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L[> ERROR ESTIMATES OF NONCONFORMING FINITE
ELEMENTS FOR THE BIHARMONIC EQUATION*Y
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Abstract

The paper considers the L™ convergence for nonconforming finite elements,

such as Morley element, Adini element and De Veubeke element, solving the
boundary value problem of the biharmonic equation. The nearly optimal order

L estimates are given.

»
§1. Introduction

The L™ convergence of finite element methods is an interested topic. For second
order partial differential equations, there are many papers discussing this problem, but
for the boundary value problem of the biharmonic equation, only Morley element was
discussed in [6]. Alrough the result given in [6] does not hold, the way of the proof is
meaningful. This paper will consider the nonconforming finite elements and give the
nearly optimal L™ estimates for them. |

Let  be a convex polygonal domain. The Dirichlet boundary value problem of the

biharmonic equation is the following
Au = f, in {2, £ F
du (1.1)
U100 = 5N lon =1
where N = (N,, N,) is the unit normal of J{2.

For p € [1,00] and m > 0, let W™#(Q2) and Wy"*(Q2) be the usual Sobolev spaces,
and ||+ |lmpa and |« |mpo be the Sobolev norm and semi-norm respectively. When
p = 2, denote them by H™(2), H*(Q), || - ||m.q and |- |;,q respectively. Let H™™{8)
be the dual space of HJ*({1) with norm || - ||_m.0-

It is known that Y € H~1({), problem (1.1) has a unique solution u € Hg(2) N
H3(Q), such that

lullan < Cllfll-1,0, (1.2)

with C' a positive constant.
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Define, Yu,v € H?(Q),

5 u O%v Fu v 0%u v
By = / (8::2 922 | 23363{ Oz 0y * Oy? 5y2) oy -4

h
Let f € L?(?). The variational form of problem (1.1) is to find u € H3(Q), such that,
elu,v) = (fu), Vo HYQ), (1.4)

where (-,-) is the L? product.

For h € (0, ko) with hy € (0,1), let 7; be a subdivision of by triangles or rect-
angles, Let hy =diamT and pr the largest of the diameters of all circles contained
m I'. Assume that there exists a positive constant 5, independent of &, such that
nh < pr < hp<hforallT € 7,. Let V), C LE(Q) be a finite element space associated
with 7},. )

Define ay (-, '), for v,w € H*(2) + V},, as follows:

8%v 0*w (ji v Pw  PPeduw
' s dzdy. 1.5
T%‘;}!?[ ( S22 Hz2 Bmay dedy  Oy? ayz) Y (1.5)

The finite element approximadtion to problem (1.1) is to find uy, € Vj,, such that
ap{un,v) = (f,v), Vv € Vi, (1.6}
For w € L*(Q) and w|p ¢ H"™(T) for all T € 7T, define

1/2
leru.h = (Z |w?n.T) 3 (]'T)

TeT,

For w € L™(f2) and wir € W™™(T) for all T € 7;,, define

'wlmrxh = gla%lwlmmT (]-BJ

This paper will show that the estimate of |u — up|; 5, is O(h?|In k[>'*) for Morley
element, Adini element and De Veubeke element.

The remainder of the paper is arranged as follows. Section 2 will give the L™
estimates for Morley element and its properties. Section 3 will give the proof of the
L estimate for Morley element. The last two sections will consider the case of Adini

element and De Veubeke element.

§2. Morley Element

From now on, let 7, be a subdivision of §2 by triangles and V3 C L%(?) be a Morley
finite element space associated with 7;,. Then v € V}, if and only if it has the following
properties:

1) v|7 is quadratic for all T € 7},

2) v is continuous at the vertices and vanishes at the vertices along 9.
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3) Ov/ON is continuous at the midpoints of interelement boundaries and vanishes
at the midpoints along 9.

Let u be the solution of problem (1.1) and u the solution of problem (1.6). Then
from [8], the following estimates are true:

w — tplmn < CR™ (Jusn + Rl flloq), m=1,2. (2.1)

Throughout the paper, C always denotes the positive constant independent of A, with
different values at different places. For L™ estimates, we have

Theorem 1. Let Vi be a Morley finite element space, u the solution of problem
(1.1) and uy the solution of problem (1.6). If u € W3=(Q) and f € L™(Q), then

it — Up|100n S Ch?|In RI% (lulgac.o + Bl Fllo~ ) - (2.2)

The proof of Theorem 1 will be given in Section 3. Now we list some properties of
the Morley element space.

