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§1. Introduction

We are interested in constructing a continuously differentiable surface of approx-
imate solution to the liflear hyperbolic equations with variable coefficients. To this
end, in Section 2 we develop a finite difference scheme by overlapping three finite
difference schemes, which approximate the exact solution and its two partial deriva-
tives. By using this scheme we can conveniently obtain a continuously differentiable
surface in the space of bivariate spline functions. In fact, this scheme is determined
“uniquely” by the spline space.

In Section 3 we show that the scheme is stable and convergent in L-norm.
The interesting fact is that, making use of the spline approximation theory, we can
estimate the error by using appropriate moduli of smoothness. This leads to the
fact that the spline approximate solution and its partial derivatives are convergent
to the exact solution and its partial derivatives respectively when the exact solution
is in C?. In fact, in Section 5 we will prove the following result:

Under the hypotheses of Theorem 3.1, if the exact solution v of the hyperbolic
equation (2.1) is in C*(D), then the fo]lﬂwmg estlma.tes hold:

v — ullpr < <K a:w(DQv,cr D')

| Ox(v —ulllpr | o o "

; = T < Kw(D?,a, D),

v —w)llpr ) |

where u is a spline approximate solution and o =\/ h2 I+ k?, with h and k as steps
in the directions = and t respectively.
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“The convergence.can ‘be shown -even if the exact solution is in-C?. .

. In this paper we handle only the single equation,. but it is not- dlfﬁcult to gener-
alize our method to the hyperbolic system. In Sections 4 and 5 we introduce some
definitions and results about the space of bivariate spline functions and the bivariate
approximation theory. For more details, the readers are referred to [1] and [3]. All -
constants appearing in this paper are dEIlOtEd by K althnugh they may be dlfferent

§2. The Fihlite D_iffe_rgnc;e Scheme .
| Colnsider the first order liypérb;‘}lic Eqﬁatién. of the fﬂﬂrm:‘ |
M “(‘“ )3z0 . et (2.1.1)

where a(:n t) <0 for a.l] (z t) € D = [0 +m) X [0 -l-m), w1th the initial-boundary
conditions , - ~ ‘ -

V(:c,l]):f(:c),r ""oém<+m; . 1)
PVO0,1)=g(t), O0<t<+oo. . (2.1.3)

Let u?, (8;u)} and (8;u)! be three grid functions which appmmma.te the exact
solution v, 8; v and 8, v at the points (ih,nk) respectively, where k is the time step
and h is the grid spa.cmg Thme grid functmns are determmed by the fcrllowmg
relations: -

ST T . 5 4
= (1 e a:‘,\)'l[u?“l -+ 5(311:;;)?' et Eﬂ' 3;-‘!!),__1 /\a u}"_l y | (221)
(@} =—@u) T 2T~ T, (2.2.2)
(Bow)? = —(Beu)ey + 207 (P —uly), &m=1,23,5, (223)

where A = k/h. In order to impléement this.scheme, let

up = (0)“ g(0), T -
T H(0pu)g = g'(nk),: - (Bpu)g = (a9) T g (nk), n=0,1,2,7-0. (2.3.3)

The following lemma shows where the re.la.tmn (2.2.1).comes from. .
- Lémma 2.1::The thﬁez mtahans m (‘2 2) are equwalent ta the relatwns (2 2 2)

i-’-u'-." Ay

(2 2.3) and the following relat:mt"' LR e
(Bfu)“' =" ('B,;u)‘!" f,n = 0 1,2,3,- | (2.2.1%)
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This lemma can be shown by substituting (2.2,2) and (2.2.3) into (2.2 1') (2:2.2)
and (2.2.3) are necessary in constructing a contmunusly differentiable spline funtion
in the space of S3(A) by using.the grid functions ut, (apﬂ)“ and {a_..,.u)“ The work
of the second author in {1] is referred to. . i S L 8 i

4
R r
i

& Lemma 2.2 For ﬁxed v and n the fal!owmg refatwns hold

P + a}“lxu,}_l 14 aZA 'ﬂ R P
3 1__&:1;\ $ 1—&:")\ l-xl.. 1_ “'1\ t—1
G8T g Sgpndlalt Sl ety T Ry -
+ t-i _-ﬂ,}; (3 “):1:1 ".' i_l ﬂ,}‘ 2(3 ): 1 (241)
n 1+al™'A _"- _1+ “_ | 1f-a.“-1,\
(3;,11)1 5 1 — a®?\ (a'ru):l T *1 o = 1 (a;;ﬂ)‘_ 1 = = 1 (arﬂ')l 17 (2 4. 2)
B 3 Gy dh 3R £ o ©
cﬂ 1 h ﬂﬂ- I)L _1 ; : ’ : 1 +( n_ )‘)_ yoi ) F
(atu)i = _(( ﬂ/\))l (315“)“ 1 (‘n;)-—l (atu)f-l
(an-lA)- i, o :uf LN ARt ~
+ (ﬂ-nl)— (atu):l“ll ;% 2 ou =¥ "-.: o= i (2.4‘3)

