cjzj — hPge™,  j=1,2,---,n 62
20=0, Tpq1=1 '
with
aj =1+ (j —1/2)*h?, bj =2+ (25% +1/2)n?
cj =1+ (j+1/2)%h?, gj = 2(1 + 3j2h2)e—3"h* (6.3)
h:l/(n+1), j:1727...7n7

and use the asynchronous parallel nonlinear multisplitting AOR-Newton method
(ANMAOR(r,w)-Newton method) as well as its special cases, that is, the asynchronous
parallel nonlinear multisplitting SOR-Newton method(ANMSOR (w)-Newton method),
the asynchronous parallel nonlinear multisplitting Gauss-Seidel-Newton method
(ANMGS-Newton method) and the asynchronous parallel nonlinear multisplitting
Jacobi-Newton method(ANMJ-Newton method), as representatives to imitate the nu-
merical behaviours of our new asynchronous parallel nonlinear multisplitting relaxed
method models by solving the system of nonlinear equations (6.1)—(6.3) according to
various n, or a fixed n but different choices of the relaxation parameter(s).
We take oo = 2 and two subsets

J1:{1727”'7m1}7 JQZ{m27m2+17"'7n}7

m1 and msy being positive integers satisfying 1 < mo < my < n, of the number set

{1,2,---,n}, as well as weighting matrices
E; = diag(e&i),eg), el (i =1,2)
1, for 1 <j < mgo 0, for 1 <j <mgo
egl) =< 1/2, for mo < j <myq, e§-2) =< 1/2 for mo < 5 < my
0, formi <j<n 1, formi <j<n
i=1,2,-,n
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corresponding to two kinds of block-multisplittings resulted from the following two
choices of the positive integer pairs (mq,ms):

a) my = [2n/3], mo = [n/3];

b) my = [dn/5,  ma = [n/5),
here, [a] is used to denote the integer part of a positive number “a”.

All our iterations are started from an initial guess having all elements equal to 10.0
and terminated once the current iteration xP satisfies both

2P — 2P |0 <2 x 1074

and
| F(2P)||oo < 1.2 x 1073,

This kind of iteration indexes is written as p; and we list it in the following numerical
tables to show the feasibility and efficiency of the above tested methods. For the length
of this paper, we just write several typical data among our numerous numerical results
which can describe the numerical characterizations of these methods.

Table I ANMJ-Newton method

n 8 10 12 15 20 30 40 50 60 80
a) 234 334 426 616 1026 2036 3436 5098 6997 11806
b) 222 306 421 596 976 1986 3313 4942 6858 11511

Table II ANMGS-Newton method

n 8 10 12 15 20 30 40 50 60 80
a) 137 185 234 329 537 1048 1753 2588 3544 5958
b) 130 174 229 314 505 1013 1680 2496 3457 5788

Table IIT  ANMSOR(w)-Newton method(n=30)

w 05 0.8 09 12 15 1.7 1.8 18 19 195 20
a) 3080 1557 1274 709 382 230 157 119% 135 247 oo
b) 3001 1511 1234 681 369 214 131 111x 151 249 794

Table IV. ANMAOR(1.85,w)-Newton method(n=30)

w 05 08 09 12 15 [1.7,1.84 186 1.9 195 [1.96,2.0]
a) 401 257 229 170 134  117x 120 130 152
b) 356 224 199 152 131 109 109 108  104x
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Table V. ANMAOR(r,1.85)-Newton method(n=30)

r 09 12 15 17 18 184 18 19 195 2.0
a) oo bHl4 319 212 152 124 117+« 140 207 427
b) oo 455 309 199 129 102%« 114 156 256 799

In the above tables, “o00” is used to denote the case that the stopping criterion is not

satisfied after the iteration is continued over 15000 times while the value p; listed with

” %7 shows that it is the best among all the choices of the corresponding relaxation

parameter(s) in our numerical experiment and, hence, in that table. Evidently, the
numerical results listed in the above tables are self-explanatory, so it is no need for us
to do further analyses and illustrations.
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