For T € Tj,, let Il be the interpolation operator of Morley element. For v € H(),
let Iyv|p = lgv for all T € 7. The following results are well known:

v - Irvfear < CR™|v|mr, 0<m<3,ve HYT)T €T (2.3)
From [10,11], the following inequalities are true for v € Vj:
2
Y |vlin + [vloscg < Clolap, (2.4)
1=1{)
Wlosen < Clln AY2|v]y b, (2.5)
oo < ClIn Aol (2.6)

Theorem 2. Let V), be a Morley finite element space, u the solution of problem
(1.1) and uy the solution of problem (1.6). If f € L%(Q), then

[~ unlosen < CR?|In RV (Julsg + Allfllog). (2.7)
Proof. From the interpolation theory(see [1]), we have
w — Mptlo o0 < Ch*|ul30.
By the above inequality, inequalities (2.1), (2.3) and (2.5), we have

u — unlo.00.0 < lu — Mpttfo,0o.0 + [Mptt — trfo,00,0
<C (hgluh,ﬂ + | In A|Y? | — u ”")

< C [hz\ulg,ﬂ + |In A2 (|Tpu — ulyp + |u - uhh,h)]
< Ch?|In h|'? (|uls g + hll flloe)-

The estimate (2.7) is proved. -
Let P, : L?(S}) — V3 be the L?(Q2) orthogonal projection operator, i.e., for Vw €
L*(92),
(Prw,v) = (w,v), Yv & V. (2.8)
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Lemma 1. If0 < m < 2, then for w € H'(§1),
lw — PLow|ng < CR™|w|ma, | (2.9)
| Prawlp < Clwlng. (2.10)
Proof. The following inequality is trivial:
lw — Prwllng < 2w|og, Yw € L*(9D). (2.11)
From (2.3), we have
lw — Puwllog < Ch¥jwllag, Yw e H(Q)N Hg(Q), (2.12)
By the interpolation theory of Hilbert spaces{{4]|), we have .
lw — Pywllog < Ch"||wljma, Yw e Hg (§2).

Then inequality (2.9) follows. For each T" 1n 7", denote by Pn(T) the space of polyno-
mials with degree not greater than m, and define Fp" : L*(T) — P,(T) as the L*(T')

orthogonal projecjion operator. Then

SR~ PRl < Ch™ vlmr, Yw € H™(T). (2.13)
1 =0}

From inequalities (2.9) and (2.13) and the inverse inequality, for w € H{*({2), we have

lPhwEn,h. = Z ‘PhwEn,T g C Z (lPhw — P%’nwlfn,T + |PFw|i1*T)
TETh TET}-‘

<C Y (R Pow - PFwlg r + h}*‘En,T)
TeZy,

<C ¥ (BP(|Paw — wdp + [w - PRwlis) + w7
TeTy

. < Clh™2™(|Paw — wli o + h*™ D [wlhz) + |l ol
TeT,

2
< G|w|m,ﬂ'

It follows that (2.10) is true.

£3. The proof of Theorem 1

In this section, we will prove Theorem 1. Let the assumption of Theorem 1 be true.

By the interpolation result- (see [1]), we have

lu — uh'l,m,h < |u — Hh”ll,m,h [Ilpu — Uh‘l,m,h
(3.1)

< Ch*|uls 0,0 + TMp% — Ual1,00,h-
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So we must estimate |IIpu — upli o h. Let T' € 75, be the element such that [Hpu —
til1.00.8 = [pu — tal1,00,77. Without loss of generality, suppose that

ad Hh'u. — U
Tt~ ¥hlayse” = ‘ | Jz ) L]r’:ﬂT' '
Let (zo,y0) € T' be the point such that
‘ Oz lu,m,T' - t ('T’”? y“)|-

To prove Theorem 1, we need some results about the weight function and the regular
Green function. For (zy,yq), define the weight function p as

plz,y) = (z ~ m“)z + (§— y“)z 5 }‘Ehz-,
with A a fixed positive number. For integer a and v € H™(T) and T € 73, define

1/2
L 2
- —| dzd "4 3.2
I (o), T — ( Z / p 6-“3183{3 < y) ( )
A LN
o
For v € H' () 4+ V},, define
1/2
m Jref — ( Z Ivl'l'”. A}, T) :
TeT,