me B:i" (221) wEhﬂ.‘Ve Ay g

(1 —a“}-&)u“ i ,un,--l e -—*(8;’::)“‘1 £ '2"“”(3:1:)1_1‘_ ﬂn,\t;, 1 e
+ g :‘—1(3,,-14)""1__5 gﬂ:‘(a,;u)‘_l ry a“/\u‘_,l
du 55 ™ -1 + g“?dl[ (31:1‘)“_1 + 2(’"’“——1 h__—_ “:1:11)] P “(3::1*), 1~ a“lu,_l
= 4a@T T - (e, + (1 a“-u)u:*_ o
a3 — A Ay m DB

This leads to {2.4.1). Similarly, we have
k(Ozu)! = M(Opu) = ~k(Fpu)jy 20U - ) =al AR (Opu)l - e
H{1+ 2?1 A) k(8= u)“"l- ~ (1%al IA)k(&u)t (1= Al ,\)k(afu);*_—;.

This gives (2.4.2).In. the: sa:me iway ){2*'4 3 can : be shoWn Lonot galvollel o

In the case, that the advectmn,_ equa.tmn (2 4, 1) ;3 yery sn,mplq, :ﬁ"sﬂﬁ?ﬁ&tﬁhm

a(x t) = a <.0, where a is a constant. It fﬂllnws fmm (2%4 1) that - ¥ B (R

n—1

B e gama T ezt Tw TEL g n “ i s .-
‘. i:h..t:.l ; : e 2 .itt‘i .;:Fi #ui' "' put*l + ui_;I :E‘.It" d ‘, .
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A
where p = i+ ZA' or that
L R L R WY ek U Sk =
2 . k 12X o h h ’

which shows how we discretize equation (2.1.1). By using Taylor’s formula we can
shdw that the order of the trunction error is O(k?) + O(h®). The symbol functions
[2] are constant functions, p({f) 1, and the von Neumann condition is satisfied.
Hence our methed is uncendltmnally stable in Lz -norm and convergent in Lg-nnrm
But in the ceee .of (2.1), that is, the hyperbelic equatlen is with variable ceefﬁc;ents,
the eymbel furictions are too cemphceted to analyee In the next section we shall
~ show the stability and the convergence in Lg -agrm by usmg the energy methed

:§3. The Convergence and the Sie.bilitx in Lz-norm
We reeir;;;e the: grld .fUIICtl-ﬂIlE": 'u; G - (3;1:) . eﬁd I(@Iu) 111 the fermraf -vectnre .m
the space of dlmensmn ni |
| (Hel;.- n--1';_~ };2)1' Y
(3tﬂ)" = ((3t“)ua(3tﬂ)"- 5 (Oeu)3),s
(@) = (@ u)ﬂ,(eu)"-‘ RN XN )

where n = 0,1,2,---. The Lz-norm is defined to be

4 : s . : 2 3
ol = (L Ve R
2
Let M(™ be the norm of the ihitia.l;—'b-eundary i.re.l:ile,' denoted by
1 s &
M = [If(O)F + S AFGRE + [ EPWRTT o R € £

1=0

" “Pheorem 3.1. The scheme (2.2) is uncendtt:enelly stebie pmmded that thene
. are two constants my and my such that

o m1 L e(:l: 1) < m3 < 0, fer a.ll (:B' )€ R4+

=~ and that the funetwn a(a: t) has L:psch:tz mntmmtyl i.e., there is a positive constant
e A such that: -for’ any (.1:1,151) .and (.'Eg,fj) in the demem D = {0,400) X [B +m),

G 8 la(z1, 1) - ﬂ(xzsfz)l < Az —'-’le + |t1 — t2]).
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Proof. Let a = VA% + k2. For n 2 2, wehave - ) i
I](E) u)"“IF - ||('~9:,-'i'5)'”"_1H2 = |(3xu)""'1|2a +,|(3,:u)?1'+1|2a' g

+'IZ[(3::“);‘+ — (0z “)ﬂ_l-J][(a:“)3+1 + (6 )ndl_J]
=0

(et e+ @aale+ I (32)

