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CONSTRUCTION OF VOLUME-PRESERVING DIFFERENCE
SCHEMES FOR SOURCE-FREE SYSTEMS VIA GENERETING
FUNCTIONS*Y

Shang Zai-jia
(Institute of Mathematics, Academia Sinica, Beijing, China)

1. Introduction

Source-free dynamical systems are of great importance in many branches of physics.
A significant subject for such systems is to design “proper” numerical algorithms.
Since the phase flows of source-free systems are volume-preserving transformations
on the cﬂrrestldjng phase space, the proper way consists in the requirement that the
step-transition maps of the algorithms are volume-preserving. We call such algorithms
volume-preserving algorithms. In [5], Thyagaraja and Haas designed volume-preserving
algorithms for 3-dimensional source-free systems based on a type of generating function
representations of volume-preserving mappings on R>. in [1], Feng Kang and the au-
thor gave a more general method to construct volume-ﬁreserving difference schemes for
general n-dimensional source-free systems based on the decomposition of a source-free
vector field on R" into a sum of n — 1 essentially 2-dimensional Hamiltonian vector
fields and on the well known symplectic difference schemes for 2-dimensional Hamilto-
nian systems. In this paper, we present another general method for the same purpose
whose basis is the generating function apparatus for volume-preserving mappings and
Hamilton-Jacobi theory for source-free systems, which have both been well developed
by the author!Y. We emphasize that our method presented in this paper provides
volume-preserving algorithms for arbitrarily dimensional source-free systems with arbi-
trarily high order of accuracy which are implicit only in one coordinate and therefore,
is superior to the methods given in [5| and in [1] which only provide first order and
highly implicit volume-preserving difference schemes respectively.

2. Basic Theorems

The theorems in this section are important to the construction of volume-preserving
difference schemes for source-free systems in the next section.

* Received August 24, 1993,
) The Project Supported by State Commission of Science and Technolegy and National Postdoctoral
Science Foundation of China



266 SHANG ZAI-JIU

A, B, A* B“¢
. Ds c* D* }
Let g : R™ — R"™ be a differentiable volume-preserving mapping satisfying the transver-

Theorem 2.1. Let a = ( ) € GL(2n). Denote a1l = (

sality condition

£0 (2.1)

in a neighborhood of some zg € R™. Then there exists a differentiable mapping f(w) =
fa,o = (fr(w), fo(w),---, folw))? satisfying condition

o2 w)Ca - 4,

dg
Cﬂ_ Dﬂ
az(z) J

+0 (2.2)

in a neighborhood of the point wg = Cag(zo) + Dazg in R™ such that the mapping
z = g(z) can be reconstructed from f = fo o by the relation

Anz+ Baz = f(Cuz2 + Dy) (2.3)

in a neighborhood of the point zo in R™. Conversely, let f(w) = (fi(w),---, fa(w))? be
o differentiable mapping satisfying condition (2.2) in a neighborhood W of the point wy
in R*. Then the relation (2.3) gives a volume-preserving mapping z = g(z) satisfying
the transversality condition (2.1) in a neighborhood of the point zg = C* f(wg) + D™wo
in RB",

Remark 1. Locally speaking, a volume-preserving mapping is completely given
from matrix o € GL(2n) and mapping f = fo, by the relation (2.3). We call f = f, 4
the generating mapping of the type « and the mapping g.

Remark 2. Matrix o represents the type of generating mappings. Specifically we
consider some important cases of a. For example, we take

Qs 5) = In = Bas Eas ., 1< s5<mn, (2.4)
, Eas Iﬂ- - Esa

where E,, denotes an n X n matrix of which only entry at the s-th row and s-th column
is 1 and all other entries are 0. In this case, equations (2.2) and (2.3) have much more
simple forms. For a = oy 1y, for example, (2.2) turns into

B. gi(w)Da

_% o 3(f21"'7-fn) 7&0 (25)
31171 B(sz} R wn) .
and (2.3) turns into |
21 = fl(éla 22y """y zﬂ)!
ﬁz — f2(£11321'”1'zﬂ)’ (26)
Zn = falZ1, 22,0, z”)'

For a, ,), the results are similar.
Remark 3. We note that from (2.5), among the n components of the generating

mapping f(w) = (fi(w), fa(w), - - -, fa(w))? of the type a(1,1)s the last n—1 components
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fa(w),- -+, fo(w) are independent but required to satisfy the condition
| la(fz-.-"'-,-fn)

3(11?2, i ’lﬂﬂ)

£ 0

and the first one is determined by these n — 1 components in the form

B 3(f2:'”:fn)
e o . —_— 5 oo ) 7 5 3 ot o T y 1) 2.7
fl(wlj wa, s W ) ﬂ('lﬂz w ) + i a(’lﬂg, e :wn) (6 w3 w )d{ ( )
for some scalar function e(ws, - - -, wy, ) depending only on 7 — 1 variables.
Theorem 2.2. Let o = € GL(2n). Denote a=! = :
Cog D ¢ e

ouppose |Co + Dol # 0. Then there exists a time-dependent generating mapping
f(w,t) = fou(w,t) of the type o of the phase flow g°, of the system

z=a(z),a(z) = (a1(z),---, aﬂ(z))T, 2= (21, zﬂ)T (2.8)

such that |
, -g% = (Aﬂ si Oa) a(A®f + B%w), (2.9)
f(w,0) = (As + B,)(Cq + Do) L. (2.10)