For the weight function, the following inequalities are true:
|‘I lru 9] = ("}‘h) - ”}‘ULH ) Y oo, = HT”{Q) T vrhn (33)
[vlogy € Cln A2 jlollos, Yo € L(Q), (34)
! [U’Iﬂd:ﬂdy. f:_: h’llll,[ft} ‘UI[]_{—I'I:}‘.I ﬂaw & LE(Q): (35)

()
v = 7vfp g7 < Chﬂ_kl“h.{n],% 0<k<3ve HYT),T € T,. (3.6)

Lemma 2. There erists a constant C such that, for v € H3(Q) N H*(Q), A%v €
L) and w € HF(Q),vy, € V), the following inequality is true:

ia;,_(v,w = ‘Uh_} =7 (&EU,T_U o Uh)] i C.h(l‘Ulg‘(“} + h|£}.3v|“T[”,)|w L ’-'.Jh|21(_”). (37)
Proof. By the approach used in [8], we can derive

‘{I;,(tPTIU o 'Uh) = (&Ev,w = Uh_)‘ f_—i C'h Z (|U‘31T o} h”.&EHHU’T)"w — Vhi2.T- (38) | |
Te7,

For ¥T ¢ 7;,, we have

max pf{z < ¢ min p(z,y).
(W}E,TP( ¥) < {I‘H}ETﬂ( }

Inequality (3.7) follows from the above two inequaiities.



L* Error Estimates of Nonconforming Finite Elements for the Biharmonic Equation

Now we turn to the regular Green function. Let ¢ € Py(T"’) satisfy

0

fqp drdy = Ep(mn,yu), Vp € Py(T').
TI

Define 8, € L*({1) such that

(g(z,¥), (z,y)eT,
"Sh(mi y} =

0, otherwise,

\,

Lemma 3.

1érljo0 < CR72,

18kl -1,0 + l|8allo,(—1) < CRT.

281

(3.9)

(3.10)

(3.11)

Proof. Inequality (3.10) is easy to show. Now we prove inequality (3.11). By (2.9),

(2.10) and (3.10), we have

6 &y, P §. . v— P
”15;1”_1;) = sup ( h,’-‘..?) < sup (l( h hv)l | |( hyU h'll)l
' ozveHl () [PllL0 7 oxeemiim \  Ivlhg lv[l1.0
ﬁh,Ph‘U
< sup | 5 I 4 Chllguflon
veH} () | Proll1,n
Ph'u?,:ﬂ
3,
— P
< sup 5z P20, 90)| pilh~
verl(y  1Er2llin
Py v#0

From the definitions of p and 4, and inéqua].it}' (3.10), we have

84113 -1 = [ pohdedy = [ pbidedy < Ch? [ Gidedy < CH?|181if30 < CH™2.
T!

{1 T
Inequality (3.11) then follows.
Let g be the regular Green function determined by

A%*g =6, in 0,

. | Og _ 0
: 198 = Bl =

and g5, be its finite element solution by Morley element, i.e.,
an{gn,vn) = (On,vn), Yup € Vp.
From (1.2), (2.1), (3.10) and (3.11), we get

g — !-?h[u,h + |g — gnlin + Rlg — grlon + hzlglg,g < Ch.

Lemma 4.

19]l2.0 < C|ln A}1/2.

(3.12)

(3.13)

(3.14)

(3.15)
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Proof. By (1.5), (2.6), (3.9) and (3.13), we get

J
gnl5 5 < an(gr.gn) = (Bn,gn) = Egh{ﬂ:myu) < |ghl1sen < Clln k)Y |galan.

Hence

lgnlan < C)ln B2

[nequality (3.15) then follows from (3.14).
Lemma 5.

gla -1 € Clln R|2, (3.16)
Proof. From the definition of the weight function we have
2
39 8%g
|g|3{ 1) = Z f ("13 — I”) 3 dzdy + E f (y‘" yU) S e dzdy
il Dzt Oy itie3i) dzr oy’ .
8% g ?
b [ Phooras| dedy
| 1+ 3=3 h 0z ayJ
<C{l(z*—z0)gl3.0 + (¥ — w)glz0 + |gl20 + h¥gls.al-
By (3.14) and (3.15), we get ‘
’:?Js_.{-u < C(|(1’ = ﬂfu)gh i °f \(y “ yu)9|3 (T |11"L h|1ﬁ) (3-17)
Define ¢; = A¥({z — z4)g), %2 = &°%((y — yo)g)- Then
339 aﬂg 539 a-’jg
— e H H 2 y ;'} - e I.’ﬁ,} ]| 4 E 2 ;
oy = il 4-8:1:3 Jx 0y’ V2 = (¥~ w)h dy*  Oz*dy
For Vv € Hj(§2),
3 339

