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ON THE SUFFICIENT CONDITIONS FOR THE SOLUBILITY
OF ALGEBRAIC INVERSE EIGENVALUE PROBLEMS *V)

Xu Shu-fang
(Computing Cenler, Academia Sinica, Betjing, China)

Abstract

With the help of Brouwer’s fixed pﬂih’t' theorem and the relations of the
eigenvalues and diagonal elements of a Hermitian matrix, we give some new
sufficient c.mldltmns for the solubility of algebrmc inverse elgenvalue problems

§1. Introduction

»

We are interested in solving the following inverse eigenvalue problems:

Problem A (Additive inverse eigenvalue problem ). Given an n x n Hermitian
matrix A = [a;;], and n real numbers Ay, -, Ay, find a real n x n diagonal ma.tnx
D = diag (c1,-*,¢n) such that the matrix A + D has elgenvalues Al, " 3 An.

Problem M (Mult;pl:rcﬁfive inverse eigenvalue problem ). Given an n X n
positive Hermitian matrix A = [a;;], and n positive real numbers Ay,---,A,, find an
n X n positive definite diagonal matrix D = (c1,---,¢,) such that the matrix DA
has eigenvalues Ag,:--, Ay,

Problem G (General inverse eigenvalue pmblem ). Given n + 1 complex n X n
Hermitian matrix A = [a;;], Ak [am] k=1,---,n,and n real numbers Ay, -+, A,,

find n real numbers ¢;,-- -, ¢y, such that the matrix A(c)= A+ Z crAx ha.s eigen-

. i - k=1
values Ay,:+*, Ap.

A number of sufficient conditions for those problems to have a solution have heen
discovered by many‘authors (see {1]-[3], [5}-{7]) . In the present paper we shall give
some new sufﬁcrent»i’mndltmns for those three prnhlems to have solutions. These
results are not contamed in the presently known results and are better than the

known results in some a,spects
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Notation and Definitions. Throughout this paper/we use the following nota-
tion. IR™ is the set of all n-dimensional real column vectors and ¢ is an empty set.
The superscripts T and H are for transpose and conjugate transpose, respectively..
p(A) and tr(A) denote the spectral radius and the trace of a matrix A, respectively.
Amin(A) and Amax(A) denote the 'minimum and maximum eigenvalues of a Hermi-
tian matrix A, respectively. The norm | Jjoo stands for max-norm of a vector and
maximum row sum matrix norm.

For arbitrary n X n ma,tri,ces._ﬁf = [bi;,]and vectors b = (by,y b, )T e IR", let

d(b) = min |b; — b;]
t#2

and '
B = B — diag(bii)-

Withaut lﬂss_"_d_f gél_léra.lity we can -a;ssurtié that q?;] = §y; for k,7 =1,2,---,n in
Problem G (see [1]), that ay; = 1 for i = 1,2,+-+,n in Problem M, and that a;; = 0

fori=1,2,---,n in Problem A.
»

§2. Main Results

Theorem 1. Suppose that An ::-' cer S A D 0,4 = (Ag, A2y ,'A,.,)T in Problem
M. If - g 3 E _
d()‘) 2 Aﬂl.(’K::'mnr:a:(Am}) - ;\min(A{ﬂ))): | | (2'1)

then there ezist n real numbers ¢1,-**,Cn such that the matriz DA has eigenvalues
A1, "y An, where D = diag (€1, -*+Cn)-

Theorem 2. Suppose that Ay, > -+ > A,A = (Ai,.\g,---,kﬁ)T in Problem G.
y S _
RS AT =3 Ao T Dl AT = Kl ALY 2.2
d(A) 2 An — AL T A0 (Amax(A}") min(Ax ) (2.2)
N g s k=1 |

b S
then there ezist n real numbers ¢, ,¢n such that the matrizx A + Y ckAx has

k=1
eigenvalues Ay, s+ yAp, Where ..~

.bi ”4'"VLJ§.W“'*H Tb E': . B : ..q;_ e n : B :
A *-,_-;..}‘;nin--(f'fi(??r—azz"&‘_kk_ﬁg))1 A, = J@m_(A@"f'.)_.-.-Z.ﬂk_k‘-‘li“})i. .
g s | TL~Ehh ﬂ.&fyl:rmu;“ T i '.-Lk=11
Ao ='ma.x{|.l1|,|ln|}. |
Applying Theorem 2 to the additive inverse eigenvalue problem, we get the
following corollary.:  »+ " SR AT ‘<
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Corollary. Suppose that A, > -+ > X1,A = (A1, Ag, - ", AT in: Problem A. If

d(3) 2 Max(A) = Amin(A), ‘ (23)
then there exist n real numbers ¢y, -+, ¢, such'that the matriz D+A has eigenvalues

AL,y A, where D = diag(e,,-- ,cn)

Remark 2.1. Condition (2.3) is weaker than the sufficient condition for the
solubility of the additive inverse eigenvalue problem due to Laborde (see [5]).