The proofs of the above two theorems could be found in 14].
(2.9) is the most general Hamilton-Jacobi equations.
Remark 4. If o = a(;;). Then (2.9) and (2.10) turn into

121 T _al(wlsfi’j"': n)?'f_l | (2-11)1

Owq’
) d
Bik = ap{wy, f2, -, fu) — a1(wy, fo, - - 1fﬂ)81f; y R=2egn, (2.11)%

and
fk(wl:l R :wﬂro) = wk:k = 1:2: I £ (2'12)k

respectively. If g is gource-free, i.e,, if

diva(z) = ¥ ——(2) =0, identically in z € R™, (2.13)

then g is volume-preserving. We have

afl o a(f%"':.fﬂ)
E(w, t) 3(102, ol 1wﬂ)

S0, from (2.11);, (2.12); and (2.14) we get

(w, t). (2.14)

fi(w, ) = wy — fn a1(w1, fo(w,7), -+, fulw, )

- f2,-++, fn are determined independently by (2.11); and (2.12) for k = 2,---,n. We
~ call them the generating functions of the type a(1,1) of the source-free system (2.8).

3(f2: ; :fn)

3(’&?2, g il wﬂ)

(w,7)dr.  (2.15)
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, Theorem 2.3. Let the vector field a(z) depend enalytically on z. Then f(w,t) =
faa(w,t), the solution of the Cauchy problem (2.9) and (2.10), is expressible as a conver-
gent power series in t for sufficiently small |t|, with recursively determined coefficients:

o0

flw,t) = & (w)t*, (2.16)
k=0
FOw) = Now, Ny = (Aa+ Ba)(Ca+ D)1, (2.17)o
f(l)(w) o LUG(E[)'IU), EU S (Ca 1 Dﬂ:)_l-.t Lo = Acx B Nﬁcﬂts (217)1
k>1
1 afk) I 1
FEH) = (w)Coa( Eow)
k+1 6w g S o (N PR
:p.‘:_=*1
aftk—m) ' a p(3 a £(i;
X fa,w (w)cﬂDi,ng(A f( IJ(W)w ol f( J}(w))

k +1 Z 2 mA"‘Dﬂ Eow(Aaf(il)(w)ff o AT U (w)) (207

m=1iy+4-- +:m_k

where for £F) = (6("‘:) . - (k))T e R*k=1,2,--+,m,

Do oy ) E - (2.18)

Pmaf Under our assumption, the generating mapping f{w,t) = fuq(w,t) depends
analytically on w and ¢ in some neighborhood of R™ and for small |{|. Expand it as a
power series as follows

=2 [Pt
k=0
Differentiating it with respect to w and %, we get
2, af)
/ o (W,t) = z g (w)t*, (2.19)
k=0 Y
of .. . — (B ek ‘
oo (Wt) = N (k+ 1) (w)t”. (2.20)
k=0

By (2.10),
fO(w) = f(w,0) = Now,
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this is (2.17)g. Denote Eg = A®Ng + B® = (Co + Do)~ 1. Then

A% f(w,t) + B®w = Eyw + i 4 FE (w)tk.
k=1

Expanding a(z) at z = Epw, we get

a(A%f(w,t) + B®w) = a (Eow + i A f(")(w)t")
il (2.21)

Em.tl) + Z tk Z Z ;JD ,Enw(Aaf(il)(w)’ e ,Auf(im)(w))

m=1 i3+ +im=k
‘lp} 1

where D, g, is a multilinear operator defined by Eq. (2.18).

Substituting (2.19) and (2.21) into the right hand side of (2.9) and (2.20) into the
left hand side of (2.9), then comparing the coefficients of t* on both sides, we get the
recursions (2.17)x. The proof is completed. |

Remark 5. o = o). Then (2.17); turn into

f(u)('w) & w, (2.20)0
f(l)(w) = ﬁ'(w)a ﬁ.(tﬂ) = (_al (w)w ﬂ'ﬁ(w)i R aﬂ(w))T! (2'22)1
k> 1,
1 i 3f(k) E—1 m 1
P w) = ) S ~(w) +
bl HI,HZEZE,
tp'.‘-‘-'-l
ofls—m &y (iy) £)
- (w) T (w) fat (w) - (w}
» r 5 1
k T 1 m=1 i1+ -+im=k oy, Om=2 m!
ip>1l
™G,
i £ fGim) _19...
X o - O (w) 3 (w) - (w), i=1,2,---,n.  (2.22) 4y