Here (3 “)J+1 can be replaced by (2.4. '2) It follﬂws tha.t
il 1+ ﬂ"*j—li : | | | 1+a'ﬂ-"JA o _
I= o 3_—..-u +(Bpu)t ! [ S '3 )il o (eu); !
J_ZD { )J+1 ( v ) ] 1-—{11_‘__{,\ \ )J'.*';* o l—a;-"+fl( )J g
(a' *--u.ﬂ_"”-l)'}{ g . "

3+1 J-JA (3.::“)? b 1]_
J+1

In c:rrder to use the Abelian'summation by parts, we rewrite the Cﬂeﬂiéienis by making
z continuity and the uniform bound of the nega,twe functmn a(:s t).

use of the Lipschit
For any four pﬂmts (izh,nik), 7 =1,2,3,4, we have
1-&-&}2)1 L4aBA  (al = af)A+ (aff —aiP)A + (g o™ — aPlal)\? _'0(5
—a A l-a:‘f}« _ (1—&"2}&)(1—& .'h) R
Sk be denoted

where 6 -max{hltt"‘*gla kl‘ﬂ; ﬂ‘Jllz#J’ i-? o 1 2 3 4} LEt ]_—-a, A

by AT'. This gives

—

I-Z(am;‘;f .-,;f“‘w Wi - AT 0

Y AT o O G - 0] e
J-—D |

3 0N + Ge IO~ @el] + @} e
1=0 5 -

By usmg the Abellan summatlon by parts, we have c

- _z: A;*'-"_"(aru);f-f*‘ [(0:w)}7 ™" - (Gew)j e = 42 _l(axu) a-1(8zu)y

g ;T

e ""(amu)a“‘(aru)ola Z(azu)““’[A“"*‘(a: Wit -'-”J_l(aﬂ),-q
i EPEP™ 4)

. - e
=y ‘-'E E iy R " 7 r e &
- . I [ : - h :

3 - n 1 — + L] i % A o b R r

LR
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((9,;1:,);-‘;1‘.111 the third sum in (3.3) can be replaced by (242) again: It follows that

n—1 - ' : . . ! : . . ' &
22 0(6) [(@zu)j + (B:u); (@) T — (Sw)] ™ + (0:0) 7 e
j=0 . .
: : ;n—l_‘ g _ n .L e g L L P
=0 @) Pat D@ ). (35)
=0 =0 . PR g A &

2+b2
1 2

The last equality follows from the fact that |ab| < and a(z,1?) is a uniformly

bﬂunded negative function.
By combining (3.2) with (3.3), (3 4) and (3. 5) we ha,ve

18z )* [ — [|(B=w)*H|* = 2(331&)?;‘1’ ,Ii’"l(azﬂ),li’*l - A“"’(@mﬂ) "la

=0
n-—1. i
= Z(ﬂxu)“*’[ﬁl“" (O )“_" - A;":i’ 9,1 _,_l]cr
=1

+O(§)(|L(3 u)“-lufz N3 "(azu)nuz) + |(3:H)"+1|2a + !(3,;1&) +1|2a
+[Au—1(3=:“) 1(3::“)“ -A“'I(B el Guile.

(3.6)
Let 0 | | F R
- [(Bzu)™ : (Bzu)™ "] = {|(B-u)™|I* + II(4'5’.-':.-H)""“"1||2
m—1
—~ Z(aru)"‘"i[am-f ‘(axu) =31 _ AT 710, u);’f_'l"]a.
o, =Ly, s . B, o L
| l + aA
The functmn _f (a) ] is mcrea,smg in {a < [}} ThlS gives
| Rl 1+mA
IA | 1—m)x e
14 MmA . =2mA a?4+b2
= ] - < '
Let p=1- T = e It follﬂws from |ab] 5 that
0-< p(l(@u)" P + {I(Bru)“l["‘) < [(@-u)**! : (8zu)"], forany m.
Hence fmm (3.6) we can have |
Tl L |
»w(ll(fi"’:ﬂ)""‘*'lIl2 II(3:.-H)“||2 <K [[|(3 u)'[l* + E(I(a u)olz + |(3£.,,)0|2)a] (3 7
=0, -

By using {2.4. 2), we ha.ve - |
I(8-u?I? < K [I(*’»".-au.-'ﬂl)al2 +1(5 ﬂ)ol"' +1(8 ﬂ)'i'l” + [(8:u)2 |2 + (0137 )e.  (3.8)
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(3.7) and (3.8) lead to

L@yl < K 3@l + (@euifo <KMW (39)

=0

This implies that the scheme for (B,,u)“ is unconditionally stable. In the same way
we can show the stability of the scheme for (8yu)?, determined by (2.4.3). For u?,

we have L
P < K Elu?|’a+>:|u?|*a+MF“]],_ . (340

o =0 « 0@ e F R
where M (™) is defined by (3.1).

