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Abstract

A necessary and sufficient condition for the convexity of adjoint patches for a Bezier

iriangular surface is presented. Furthermore, it is proved that this condition iz equiva-
lent to the fact that the adjoint patches form a decreasing sequence as the corresponding

degree decreases. The condition can be easily computationally verified.

’ §1. Introduction

.

Consider a given triangle 7' C R?. A Bernstein-Besier surface over T is usually expressed

a3

tt+itk=n

where 1
n oo T8 i gk
Ji,j',k(p) . 1! J! k!u vjw y

p := (u,v,w) € T is a point given by its barycentric coordinates, and F := {fi;kx €
Rit+ij+k=mn,14,3k2 0} is a set of prescribed real numbers. The de Casteljau
algorithm!!l provides a stable and efficient tool for the evaluation of B™(p}. It is well known
that it has also a simple geometric interpretation, i.e. it can be viewed as a sequence of
plain interpolations. To be precise, let us follow [2] and define partial shift operators:

Ei1g: .6 = Git1,5.k; Eogi ik = i5+1,k) E3g; ik = i jJ+1- (2)
Let the nodes P, ;5 that correspond to f; jx be given by
P,k = (/n, i/n, k/n), 1+3+k=n
For a given P € T, the de Casteljau algorithm computes the values

i’:},k = :!:;',J:(P) = (UEI + vE; + WEE)mfi,j,k
— Z f‘l+ﬂ1j+3uk+1 ::Tﬂg“.l'(p]l (3)
at+tfty=m

i+ itk=n-m

that correspond to the nodes

t+mu 7+myv k+mw
). ()

k= Pl elp) = (uEy +vE; + wE3)" F ik = ( n ' n | n
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In particular, f§, o is the value of B™ at the point Fgy, = P. Let Fm o= {f%,} and
consider P! ,. These nodes belong to a smaller triangle with vertices

1,71,
m rrEk
P, 0,0 jn,

n—1n, n—m,0! 0,0,n—m’

We denote it by 7. Quite obviously, ™ and {R"; .} depend on the point P € T at which
we are evaluating B". Nevertheless, we can adjoin to F™ an (n—m)th degree Bezier surface
over T,,. In barycentric coordinates with respect to 7' 1t reads

B;;“m i Z f:},k‘}:;:“ (5)

Litk=n-m

It is called {n — m)th adjoint patch of B™ (for the given point p). In [4] it is shown that
the original surface B" is an envelope of the family {B{*}. This explains why the study of
adjoint patches could be useful. In the next section we shall discuss the convexity of families
of adjoint patches and provide a simple necessary and sufficient condition.

§2. Convexity of Adjoint Patches

In [4] the fuﬂﬂw‘ingﬁcnnclusiun was proved: If the inequalities
Difiix = (E1 — E3}(E1 — E3)fi,s6 2 0,
D2 fij i= (B2 — E1)(E2 — Es)fijk 2 0, ' (6)
Dafisk = (Bs— E1){E3 — Ea) fi ;6 2 0

hold for i + 5 + k = n — 2, then the adjoint patch B}™™ 1s convex over T™, for all m =
1,2, --,n. The condition {6) is only sufficient, not necessary. We proceed with a necessary
and sufficient condition that can be easily verihed.

Theorem 1. The adjosnt patch By~ ™ 1s convez over T",m = 1,2,---,n, for any
P €T if and only if the data F satisfy

(D1 + D2)fise 20, (D2+ Da)fijx 20, (D + Ds)fi5x 2 0,

DifijxDafisue+ DifijuDafige + DafijxDafiine 20
foralli+37+k=n—2

(7)

Proof. The conditions (7) imply the convexity of B™ over 712, But any BZ~™ is also
a Bezier surface corresponding to F™. Therefore, it is sufficient to prove that (7) hold for
any F™. Assume that F™ satisfies (7) for some fixed m > 0. We obtain by (3) and (6)

D1f$'11 = Dy(uEy +vEs + wE;) E}.k = ul), fﬂ-l,j,k + vlh 1?:}+1,k + '-”leff},k+1 (8)

and similar equalities for D5 )":;-:*,;1, Dy f:";'il Thus by assumption on F'™,

(Dy + D) f3) = [u(Dy+ D) fa j 6+ o D1+ D2) [T 41 5+ w( Dy + D2} % k41] 20, (9)

and

(D1 + Ds) f8 > 0, (10)
(D2 + D3) fi% 20 (11)
forallt+j+k=n—{m+1)—2.
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Further,