3. Proofs of Theorem 1 and Theorem 2

First we need the following definition.

Definition 1. Let ¢ = (z4,-4+,2,)F € IR™ and v = (y1,-,un)’ € IR™ be
given. The vector y is said to majorize the vector z iof '

» - |
min{zzy.;d1l |1:§i1< <zk<n}>mm{21,1 |1{11< {ikﬂn}

i | 1=1

Jorallk =1,2,--. n with equai:ty for k = n. If the uector y major:zes the vectar z,
we write y & z (see [4], p192). |

Remark 3.1. If we arrange the entries of z and y in increasing order
Tiy S " S iy Ymy £ L Yy

the defining inequalities can be restated in the equivalent form

i o -. Zym.:pzﬁzj
| =1
fﬂl‘ all & = 1 2 ,.n with éqﬁallty for k = n.
“The pmﬂfs t}f Thearems 1 a.nd 2 will be based on the followmg lemmas.

Lemma 3. 1 Let &= (:t:,) é IR"™ and y = (y.) € IR™. Then y >z if and anly if
there exists a doubly stochastic matriz S such thaty = Sz (an n X n doubly stochastic
matriz 1S a matriz wh:ch has n’ nonnegatwe entr:es suck that the sum of entries in
every row and every column i 1). (see [4], p197)

Lemma 3.2. Let B = (b,_,) be an n X n Hermitian matriz. The vector of
diagonal entries of B majorizes the vector of e:genualues of B (see [4], p193).
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Levama 3.3, Let A= (A Aqsree yAn) € R™. Set

Ky={zeR" : z>A}.

Then K, is a nonemply conver compact sel in IR™.

Proof. (1) Since A € K, Kix # 9. '
~(2) For any z € K\, by Lemma 3.1 there exists a doubly stochastic matrix S

such that z = SA. Therefore

[2lloo < ISHoollAlloo = [|Mlco-

This shows that K is bounded.

(3) Suppose that z,, € K and =z € IR", and limp,— oo Tm = X. By Lemma 3.1
~ there exists a doubly stochastic matrix S, such that z, = SmA for every m =
1,2,-+-. Noting that {|Smilec = 1 for m = 1,2,.--, we know that there exists a
subsequence {Sm. }2, of {Sm}>_, and an n x n real matrix S such that lim Sai'=

mw— QO
S. Tt is easy to prove that S is a doubly stochastic matrix . Therefore

» .

£ = lim Ty, = lim Spu,A = SX€ K.

T D0 t— OO

w, i

It follows that K, is closed. | o
(4) Let z,y € Kx. By Lemma 3.1 there exists doubly stochastic matrices 5, and

S, such that S§1A = = and 524 = y. Thus
te + (1 —t)y =081 + (1 -1)5)r, 0<t<l.

Noting that £5; +(1—1)S52 is a doubly stochastic matrix, we know that tz +{(1-1)y €
K 5. This shows that Xy is a convex set.

Now we prove Theorem 1 and Theorem 2.

Proof of Theorem 1. Without loss of generality we can suppose that A #£ 0.
Set o | B |
Di={z={(x;)edR": zeEK), & L ones L B } o

Using Lemma 3.3 we easily prove that D, is a2 nonempty convex compact set in IR™.
Let z € D). Then z € K, 1. e. , 7 - ). By Definition 1 we have

e "
z T; 2 Z:}q k= 11,2,-- . ,n -1,
3§ i - CwoE m Tw wia

and
N n

2om= A

ST 1=1

.?:..:'I.:.;_."\-'-r,__ -'r*-:l:""'-"‘ et .:-'-r.'," . B
Sl TROSEGENT iR el Sy W ek
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[t follows that

12 A >0
and » »
S o, S T 1905 o W,
t=1 1=1 =1 i=1 ¢« g t=1
Therefore

A 22zi2 N, 1<i<n. (3.1)

Now let f be the continuous map with
f: Dyx—>R* and f(z)={(filz), -, falz))T

where fi(z) = A; + z; — Xi(z), Ai(z) are eigenvalues of the matrix DiAD?, D =
diag(z;), M1(z) € -+- € Au(z). Applying Courant-Fischér’s theorem (see [4], p179),
we have . |
Zi + Amin(DTAO D) < Xi(2) € i + Amax(PTAODT), - (3.2)
fori1=1,2,-,n.
Since A # 0 and tr(A%) = 0, Apax(A@) > 0 and Apin(A®) < 0. By
Rayleigh-Ritz’s theorem (see [4], p176) we have