3. Construction of Volume-Preserving Difference Schemes

In this section, we consider the construction of volume-preserving difference schemes
for the source-free system (2.8). By Remark 2 of Theorem 2.1, for given time-dependent
scalar functions ¢q(w,t), -+, ¢n(w,t) : R* x R — R and ¢(#,t) : R* ' x R — R, we
can get a time-dependent volume-preserving mapping §(z,%). If ¢o(w,t),- -, dn(w,t)
approximate the generating functions fo(w,t),---, fa(w,t) of the type a(; 1) of the
source-free system (2.8), then for a suitable choice of c(w,t),g{w,t) approximates
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the phase flow gt(2) = g(z,t). Fixing t as a time step, we can get a difference
scheme—volume-preserving difference scheme—whose transition from one time-step
to the next is volume-preserving. By Remark 5 of Theorem 2.3 generating functions
fa{w,t),- -, fa(w,t) can be expressed as power series. So a natural way to approxi-
mate fa(w,t),---, fo(w,t) is to take the truncations of the series. However, we have to
choose a suitable c(w,¢) in (2.7) in order to guarantee the accuracy of the scheme.

Assume that

o (w,t) =Y P (wyk, i=2,.,m (3.1)
. k=0

and

P™ (w, ) = Z B (w)tk. (3.2)
Let, for some fixed value wy g,

C(m) (wﬂs =3 rwﬂia t) = ":bim)(wl,ﬂp W2, , Wn, t) (33)

and

»

(E, Wz, -y Wy, t)dE- (3.4)

B (w,t) = -, ) + [ (OB )

w1,0 3(“”2:' : ﬂ)

Then we have
Theorem 3.1. Using Theorems 2.2 and 2.3, for sufficiently small T > 0 as the
time-step, define mapping '™ (w,T) = (qb(m)(-w ) t;b(m)(w,q'),_ ,q&,(,; )(w )T with
the components qbgm)(w,‘r),i = 1,2,---,n given as above for m = 1,2,.-, then the
Mapping |
w — W = ¢ (w, ) (3.5)

defines a volume-preserving difference scheme z = pk. g atl

{ = ¢(m)(zk+1 25, " 13y T);

nk 1 k+1
T -"355 J( +:3§1“':3ﬁ37):

=57
§ =2, 00 410 (3.6)

of m-th order of accuracy of the source-free system (2.8).
Proof. Since qbgm)(w,[)) = f-(n)('w,ﬂ) = wy, =2, =, fi,

w,0) = 1.
3(‘11'}2, " ‘n) ( ) |
‘Therefore, for sufficiently small v and in some neighborhood of K",
3( gm) ¥ (m))
0.
ia(w% TR wﬂ) (w, T) ?!:

By Theorem 2.1, Remark 2, Remark 3 and Eq. (3.4), the relation (3.6) defines a time-
dependent volume-preserving mapping 2 = zF — 2Tl = £ = §(z,7). That is, (3.6) is
a volume-preserving difference scheme.
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Noting that
¢(.m)(w,r) = filw, )+ O(r™tY), i=2,.-.,n,
(m)(w ) == fi(w, ) + O(r™*1)

for sufficiently small =, and

u | g TR
fl(w?T) — fl(wl,'}!wﬂ?"'!wﬂ!T)_l_/ a(gz!_ i)) (E?WZ:-“:wﬂ)dE:
w10 3 y N
we have from (3.4) .
(m)(w 7) = fi(w,7) 4+ O(r™1).
So, o™ (w, ) = (qb( )(w T), c;*J(m)(w,T), o (w,7))? is an m-th order approximant

to f(w,7) = (fr(w, 1), fo(w,7), - ,fﬂ(w,T))T, the generating mapping of the type
a(1,1) of g5 and hence the volume-preserving difference scheme (3.6) is of m-th order of

accuracy. The proof is completed.

k k+1

Remark 6 We note that the volume-preserving difference scheme 2 — 2

given by (3.6) is implicit for only one new variable 231 a,nd exp]icit for all other new

variables zk"'l : = 2,---,n in terms of the old variables z =12

Remark 7. We can ge_t volume-preserving difference schemes sumla,r to the above
one if we consider the types a = o(,,) for 2 < s < n instead of a = a( y).

As examples, next we give first order and second order volume-preserving difference
schemes. Without loss of the generality, we take w; ¢ = 0.

1° First order scheme

da da da
wn T 1-|-T 5§ 1-_3_ :
+/ ...2 %E:'?- Fun (‘E’wzi"':wn)d{::

i Tae - ldaEs
' ! .
t;a':’f )(w,'r) = w; + Ta;{w).

- 2° Second order scheme

{ zl = qf’g )(Ek-l_la B zrkuT)w

k+1 =~ ¢(2)(3k+1 k: = !zT’:!T)i
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where
w (2) (2)
(2) _ (2) /1 1,0 *Wn
3 = U, " T Ty W, 3 y "ty Wn 3
#007) = 60,0, wa, )+ [T (e )

¢£2)(w17—) - ¢52) ('LU,T), 1= 21 e B T

and

@, 1) = (¥ (w, 7 2w, )T = w + ra(w 1 ?-Ewa
¥ = 00 W I = w4 ) 4 3 i)

d(w) = (—a1(w), az(w), -, an(w))".
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