(#1,v) = ({(z — 20)dn,v) + 4(3—“5#’) + 2( 5287 )

d*g Ov d*qg o
522 52 " UG

Applying (3.9), (3.10}, (3.15) and (2.5) and Lemma 1, we have
(21, v)| < R*||8kllo.al Prvlo.c.rr + ChZi6n|loalvlio + 6lglajvig

— ((.'.I! — 1?{})5},_., Ph“) o ((I — .T”)éh.,'t? — th) (

< O+ [In AY)(|Puv|in + lvlie) < Clln M e g

Furthermore,
l4rll—1.0 =  sup (¢1,v) < Ciln k2
OFveHg (Q) 1vllio
Similarly, ,
[all-10 < C|ln A{M3
Hence,

(z — z0)glso € Cllvnllo1.0 € Clln Y7, (3.18).
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(y — ¥o)glaa < CliYnll-1.0 < Clln A'/?. (3.19)

From (3.17) to (3.19), we get (3.16).

For Vv € H*(T), let IILv be the linear interpolation polynomial using the function
values at the vertices. For v € L?(Q) and v|y € H?(T),¥T ¢ 7Ty, define I} v hy
(ITyv)lr = Mz (v|7), VT € Th.

For Vv € H%(T), let I7(pv) € Po(T) be determined as follows. II7(pv) is equal to

- 9, d
pv at the vertices of T', and ﬁHT(ptr) is equal to 8; v + p% at the midpoints

of the edges of 7. For v € L*(Q) and v|r € H*T),VT € 7,, define ﬁ;,_{pv) by
(11 (pv))r = O {(pv)|7), VYT € T},. For vy, € V},, i (pvy) is in Vi, but I (prs) 1s not.
Lemma 6. ForVu, eV, and T € 73,

Tr(pvr) — Hr(pvn)|ar < Chlvnls (1)1 (3.20)
i , | f
Proof. Denote n = ﬂ(HT(pvh) - IIp(pvr)). Then 7 is a constant on 7', and
r
./nzda:dy’
T
s O . %, .
*:/?? N3 55 Mz (pen) — Mr(pvp)) — NoNyo-(Hr(pvp) — r(pvp)) ¢ ds,
aT ‘ |

by Green’s formula. Let F;,7 = 1,2,3 be the edges of T, and let A; be the midpoints
of F; and |F;| the length of F;. From the definition of Iz and II7, we have

3
5 1
/nzdzdy = ZqNﬁlFila;;-(Ai)(vh(ﬂg) = H@vh(A,;)).

From
ap 2 3}5 5 |
0 < 4 3.21
1%‘ gyl =4 (3.21)

it follows that

3
/nzdzdy < C‘Z h2nlp 2 (A|vnlar < Chinlor|vel2.(-1),T>
T t=1

l.e.,

nlor < Chlvn|z -1 -

Similarly, we can show the case of other two second order partial derivatives. Inequality
(3.20) is thus proved. |

Lemma 7. |
9 = gnla(-1) < Chiln A%, _ - {(322)
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Proof. By simple compution, we have

|9“f§h|2 oy, B Zf (%(Q_Hh)) 2(5fay(g Qh))

TeET 7

5?2 :
+ (3 2(9 gh)) dedy < |an(g — gn, (g — gr))|

+‘Z/az(g—gh)(g s dmdy‘+‘2/329 gn) b ghdmdy‘

TEﬁT TEThT
3(!?— h
+C ] ——(g ~ gn)|p"/* dzdy
H;E’T;BT ‘6;1: ﬂ V] | ’ |

s Z Z /|3m13 j (9 —g )lﬂlm!a(ga;gh)dmdy-

t‘l'_',? 2 TET& T

From (3.5), we get

= 9h|2 —1) = < |lan(g — gn, p(g — gn)) + Clg - Qh\z,{—lﬂg — ghlin

i 2/629 gn (g—gh)dmdy’+|2/62 ~ gn) (9 — gn)

