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A TRILAYER DIFFERENCE SCHEME FOR ONE—-
DIMENSIONAL PARABOLIC SYSTEMS®

Chen Guang-nan
(Institute of Applied Physics and Computational Mathematics, Beijing, China)

In order to obtain the mumerical solution for a one-dimensional parabolic system, an
unconditionally stable difference method is investigated in [1]. If the number of unknown
functions is M, for each time step only M times of calculation are needed. The rate of
convergence is O(r + h?). On the basis of [1}, an alternating calculation difference scheme
is presented in [2]; the rate of convergence is O(r? + h%). The difference schemes in {1} and
[2] are economic ones. For the a-th equation, only U, is an unknown function; the others,
Us(f =12, ,a—1,a+1,---,M), are given evaluated either in the Jast step or in the
present step. So the practical calculation 18 quite convenient.

The purpose of this paper is to derive a trilayer difference scheme for one-dimensional
parabolic systems. It is shown that the scheme is also unconditionally stable and the rate
of convergence is O(r? + h?).

3

§1

On the domain D{0 < 2 < 1,0 < ¢t < T}, we consider the partial differential equations

3 o~ 8 3
-é;uﬂ[m,t] = ﬂz:::l Ey [Kuﬂ(-t:t)ézuﬁ(zi t)]:u =1,---, M, (1)

with the initial and boundary conditions
g (2,0) = u2(z),4a(0,t) = 0,uq(1,t) =0,a=1,---, M. (2)

Suppose that the coefficients of equations (1) aatisfy the following conditions:
K1°. K,s(z,t) = Kgqal(z,t); -
K2°. there exist positive constants o; > 0,02 > 0, such that

M M M
061 €2 < ) Kaplz,t)éabp <02 ) €3, (zt)€D,
=1 =1

a,f=1

for any M-dimensional real vectors £ € R™;
K3°. the coefficients K,ps of equations (1) are sufficiently smooth on the domain D{0 <
z < 1,0 < t < T} and especially, there exists a constant K > 0, so that |K,s(z,t}| <
st t
K, Kop(z,t + 1) Kaop{z, )I < K.

T
Since the coefficients satisfy condition K2°, equations (1) belong to the parabolic aystem.
In addition, we assume that there exist unique sufficiently smooth solutions of equations (1)

with initial and boundary conditions (2).
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We solve the problem (1}-(2) by the difference method. Divide the intervals [0, 1| and
[0,T'| into J and N points respectively. The space step is A = 1/J and the time step is
r=T/N. Let wp = {2; =3Jh|7=0,1,---,J} and w, = {i" = nrjn =0,1,---, N}. The set
of all net points on the domain D is denoted by {1 = wy X w,, and 2 =1 N D.

Let U(z,t) and V(z,¢) be the discrete functions, defined on the set {}. Introduce the
following notations:

’ U =U} = U(jh,nr),
1
Up =gy = p(07 ~U), DT = Uy - '1{ P = UD), i
Up = Up, = 2(Up - U, Up=UP = (UpH - UpY)

Define the following scalar products and norms:

J=1 J
(U V™)= ) _UMNPh, (U™ V"]=) UPVEA,

b

U™ = VITRT, 0% = VTR T, 10 = max [0z, )
If U = U} =0 in the,interval 0 < z < 1, then there is Green’s difference formula
‘ (U™, V) = (U2, V™) (0
and the relations [3]
7™ < 10" Jee < SMUZIL (5

For the problem (1)—(2), finite difference equations may be constructed in various ways.

If we use explicit difference schemes, we have to consider the restriction of the stability condi-

tion and require small computational steps. If we adopt fully implicit difference schemes, the

~ lterative computation leads to a huge amount of calculation; s0 we must consider economic

schemes, which both are unconditionally stable and require small amount of calkculation. For
instance, the following difference scheme is investigated in [1]:

A

Uzt = z;(-m Ups') + (et Uzt + (1-00a202) + 30 (2003
B=a+1

(z,t) efla=1,---, M.
(6)

where 0.5 < @ < 1 is an arbitrarily selected parameter, and

. |
Gag = Gop ; = up((] - E]h,nr), a,f=1,---, M.