- Let myp sa.tlsfy jug?|? = ‘max  |uff |2.. Then
O{m{n

i k k ;'.. s
Y. upla < K max Wgl* = Ko = Klug®™ + 5(0m)g° + 5(@u)5 T 1

=0 0<m(n
--.:~:, oo Bl B8 % mu_l
o 5 K|‘“ﬁ + [(3t'u)g+ (Btu)’o"“] + k. Z (31;11)9[2 < KM(“}
=1 :
Similazly,

Z Iu{}Izn: < KM(“)
e gl L EE . -'-""9 '
By combining these inequalities w1th (3.1{}) we can show the stability of the scheme

for u®. The proof is completed. - .
Now we consider the canvergence in Lz norm. Let p be a function in C3. Then,

it follows from Taylor’s formula _tha.t ; ~

K(@p); = —~k(8p)i ™ + 2pR P, 1) o )(aﬂ'pjtah s)[(n-'—)k-slzds,

MO = ~hOp + 2~ ) - [ O3k = (: - —)ﬁF

3 -

The remainders are denﬂted by ,

g YL -'—5"’“ (@in s)l(n—-)k-sl*ds, o

k{in—1}

. %) *“« st(p’t’ﬂ) 4§ Ej (33P)(3* n’k)[(l ol ')h Z, ]t2 d&

i
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Suppose that the exact solution v is in €. 1 Jete=v—1u, € =p—uand g=v—p.
Fo]lowmg the proof of Lemma. 22, we obta.m

' ] !

. o "'1+ H_IA “; l+ﬂ“}t 1 | .ﬂ—t_i | i
(E)ﬂ == 1 . ﬂn}‘ (E) 2 1 (e) -—1 ' k! nA (E I—l |

al_, —aj )ﬁ k
( 1 n)‘) (31:6),__1

(ﬂ l___ ﬂ—l)’\ ke n_]_
1 " TR Ll T

+[ —Ri(p,i,n) — -l-a“kR,,(p,: n) — l.':1""'lk.Rm(;r:v, i n — 1) + -kR,(p,t -1 n.)]
k I n—1

' 1 n—m - k 7 R “""
X 1 + [_*(atﬁ) Ea | l(aﬂ-'ﬁ_. | 1:_ _*_2 i-1
k n
+§“:*_1(amg);* - -(afe),ql TR r —(M) + -ﬂ“(f’?‘zﬂ) =

n-1
33;6 1—1 |

i B e O 1+a,_1
(0:8)! = [ = oA (3 ) ' T n}“ 6,;6)‘_

+[ ~A(p,d,n) + Halprtsn = 1) + ARi(p,i,n) - AR:(P,: -1 ﬂ)] a-iin

s 8 L

+-ABDT - A(ﬁ}e)“"l + Aaﬂ'-l(axe)"-‘ + Aa™(B:€)" + Mdee)™,

o "
+A(atg):‘:1‘“'“:-11(3;;;,._.1, PR g @D

Denﬂte the semnd a.nd the thxrd terms in the last equahty by I 1_“ a.nd Ifn Then

n : -\ . 1 + ﬂ-“#l). L= 1 + ﬂ
v (Bge)! = (0:8) + (re); = o (3 e) : s (B )iy
SRR l—u -1 TR T . 1+an—-1)i _1
e — 1 s ‘H-
+ ﬂn}h (ai-'e) + (a E) + I 1,1 + Iﬁn a3 1 - ﬂ:‘k (ﬂzﬁ)
1+ﬂ‘_A W 1"— ™ 1_‘ 5 - : I
. 1 - u“l)u (ﬁ"’e)‘“‘l 1 (are“}:l—il + Bin,
whefe =
: 14 a“-’.a o 1 + 7 |
A B:,n ' —*—4—;3-(3 e)" ' 1 (3,_){_,1
;o s .y n-—l
BEEIT & TL 1_ ""1 (8 ey y +(6,,-e) -I—Il B i,

41 ;

By using the method in the -ﬁaaﬁaf it 5 ,1.,"a;e‘:'ha.ve"("‘u}ifﬁffaef;ﬂs omitted)
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- [(Bz€) ! (0:-€)"]

Y T r o o Ry
<k tonras (Sraarore) (5 % mon) |

i i=0. ; | =0 1=

WANG XIANG AND SHA ZHEN

It follows from (3. 11) and the mltlal-bounda.ry conditions that

|(3 e)ﬂzﬂf = Bl 1.