TETh T TeT, p

(g — gr) € H(R) and

(3.23)

0*(g — agn.
+ Y / (ga 29* — g1 — My (g — g1))dzdy.
TET, 7 *

By the interpolation theory and the properties of Morley element, we get

%(g — gn
Z/ 9 g’ y—gn)dﬂ:dy‘

TE’IL

< C(h2|9 - §h|§,h + hlg — th,hln},.(ﬂ — Q’h)|1,£z i e ghll,h.|”.l]¢(ﬂ ~gn)ira) -

<_: C(hzlg — ghl%,h + h‘g 3 9h|2,h|§ i ghll.h + ‘g __ gh‘f,h)'
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From (3.14) it follows that

9%(
l k) / \g ggh)(g—yh)dﬂ:dy‘ < Ch. (3.24)
TeTy p
Similarly,
8% (g —
Tel 5 |
By (3.14) and (3.23) to (3.25), we have
9 — gnl3 _1) < lan(g — gn, (g — 9n))| + Chlg — gnla, (1) + Ch*. (3.26)

From (3.3), (3.5) and (3.6), we have
lan(g — gn.p(9 — Irg))l < Clg — guls,—1ylp(g — Hrg)l2,)

< Clg - Qh|z,(—1}(|£? = Hh§|2,{-1] + |g — HthL[U} + |g — Hh9|n,{1})

< Chig - 9h|2,(-1}(|§|3,(—1] + h|glsq + h2|9|3.{1))

#< Chlg — grla,(-1)(lgl3,(-1) + 7 gls.q).
From (3.16), we get
lan(g — gr,p(g — Tag))| < Chiln A'|g — gala(—1)- (3.27)

For v € L*(Q), let P’v € L*(Q) be determined by (PJv)|{r = Pp(v|r). From (3.5) and
(3.6), we have

|an(g — gn.p(I1Ing — gn) — Ln(p(Ilng — gn)))i
=lan(g — g, (p — Prp)(Trg — gn) — Wi[(p — Prp)(Thg — gn)))|
<lg — gnla—nyl(p — Prp)Ing — gn) — Uaf(p - PPp) Mg — g4)ll2.1)

<Chlg - 9‘h|2,(-11 (P — PI?P)(th = Qh)|3.[1)*
On the other hand,
|(P = PEP)(HhQ = 9h)|3,{1] <C _thhg — grla.n .+_ g — grlon + [1lpg — 9h|1.{1}]

<C ||Tug - ghlon + A7 Tag - yhh.h} <G,
by (2.3), (3.14), (3.21) and (3.3) and the inverse inequality. Hence

|arn(g — gn, p(ILhg — gn) — Malp(Ilhg — gn)))| < Chlg = grla(-1)- (3.28)
From (3.20), (3.14) and (2.3), we have

lan(g - gn, I (p(Tlng — 91)) — Ta(p(Xrng — gn)))l _
< ig = ghla -1y Tn(p(Thg — gr)) — Mi(p(Mhg — gn))lan,

< Ch‘g 2 ghll(—l}lnhg '" 9h|2.h. < Chlg e .l?h.|g,{_1)- | (329)
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From Lemma 2 and (3.20), we have

an(g — gn, np(Tlng — g1))| = |ea(g, Mnp(Ing — gn)) — (A%g, Iap(Tlng — g))|

< Ch(|gla -1y + Plénlo,—1)) TTap(TIng — gn)l2,(1)

< ChlIn A"/ (|lhp(Tng — gn) — Tnp(Tag — gn)l2,1) + Hep(Tlng - 9h)|2,(13)

< Ch|ln R|Y*(ATLg - grlzn + Trp(Tlag — gn)l2 1))

< Ch|ln AI*23(h+ Tpp(Tlag — gn)l2,1))s
and

Mhp(I1g — gn)la.1) < (|p(TIng — gr)l2,q) + Chlp(IIng — gn)la ) < Clp(Ilng — gn)l2,1)
<C(|Mag — gnlz,(—1) + Trg — grl1,p + 11Irg — grlo,c1))

<C(lg - 9h|2,[ﬂ-1) Ty~ Hh§|2,(—1) + [Ing — grl1p + [ 1In h|1'{2|nh9 — 9hlo,00,2)

<C(lg — gnl2.(-1) 5 hlgls 1) + (1 + |In 2|){TTrg — gni1,n)
<C(lg ~ gnlz.(-1) + bl In Al).
That leads to
lan(g — gn, np(Tlng — gn))l < Chlln k['?(|g = gnlz,—1) + h|1n A|). (3.30)
Combining (3.27) to (3.30), we get
an(g ~ gn, p(g — g1))| < ChlIn h|'*(lg — gnlz,(-1) + hl1n A]). (3.31)

By (3.26) and (3.31), we have
g = Q‘h|§,(-1} < Ch|ln h|1’{2(\9 - §h|z,{-1] + h[In A).