(0) - Hni 00t H, _ H 4(0) H -1,
r.f..a.k-,.:(i')w1 DZ)_ mexy D7 A Dﬂy/y y = r;t;—g:y A y/y B

. H H (0} s (0) (0)
. <r;1£g§y y/:u D-! ¥ maxy A y/y Y = TnAmax(A )<I"~\ (A (;3)

and

nun(D! A(O)Dﬂ) = min yHD2 A{O‘D"fy/y Y
yF0

- H 4(0) Hp-1, _ Hp-1,, . H 4(0) H
A D . (34
min y [y Dty = min y By [y yyTAQy /vy . (3.4)

Since Am; (A(D)) - mingA(my/y ¥y <0and 0 < y y/yHD My & 2y _<_i Ay for
any y # 0, we have for any y # 0

H Hp-1, . H 4(0) H H H -1 (), /. H,
vy [y D1y yH AOy [yHy > yHy [y D~ y miny* 4 y/y y

> H 4(0) s (0) :
Aniny~ A v /¥y = Andmin(4©). , (3-5)

Combining (3.4) with (3 5)-we get
Amin(DEA® D7) > A Amm(A(“)) S, (3.6)
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Applying (3.2), (3.3) and (3.6), we have

firr(z) —fi(z) = Qi = A} + (Fig1 — Aig1(z) — i + Ailz))
5 Al + (= Mg Xppadl A™] + Admin(A)) >0 (37)

fori=1,2,---,n— 1. Note that ¢ = {(Zqy0 z,)T is the vector of diagonal entries

+

of DIAD3. Applying Lemma 3.2 we know that
A= Az),

that is

k I | | |
Zmi:s-_z.xf(m) - (3.8)

- =1

forall k=1,2,---,n with equality for k = n. It follows from (3.7) and (3.8) th;i.t |

k
min{Zf,;J(I-) ;1< <<y £ n} = Z?:l fi(z)

=1
L .

k * k k
. Z(Ai + z; — Ai{z)) 2 Z)x; = min {Z ) 1< <~ <% in} (3.9)

i=1 i=1 j=1 | - | |
for all k = 1,2,--+,n with equality for k = n. From (3.7) and (3.9) we know that
f(z) € Dy. Applying Brouwer’s fixed-point theorem, we thus have z € Dy such that
f(2) = z, that is, A(z) = ). In other words, Problem M has a solution z € Dy. The
proof of Theorem 1 is completed.

Proof of Theorem 2. Let

a = (‘111: = aﬂnn)T

and - - |
DPia)={z=@)ER" :"z+a€ky, zton<-= P Tln] -
Using Lemma 3.3 we easily j)rove that Dy(a) is a nonempty ,ﬁbnvex compact set in
IR™.

For any z € Dy(a) ., let

A(z) = Ao + D TxAk o

| o k=1 e P
and let its eigenvalues be A(z) £ --+ S An(z). Now let f be the continuous map
with - -

f - D},({I) -—FIRH and f(ﬂ:) = (f;l(x)i"-"*'afn(x))T
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where fi(z) = A; + z; - A (;r) lor = 1. 2.
For any z € Dy(e) we have z 4+ a € K. It 1mp1i’es that

Al < zi + ag; ﬂ}‘n

for all : = 1,2,---,n. Therefore
|z + ai; S'mﬂx {|A1l, [Aal} = Ao. | (3.10) -

Moreover, applying Courant-Fischer’s theorem , we have
i + @i + )‘mjn([A(I)](m.) < Ailx) < i 4 aii + Amax([A(2)]) . (3.11)

fort1= 1,2.+-4,n

Now let z € Dy(a). We shall prove that f(z) € An(a). A given z € An(a) may
satisfy

(1).1:,+a“201'0r1_12 , T, OF

(1) z; -I;a" <Ofor:= 1,,21 ++ .M, OT

(lll)..":l +a11 <0 and z,, + ay,, =2 T

Without loss of generality we can assume that z satisfies condition (iii). Then
there exists jo € {1,2,...,n} such that z;, + @ojo L 0 but z; 41 + 0415041 2> 0 .
We thus have | |

Anax ([A@)?) = max y¥[Az)]y = e HAO £ 3 2,40y
2=1 ¥vllz=1 |

= ||3|1|ax1[yH(A(0) ZﬂkkA( })y i E(ﬂkk i -":k)yHA( ):U]
S k=1

< max yH(Am} Zakkzﬂiw))y Z max (ﬂkk-l‘irk)yHAiU])y

liv]|2=1 ) Hwll2=1
jﬂ }
= Ay~ Z'ﬂkk + Z%{ min yHA{ ) )y + Z lagk + zx| max yHA( )y
k=1 llyllz=1 bk llvllz=1