Let L B

]

| < ni2n=le g g S
bt = (Z z B2+Lﬂ_‘_1) .
¥ ey 1=0 J—-D

If we cﬂnmder the cnnvergence in a tna,ngula.r dommn |
" D= A=, t)|t< Az+M} im T ' (3.12)

then we have. . < . ° | o . Ll e
SRS IIBIEHQ'S K(Bf,iﬂ+br¢||3xﬁ|l_)=

whgl‘_e.'-,_.._ P B e

_ uazeu- (Z Ei(aze)“" )

i
n=0 =0

1
2

and N: is a natural number satisfying M = NK. Hence.
|0zell < —(KbN + \/K2b2 + KB} o < Kby

) ,(.3'_13_)'

Cc:mbmmg this mequahty w:tth (2.2.1° ), we get the estimate of (9;€)

e o ||3tﬁ|l < KbN
with the first ee:lu.'::.hi;)r in (3 11) and fﬂllawmg the prmf of (3.13),

- {8.14)

Combining (3 13)
we get the estlma.te ofe. Let

.-B-:',n -:-‘('u?:;l:un“;l')}‘ k(arﬂ i-1. '1' {_{'11-1 “:)A -"k (3#5):-1
e la g Rl - L apkR.(p,im) + 501 kRa(prin = 1)
+ghRpi= Y W) R ’;a"-‘(axf" + A G
+Ear (00 = G0N - £ Ouegiey = (0ue)} + aP(Bsef] + (@]
1“"'1" 1 +ap) : “‘?_'1"(;)?:{;_ |

n—l , |
o ?'1 “ﬁ")'l ( ) 1 _— a:‘}t(%)-i*? +1 :.;-ﬂ?k-f_
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Then

N g o ®
2 ' 3 &
lell < K{bw (Z leg? ) (Z 1€2)2 )2‘ (3.15)
n=0

where g B .

n-—-2 n—{-1 .- % |

bN = (Z Z J+1 “"‘“"J) :

=0 =0

The following lemma summarizes the hypotheses and results for the convergence.

Lemma 3.2. Let D be the. domain deﬁned as in (3. 12) Under the hypotheses of
Theorem 3.1, if v 15 in CI(D) and p is in CB(D) then the estimates (3.13), (3 14)

and (3.15) hold. |
Thenrem 3.3. Under the hypotheses of Theomm 3.1, sf v is in Ca(D) then

*Jlell €'0(e) |8eell < O(a),  l18zell < O(a),

where

Q.= \,/h,2 + k2.

»

Proof. Letp-v then e=0. Hence { | x-..

Biyn = L., = 7 _lﬂﬂ}.[ R;_.(tr £ n) + AR;(‘U : n) + R,,(v § - 1 n.) AR;(U i—1,n)]
- and | J TN ¥ -
|Ba(,i, )] = | - —j_ (331?)(3 nk)[(z = —)h - stsl

| . 1/2
< Ka®/? [ / (Fv)*(s, nk)'ds] :
., o (i=1)h e : b
This leads to 28 3 - O @ i
N N-t /2 [/ MY -Aa:+M 1/2
by < _).__.*51{ (/ d/ 8 v)? tdt)
o~ N (ZZ N—i-j | -+ = AG&L b . ZU - ”) (37 }

=0 =0 - sk

+ ( /{; " dt fﬁ _%(t_m(aiv)i(z,t)d:z:)m].

: -"'r + +

i Ml p-AatM o 112.
4 -I-KC![ ([ '1"*&'3/ ' (631})2(1‘ t)dt)
Al 0

-Juh-l.-M ' - NV . L e b el s T v b
(z:hj (a%)?(:h s)ds) e R R

1"',"
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1. L == . | 4 :

1

M =My o A\
+ Ka[— (j dt[*f\ - (BFv) (=, 1) d-fF) g, o 8
e U '_'_L“_ b o R :

N'h —-l(lk-: l"2 |
+ (Zk f (331?)2(3 3k)d3) 1 i %3
1=0 :, '

The last two terms are convergent to>zero a8 a:t_:';f 0."Hence"

G, o md w Bl R B 1 i
. ; E - : ¥ i g T el U e 6 '*'a".h_- T :] X e

B ||a‘tie|l £I| bN"' S ' ( .),.'I!' -T![‘.t?-ell ‘.< L F( o ):1 3 : ;
Loy -."t l;f_ _'._""_ -. t : = s Lh Tl , i .