In [2], an alternating calculation difference scheme is considered:

a—1
U::}.l.l Z(n2n+1 2n+1]= o (ﬂ2n+1U2n+1 +- ai'; UE:;)I e Z (ﬂ- Up ;):: (7]
S=1 P=a+1

(z,t) eQa=1, .-, M,
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a—1 M
1
Ugwt = 2 (a3 U e + 5 (a0 UL + 20023 + Y (a35MPURRM).,
Bl A=a+1

(z,t)ela=M, - ,1.

| (8)
Equations (7) and (8) are used for calculations for odd and even time steps respectively.
In this paper we consider another unconditionally stable and highly accurate difference
scheme, of the following form:

M
U. = p(U2* —2U2 + U2 aa + 3 (a2 Uz ), (%)
p=1 |

(zt)en, a=1,---, M,

Ug;=ullsh),5=1,---,J -1, Uzo=Uas=0, n=0,1,---,N, a=1,---, M, (10)

whaere {
is > Iﬂz.

In this section we consider the error estimation of the discrete solutions for difference
scheme (9J-(10). Let Z,,(z,2) be the difference between the solutions of the difference
equations (9)-(10) and those of the differential equations (1) with additional conditions (2),
namely ;
Zo(z,t) = Uas(z,t) — ua(z,t),a=1,---, M, (z,t) € ).

Putting U, = Z, + u, into the difference equations (9), (10} we obtain the following
equations which the error functions satisfy:

A
3:; - p(z:"'l -227 + z:-l)l.s = E(ﬂ:pzﬁ..l)l = Pas (11)
i #=1

(z,t)eN, a=1,.--, M,
Zy;=03=1---J~-1,28,=2",=0, n=0,1,---,N, a=1,---, M, (12)
where the term on the right-hand side of (11) is the truncation error:

M
P: = "“:‘; + #(u:‘l-l _ 2“: + “:_l)l.s 3 Z(“:ﬂ“;,l)ll a=1--, M. (13)
A=1

Taking the scalar product of 2rZ"= in the o-th equation in (11}, and then summing up
the resulting relations for a = 1, .-, M, we obtain

2r f(z;;. Z*,) - 2r fj(z"- (BT =220 + Z27Y), )
=l > e a=] ot

M M - M (14)
= E[Z:‘: ' Z(“:pz;,,)ll =2r E[Zn' »¥a)-
a=1

a,t
a=] f=1
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By Green’s difference formula (4) and the following relations

202", = 7(Z2, + 22 = 2P - 237,
w,t

n 1 n— 1 n 1 n - 1 n
Zﬂ == -2—(Z;"+1 Z 1) —TEZ E(Zﬂ+1 -+ Z;' 1) — —ir(Zﬁ‘t —_ z;f]’

equation (14) becomes

2 Z(z'*. 2) 412 ((Z0 + 20 e, (20~ 23 ]

=1 a=1
1 M M
5 Z: ((Z:H — 23 ), E aas(Z3t" + zﬁnllm]
a=1 pg=1
1'2 M
=~ b (( e t 25 ¢)zs Z S e z"f)t]
a=1 =1
M
=2 Z(Z:j P

Through certain verification and simpliﬁcatinn we get the following equation:

2r ) 122517 +3 L S - 22 D a2 + 20

a=1 a=1 =1

M M
n n s 1 naln
+72 E ((Za:+ Z35)2, (B2g ez — 2 E: aapZp 12))
a=1 A=1

(15)
M 1 M
—7 Z([z:,t + 4, iz (B2} adz” o Z u:ﬂz;r‘_’]]
p=1

a=1

In order to obtain energy estimate, we will derive each term of (15) in detail. The second
term on the left-hand side of (15) can be written as

M M
= Z(Z"“ Rl ) et Zatt + ¥ al 2
A=1 =1
1.3 sl 1 =
-l s 6
a=1 =1 a=1 =1
M M M M

Yzt Y ez - 5 o Eah Y ek Zhat)

a=1 =1 a=1 g=1
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According to the coeficient condition K1°, we get

1 M M 1 M M
3 2 AT D el 25t = 5 Y (2230, Y ek 232, (17)
a=] = a=1 =1

M M
1 = - n_ gn =
= 2 2okt — 2220, Y oty Zptt + Z %apZgs']
a=1 =1
;M M 1 M M
- 2 Z(z::;ll z @ ﬁz;-ul - 2 E(Z:;l’ z ﬂzﬂzgv;ll
a=1 f=1 a=1 p=1
» 1 e =
= 2 ET 200, 3 ey (234 + 2)) (18)
a=1 f=1
1 -
~4 E((Z: + Z3 ), E aaplZs + zg-l)il
a=1 p=1