= A} — Z lakx + anfdanl AL ) + Z |akk + k| Amax(ALY).
k=j0+1

Note that AM(AE”)EMM Amin(A) < 0. Applying (3. 10) we get

.*_1 s,

5 m([A(m)]w}) < X" = }tn Z ainun(A(U)) + Ao Z Am“(A(m) ©
WL - k"".?ﬂ"i'l
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Similarly, we can prove that
jﬁ I n | !
Aanin((AE)]) 2 A7 = A0 Y Aacf A + 20 D el AT, (3.13)
) k=1 k=ju+1 ,
From (3.11) , (3.12) and (3.13), we have

e i 3 B ki ZAM(A(“))+ Mo Z Amin(A?) < Ai(z)
k=1 &—Ju+1 -

< zi+ Gii + A%~ Ao Z O |y Z: Kessul AP (3.14)
_ k=jo+1

foralli:=1,2,---,n. Therefnre we have

(f:+1 :+1($) + ﬂ:+1 ;+1} - (f:(-?:) + ﬂu) = ()t:+1 + Tit1 — :+1(‘I) + Gig1,i41)

(A + = Ail®) + ai) 2 )+ [FA+ o ZAM(A‘”’)

k_
o 3 A A4 X =303 deae (AP + 20 D Arn(AP)]
' k=10+1 _ - k=1 _ k=jot+1
=-d(A) = [An — AT + Ao Z(Amu(AL"’} Al N 2E (3.15)

. k=1
for § = 4,2 s = L.
Note that z + a is the vector of diagonal entries of A(z). Applying Lemma 3.2
we have
-Z(:r,- +ai;) > Z'}.;(m) ) ~ (3.16)
$==1 =1
for all k=1,.:.,n with equality for & = n.
Combuung (3 15) with (3.16), we get

-~ min {Z(f,,(z) +ai;) 1S i <o < S n} .

>m1n{z,\ 15i1<-..<ik§n} -

=1
for all k = 1,---,n with equality for k¥ = n. Therefore f(z) € Di(a). Applymg

Brouwer’s fixed- ‘point théorétii we thus have'z € 'Dg(ﬂ) such that f(z) = z, .that
is, A(z) = A. In other wurds, Problem G ha.s 3 solutmn T E ‘D,\(a) The proof of

) Theorem 2 is.completed.



On the Sufficient Conditions for the Solubility of Algebraic Inverse Eigenvalue Problems 179

§4. Examples
Example 1. Problém G, where

A= I+(1 G)B Akzeke{+483 k= 1,23,

Al = '—4, Ag =0, A3=4

where I is the 3 x 3 identity matrix, ex is the kth _cc-lumﬁ of I , and

{01 1
B = 1 01 (4.1)'
1 1 0
Then .
AT =-=1, A3 =2, d(A) =4, Ag=4,
Amhl(f-l(m) = ) AM(A(U)) = L k= 1 2,3
# 481 k | 241 o st Bt
and . _
15 o e
Q) =4> 5 = (=X 23 + %0 2 (= Amin(4L”) + Amax(4L))):

k=1
By Theorem 2 we know that there exist 3 real numbers cl,cg,m such that ¢ <

c2<c3,1+c1 > —4 24 ¢c1+c¢p > —4, 3+61+CQ+C3-—0 a.ndA+EckA_;,

k=1
has eigenvalues —4,0,4. But the matrices and the numbers above do not satisfy the

hypothesis of Theorem 1 in [7] and Theorem 6 in [1]. Therefore, Theorem 2 when
used for rea.l symmetric matrices is not contained in Them'em 1 of [7] and Theorem
6 of [1]." |

Example 2. Let

A=B, M=-3; =0, =3,

where B is defined by (4.1). Then it satisfies condition (2.3) but not any conditions
due to Laborde [5}, Morel [6] and Hadeler (2], [3]).
Example 3. Let

where B is deﬁned by (4 1). Then

.-\J'f,\_
-

Amin(A®) = —0.15, Amax(A©) = 0.3.
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a-ﬂd : 1. - _ |
d(A) =9 > 8.55 = As(Amax (A@) — Amin(A®)).

Applying Theorem 1 we know that there exist 3 real numbers ¢1,¢2,¢€3 such that
diag (c1,¢2,¢3)A has eigenvalues 1, 10, 19. But using the sufficient condition for the
solubility of Problem M due to Hadeler [2], we cannot tell whether Problem M with
the data above has a solution. In fact, for the matrix above there are no positive
numbers Ay, Az, Az such that the matrix A above and the numbers Ay, Ag, As satisly
the sufficient condition of Hadeler. A | : = =
Acknowledgments. The-author would like to thank his teacher Prof. Sun Ji-
guang for helpful suggestions and guidance. * |
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