Slmﬂa.rly, we ha.ve

s am o= t . 1 1
X 3 A T Oy PPt 1, | "y B .
' ik 4 ‘. Lo o i— 1-|. X

i _ ( Kﬂ;“z":aﬂe" —_ [ ( Z A f h;-; _h(afﬁﬁ)i(ih,as)dg)l!z

t=0

(Ek ] lbk—m(fﬁv)?(s Jk}ds)m],

3=0

1{2 5% .:.’r'
|e“\ _ szz (l ./k.(J 1)(33v)2(ﬂ .s)ds) # LW ,

_1_1

i

. ih 1/2
Ie‘:}l { hsﬂ Z (-[(J—L)h(wU)Z(S {])ds) ' .

;’-1 g .. X

"- 1_:...“:1‘!':_

Hence ¥ s

|le||sKa’[U (339)2(3)43)% (f: %‘aﬁf )2,(3)“) ]
. (f dtf I( (331;)2(3: t)da:) . oYz, 1)

e T
-

'HII-‘
/,.-—.\
S

>

X

oy
'ﬂ\;
i S
2]
=
o)
e
&
e
D
oo™
s
o
e
o
S

b |

i il

;s .:. . & T ) e ‘ : - ;f . _": = : . it Il ﬁl
+0(&2 ) * 1I "' z t_"n i :L "'1; 11.'3 :- " : _‘1{1‘- 1. -Ij e '..l
_ The theorem has been comp].etel}’ shown e a

It is not necessary to assumém Lemmai3;2 tha.t haﬁ the thud pa.x‘tlal derwa.twesm &%
in the whole domain D. In fact we have the fiﬂlOWﬁ'lg sha.rper reﬁult. g

tF:.-’?*“. : bg

ris 1) i+ 1,j-1):4

. Lemma 3.4. LetO;; be the rectqngle wgl@ Dg 8o ._3 (* J)q (h.? i3
and (i—1,7). Suppose that for each (i7), p s mCQEB._,) Then, under thé hypotheses -"*"‘:-

e



Thé Bivariate Spline Approximate Solution to... | - | | 123
of Lemma 3.2, we have

0zell < Ko + 19=ell). 104el] < K(bn + —llBzgl]):

T L LY N\ N Sy
el £ If[b~+.gl|ﬁll {loze]| + (E'Icﬂl-ﬂ)- + (E'lefl-ﬂ) ]
T N T i=0 7 1

&

where by, by, etc are deﬁncd as ﬁboué; but
() =A(0pin )T + (3:Pi+"1,ﬁ+1_)?'+_(3tm+'r1,nf)? + (t?:i?‘i‘,nq-f)?;"“-" iy
(8:0)F = (OcPin)F + (OzPisrins 1)} + (Ozpixa1n)l + (ePinar)i’s
Pt = (pia); + (Pis1,n1); + (Pi+1,n)?_+ (Dipgiloy 5 52 .8 F w b=

and Ru(p,i,n) and Ru(p,i,n) are replaced by Ry(pin,i,n) and Ri(pin,i,7), where

LI

P:,n = P' iﬂ! ;
" §4. The Spline Approximate Solution ~
We first intgoduce the space ‘of continuously diffe‘reﬁti?,ble‘bivaﬂa;té-sp’line func-
tions of degree 2, denoted by $3(A), which was defined and discussed by the second
becurng-Siage LR SR AP FEE

G-Dhik) . Ghik)

0 T i oIk (G=DRG DR o (WG - 1R

~ The straight lines, z = th,i = 0,_,1;5; -:;,I ,a.ndt = Jk, j=0,1, ,J ; ﬂﬁﬁdé
the domain [0, Ih] X [0, Jk] into IJ rectangles, where I and J are two fixed natural
" numbers. Two diagonal lines further divide eachirectangle into four triangles. This
partition is denoted by A; see Figure 1. Tet ©'* © N o

'1} ) i I _'IF'."'

a :i--Ji- 2 i ._-. -=- . ) '-\.- :‘. . 154 :_.. ] * . .|'.' .' . _.:r:_.ae -"_'. R - y i
_ II2 — { Z : Aij’-ﬂ t" I A:J E ]R-’ }.; - s o8 W TR
. ' = ' . B SSEelE R BENY R TR

NO<i45<2
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be the space of bivariate polynomials of degree 2. We define
s}(A) = {s € C'{0,Th] x [0,J K] | s|5 € Iz, forany A€ A},

where A is the class of trla.ngles which are elements of the partition th. Let 0;; be
a rectangle whose vertices are denoted. by (ih, 7k), (i — D)k, jk), ((F — 1)h, (3 - k)
and (th,(j — l)k') The four trla.ngles in [1_, are denoted by I, II, I1I, and IV see
Figure 2.