Inequality (3.22) then follows.
From (1.4), (1..'6)’ (3.5), (3.7), (3.9) and (3.13), we have

v — uplioon = [(On, Hau — up)| = [@n(gn, Hpu — us)| = |an(g — gn, v — Mpu)
+ [an(u, gn — 9) — (A%u, gn — g)] + [an(g, Tnu — u) — (A%g, Tpu — u)]
T (ﬁ.gg,ﬂhu — u)| .E = Qh\z.{—1}|u e Hh“|z.(1] s Ch(|u|3.{1)
+ R flo))lg — grlz.i-1) + Ch{lgla—1) + Rlénlo(-1))u — Inulz )
+ 181 loq—1y|u = Hpulp 1y)-

By (3.4), (3.6), (3.11), (3.16) and (3.22), we get
M,u — uplicn SCRY|In A4 (Juls 1) + RIS logy) + (1 + [ In h\1f2)1“|3,{1)]

? r (3.32)
<C'h*jln hl“’;4(|u|3.m,n + B[ flloc.s2)-
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Inequalities (3.1) and (3.32) imply (2.2). Theorem 1 is finally proved.

84. De Veubeke Element

In this section, let 7;, be a subdivision of Q by triangles and V}, C L*() be a De
Veubeke finite element space associated with ’IL Then v € V}, if and only if it has the
following properties:

1) v|p is cubic for all T € 7;,.
2) v is continuous at the vertices and vanishes at the vertices along 952.

3) dv/ON is continuous at the Gaussian points of second order on interelement
boundaries and vanishes at the Gaussian points of second order on the edges along 0f}.

Let u be the solution of problem (1.1) and uy the solution of problem (1.6) with
12 the De Veubeke finite element space. The discussion for Morley element in sections

2 and 3 is suitable for De Veubeke element. The difference is the definition of the

operator HT, which is replaced by the following. For Vv € H*(T), IIr(pv) is equal to

d dp 0
pv at the vertmes of T', and ﬁﬂjﬂ(ﬁﬁ) 1s equal to a—NHTv + pa—v at the (Gaussian
points of second order on the edges of 7.
For De Veubeke element, we have the following L™ estimates.

Theorem 3. Let V}, be a De Veubeke finite element space, u the solution of problem
(1.1) and up the solution of problem (1.6). Then

u — uploco,n < CR*1n AV (Julz g + R fllo.0) (4.1)
when f € L?(Q), and
v = upl1,00n < CR?|In AP (Juls 0.0 + Bl flloco) (4.2)
when u € W2°(Q) and f ¢ L™(f).

85. Adinil Element

In this section, let 7} be a subdivision of Q by rectangles and V;, C L*(Q) be Adini
finite element space associated with 73,. Then v € V,, if and only if it has the following
pmpertie$; .

1) v|r is in Pa(T)4+span{z3y, zy®} for all T' € 7;,.

2) v and its partial derivatives of first order are continuous at the vertices and vanish
at the vertices along 012.

Let u be a solution of problem (1.1) and u; the solution of problem (1.6) with V}
the Adini finite element space. For Adini element, inequalities (2.1) are replaced by

U — up|pmn < CR™ulzq, m=1,2. (5.1)
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Theorem 4. Let V), be an Adini finite element space, u the solution of problem
(1.1) and uy, the solution of problem (1.6). Then

| W [t Ch2| In h‘1/3|u13u (5-2)

—

when v € H3(Q) N HA(Q), and |
w — wpl1 o n < ChEIn AP % ulsz ~ 0 (5.3)

when u € W5(Q).

The proof of Theorem 4 is similar to that of Theorems 1 and 2, except that here
we drop the term of h||flln.q or a similar one and do not use 11, because I, (pvn) €
Vi, Vuy, € V3, for the Adini element.
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