D, f’j;“‘}.’:)2 f"f;‘j;l + D, f’j’;*; Ds f’j;“;l 4 f'j;flﬂa f’j;‘;l - dem'jg"]'l (12)

with

Dyfiix (D1 + Ds) fT ;&

'! 1

r k ( (D1+Dz)f,3, Dl ', 5,5 )
t.1, =

Note that again by (3) and (6),

+1
AT =l Sl Pl (13)

All the matrices appearing on the right side of (13) are nonnegative definite, and A%’ has

to be nonnegative definite also. This finally proves the induction step of the argument. (7)
thus imply convexity.

On the other hand, the convexity of Bﬂ implies that F”*~3 has to satisfy (7)[3]. As-
sume now that F™ satisfies (7) for any P and consider F™~!. A particular choice of
p = (1,0,0},p = (0,1,0),p = (0,0, 1} reveals that 7™~ ! has to satisfy {7} also. By induc-
tion F satisfies (7) too.

We proceed to point out that conditions {7) have an equivalent geometric formulation
for adjoint patches of different degrees that belong to the same point P. First, we prove the

following .
§
Lemma. B" 1s convez over T sfand onlyifo = (§,n,¢)H ] > 0, where §+n+¢ =
0 and BT
Eifisue Er1Exfisx Ei1Esfijx
H=n{n-1) > E2E:fijn  E2fise  EaBafije | JEE(PY)  (14)

itith=n-2\ E3F fiix EsEafi;x  E3fisx
for any P* € T.
Proof. Yor any Py, P, € T, we assume that
Po = (up, vo, wo), Pi= (11,v1,w1).
The point P on the line segment will have the following barycentric coordinates:
p(t) = ({1 — tJuo + tuy, {1 —thvo+tvy, (1 —tlwo +tw;), 0<E< 1

The curve intersected by the surface Z = B"(p) and the plane perpendicular to the domain
triangle and containing the line segment Py Py has the following equation

2= B*(p(t)), 0<t<L1. (15)

It is obvious that z = B"™(p) is convex over T if and only if the curve (15) is convex for any

dz
Po,PLeT, or T > 0fort€|[0,1], and Py, P, € T. A straight forward calculation shows

that

72 2
¢

The lemma is confirmed.
We now prove the following
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Theorem 2. The adroint patches are increasing unth respect to the degree, i.e.
B B2 B end?;, 184K J&n (17)
for any P €T, if and only if the conditions (7) are satisfied.
Proof. The same argument as in (4} shows that for any p = (u,v,w) € T, we have
~1 2
B" =B} +o/2n". (18)
By the lemma, we know that ¢ > 0 if and only if B™ 18 convex. But this imphes that
B > B, 1<i<j<n

if and only if B"_i, v= 1,2, — 1, are convex, or by Theorem 1, conditions {7} hold.

At last, we a.dd some remarks

1. The conditions (7) are superior to that pres&nted in [4]. For example, take n = 3,
and fa,n,ﬂ = fl,z,ﬂ — fu, 1.2 T fﬂ,n,a = —f21,0 = 1, 201 = f102 = f1,1,1 = 0, fn,a,u = 3,
fo.z.1 = 2. It is obvious that data F? satisfy cnnditinna {7}. Therefore Thearemz 2 and 3
hold, but the criterion in [4] fails to be valid.

2. The convexity of B™ implies the inequality B® > B?~! for any P € T, but Bj~!
may not be convex. For example, take n = 4 and the only nonzero data are

1

fe00= P040=Joo0a=1, fo22=fro2=7Ffs20= 5" (19)

The corresponding Bernstein-Bezier polynomial is
B* = (u? + v® + w?)? (20)

and is obviously convex. Take p = (1,0,0). Then F® do not satisfy conditions (7) and B

cannot be convex.
3. The convexity of B™ is not sufficient to guarantee inequality (17). Take the same

example in 2 and p = (1,0,0). Then
= (u? + v? + v?)?, Bﬁ = u(u® + v* + w?), Bf; = u? + (v® + w®)/3. (21)

Let @ = (0,1,0) € T%. Then Q has barycentric coordinates (1/3,2/3,0),(1/2,1/2,0) with
respect to T! and T. It follows that

By(Q) = 1/4> BJ(Q) = 5/27, By(Q) < B;(Q)=1/3
and (17) does not hold.
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