Let s be a function in S1(A). We can express s on [; by the parameters

st = s(mhink), (0:8)y = 0r8(mh,nk), (Oys)r. = Ois(mh, nk),
wherem =i, i—1; n=j, j—L R
For example, for (z,t) € I, we have

o) = daol Byt 1= B2y - B [ e EH]

Fofsd + 7 S(KBs) T = BBas K = (.f“";m)—'(”‘; 3)

s e L+ DI

; udh X th — x k-t —-:h ik —t | |
25 4+ k(Bis) 1)1 - - - E )(“’ e o T

where

g ;3 ;. T | _ | -
a0 = 7(s] +6!” + .sé'_l +8l1) + Sl-h(Bzs); ~ K(Bes)iT] + A(B28) 7% + k(Des)i ).

These formulas were proved by the second author in [1]. -

We construct the spline approximate solution to (2.1) in two steps Flrst we
determine three grid functions by schemes (2.2). Then we can ﬂbtmn the spline
approximate solution by using formula (4.1}, etc.

§5. The Convergence of the Spline Solution

We first introduce some definitions and properties about the two-dimensional
- spline approximation theory presented in 3]. . Y
 Let || fllg denote the LQ-D{}I‘HI ﬂf [ over the dqmmn B ie, :

NS o= Sy |f||s—(ff i3 t)lzd-fd‘)w

Let A € {(¢,n) ]| i and n are two natural numbers } be buunded and be such that if
aEAa.ndﬁ{a,thenﬁEA

e b : , £ _..-_,;: Hem .:' PP Rl g LA
L i N R e TN :';%r_@-.‘-&;_*.':_.:___l.; S R s e A e
a0 T
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Define | |
OAN={alad A and if 8 <.a then S € A}..

For &-=.{ﬂ1,&2)'&nd f = (hl,hg),.deﬁne
.‘;i'fi(;':,t): ALl AN f(=,1),

where & and &“” are the usual’ ay<th and a9 -th forward difference of step lengths -
hy a,nd hg w'lth respect to a.nd t respectwely For

i

B(a h) — {(m t) | (:1: + 31n:1,t + 32{12) € B o ail (81,82) < h} h (hl,hg), ,

deﬁne :

| Wn(fah B)-p: sup Ilﬂ"’f( Naem
- o0l 0gt<h

and

onlfihB) = - Y walfihy B).
_ a€da

Lemma 5.1. Some simple properties of w, and wp are:
;F_%l)wh(f,hB)—rO ash — 0,

2) Wy ﬂr:)(f h, B) { Kmln{w(crl—l uz)(a fh, B) +w{n1 ﬂg—l)(atf‘?h B)}
3) wﬂ(f! '}‘h'.rB) 5 (1 + IA)mwa(faha B): m-= ma‘x{&la.aﬁ}i
4) If B;, i = 1,2,---,n, are n domains with B; N B; = ¢,1 # 3, then
Zwa(fw h, Bt) < Ifu&(fv h1B):
i=1

where. B. = U B;.

Lemma 5 2 Let \/ )'12 + k* There is a constant K > 0 such that for each
f € C? and each rectangle 0y, there exists a polynomial p;; of degree 2, i.e.,

" pij € span {I,:r,t,zt,:vz,tﬁ.},
such thm;r L . - o o ol
T ) < ()] € Kaw(Dfe,Ui);
| : ar(f;—ﬂij)(%t_)l ,SLKW(szvﬂ-ruij)'r B
(5] 'i | 2¢ 2%, ! mi._fi;: |
O f - pij)(z,t)| € Kw(D?*f, a,Ui5),
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where
w(D?f,a,055)
= Z [w(;.-_ﬂ}(aif, &,Dij) + W{i',n)(.axatf'# {I,D,'j) T W{i',n)(atzlfa aiﬂij)]-
0<i' +nLl .
Remark. We will not give the complete details for the proof of these lemmas

because the proof is very similar-to that used in 3. |
Let D = {(=, t) |1 < _Ar+ M } be as deﬁned in Sectmn 3. We Ehall estlmate the

error in the domain D’ = {(z, t) | there exlsts areeta.ngle 05,0 < 4 <N,0<j<N,

such that (z,1) €C; C D}. : -
Let p be the function with PIEI. = Pij- It follows fmm Lemmas 5.1 and 5.2 tha.t

(5o prr) " < KX S0 agal)

n=0 f=0" n=01=0
< Ka w(D%, D’) |

(Z Z a2|(axv — Bmp)“" F) < Kow(D*v,a,D’),

n=0 +=0 |
(Z Z a2|(3¢'u — Btp)"""'ﬁ) < I{aw(Dzv,a,D’)-, - w8
n=0 =0 - | | |
o sl = (353 j] (0 - Pinei)(z )P dzdt)
n=0:=0 ;

< Ka w(D%,;_&,D’),
[8=(v = p)llD £ Ii’w(Dzv,a D'),
|0¢(v — p)l[pr < Kw(Dzv a,D’)

where p?, (0:p); a.nd (8;p)" are as defined in Lemma 3.4 and v is the. exact solution.
Since p and the spline approximate selutmn 4 are pleeewme pelynemlals of degree

2. it-follows that .

ol = iz]] |(pm-,‘ G, t)l’dzdt)m

= 1=0

K[ 2_:01_20“2,“” S f)l.ﬁ+ﬂ( Ea’l(azp 3=u)““|2)1ﬂ

127 s . '_
+a(zza2|(3¢p B;u)“"lz) ] S ,' (5.2)

n=0:1=0
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and . SR S T

1 1 . :

(ZEt0-urr) s (EE“?'I_@—W-*F) ggﬂfwf
(ggaﬂ(?—v)ﬂ*‘lﬁ) +If[b_~ . (22 ﬂ”l(p—v)“'*[z)i .
(R auon)" @*‘ESF )" (e 1

<KW(D2”’“Z5’+K v+ (Sare) (Zléﬂl*‘) 1 e

n=0 t—ﬂ

where the second mequa.hty follows from Lemma 3.4 and the thlrd mequa.hty follewe

from (5.1).
Similarly,

1/2
(‘Z Eazl(&ﬁ._.p s, u)“*‘|2) < Kw(D*v,a,D") + Kby.
=0 =0 5 g A
p is a piecewise polynomial of degree 2. Hence

Bl S s SRy(pyd,m) = Ra(pyi, ,i} =0,
namely, If = (. This leads to

IBml--I(Bxe) +I2n[<:K Z Z(I(ﬁze)i‘ﬁ"‘lﬂ(a e)iri D)

m=-—l J—-—l

Hence L
N N-i A /2
ow = (203 B -;) <K [(ﬂzzaﬂuaﬁw) |
Abmwdatt ¥ I_ﬂj__ﬂ SR =0g=0.": . T
3 pay L @
ZE&QI(&e)“" ) ] < I{w(ng a, D')
=0 =0 :

t.-i -.: s Ta ..-I' l"-ﬁ

This leads te

B et i
rEaNL At -

Z Zaﬂ(aﬂ,p a,,u)“-*ﬁ) < Kw(Bzv,e: Dy
Ea 1_0 el . DUy A S AN AL B,

- We can a.lse show tha.t

J.l-

(S arr). skedap).

n—ﬂt—ﬂ ' Fo
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By a similar method, we have
by < Kaw(D*v,a,D').

Combining thesé estimates with (5.2) and (5‘.3),'_ﬁe have

N 1/2
”P — HHD' < K [aw(ng? C!,D’) ¥ (Z |egl2 ) (Z IEOF ) ].*-

=0 1=0
For 0 < n < N, we have

leg] < I(v - p)o + I(rﬂ-- w)i < I(v ~ P)o +|(p - w)a "+ —I(E’:P Btﬂ)o'll

n-—1
"|(31P - at“)gl { & " S'S*KU % ) | '|' [{p - “)gl + k Z [(Oep ~ 5t1?)0|
S - =0
Ifaw(Dzv a, D’)
Slmlla.rly, for 0 < i <Z & 1M
)] < Kaw(D*v,a,D').
. .
~ This leads to ) N e
lip — v||pr < Kow(D?*v,a,D’).
Hence ‘ * % - | -
lv — wlip < llv - pllor + llp — llpr € Kow(D*v, @, D). (5.4)
By the same method we have
||6 (v - u)||D= I{w(Dzv o D') (5.5)
and - | S
H@;('u - u)”,w < Kw(D*v,a,D’). (5.6)

Now we ha,ve a.lready shown the fﬂlluwmg theorem.

Theorem 5.3. Under the hypotheses af Thearem 3. 1 1f the. Ezuct saiut:on v i
in C*(D), then the estimaies (5.4), (5.5) and (5.6) hold.
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