1 a=1 =1

|+
Il
ot
k-
|

- Using again condition K1°, we can write the third and fourth terms of (15) as

& E( i‘g:ﬁ‘z:u T Z auﬂzﬁ Ht]
a=1 ﬁ—
M 1 A
—rﬂz(zzt=+3”ﬂ,y _Ez Z5 i
a=] Ag=1
19
; (19)
= r? Z(Zn,u: Bly s — = z: Gap2g8 12
a=]

M M
., wyf A -
7P LB B ~ 5 ) atp i)
A=1

=1
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Putting (18), (19) into (15) and rearranging, we obtain

M
Z"Z" I* + Z((Z"H"‘z")::zﬂaﬁ( g1+ Z5)al

ax=l u=1 f=1

A
+73 ) (2243, 820 5 — Z anp 2y ¢a]

ae=]1 ﬂ=1
o 3 (2" + l),,Eu""‘(Z"+Z"'1].]
4 <
= (20)
+= Z;tw" + 237, ,.El a2p4(Z5 + Z5™1)s]

+52 E(Z" ‘ﬂ - — Z a"“1 ﬂ.tl

a=l
»

- M AL
b S -1 S g 42 3050
Bl aw]

am=]

Let
E" == z((z-+z=-l).. 2 20 (&3 +33 aj4r? Z(z-;,l,pzn_—;; z E Copig g
u f=1 a=l (21}
Then formula (20) can be rewritten as
M M
2r ) |1Z7: | + B~ = B* + 2¢ 2(3’:;,@:)+r’¥", (22)
a=l ' a=] ’ |
where
1 M
=3 (@2 + 2, 3 63T + 5
p=1
vy (23)
+r2 E (Zasas Z aap i3, |
am] ﬂlll

According to the coefficient conditions K2°, K3° and the assumption u > ;ﬂg, the following
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inegualities hold:

M
622 + 221, - E a28¢(Z5 + 23 )ua) < Ca( 22 + 2271, - Z 025 (23 + 237 ")),
g=1 =1
1 M M
(Z23—nZ2as + 3 3 o%pl Z3al)| < CalZ27h, —uZigh + 7 D o25 Z50).
=1 ﬂ....
(24)
Thus, expression (23) becomes

o <Gy 52+ 22 > a2 (5 + 2

m=1 f=1

M
+0% 3 (80sk nlrsd - 2 Zj a35' 25731} = Ca B,

a=]

Therefore, equation (22) can be written as
»

o

M M
Ertl 4 r Z; 12217 < E™ + 1 D lle)? + rCa B,

a=1

namely

M
Etl < (1 4+ Car)E™ + 1 Z e 112 (25)

a=1

Summing over n =1,:--, N — 1, we have

N-1 M

EN < E' +rCy Z E*+ ) D lletl?r (26)

n=l n=1 a=1

By means of inequality (26), we can derive the following lemmas and theorems about the
stability and convergence of the difference scheme.

Lemma 1. Suppose that the coefficients satisfy K1°—K3°, Then the difference scheme
(11)-(18) 1s stable with respect to the right-hand side terms %, ¢l 43, where ¢l and 3
denote the truncation errors with the difference schemes (7) and [B] att=r* and ¢t = 2r*
respeciively.

Proof. From the expression (21) for E™, it is shown that

o Z[(Zl - ZO);, z ﬂ,,,,(zﬁ + zp],] + 7 E(zg t2s P'Zot: T E “upzﬁ,u]

u=1 a=]
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By initial condition 321 ; = 0, we get

M
g Z(Z; 2 Z “aﬁzﬁ,z] ¥ Z( :::F‘Z;,z - i z “g,&z’;,z]
=1

a=1

—uE(Z;m ,]—FZ 122 .12

a—=—1

In the case of the trilayer difference scheme, besides the given initial value{called the
value of zeroth step), the first step’s value, which is calculated by the two-layer difference
scheme, has to be given. In order to guarantee accuracy of the numerical solution, generally
we use scheme of the same order of convergence. Since the trilayer difference scheme is of
second order convergence, we consider using the alternating difference scheme (7)—(8) with

computing setp 7* = 0.57, and use the values calculated at the time t = 27* = 7 as the value
of the first setp for the trilayer difference scheme.
Let Z, denote the errors of the alternating calculation difference scheme. Then we have

, Z=22 a=1,---M. (28)

-

In view of the estimate of Zﬂ,[“l,

Z 1220 < - £, (29)

where

gl M o M [ F
= N 12 5 Y. dhady sl 4 =012 (30)
a=1 B=1

Simultaneously, from the estimate of £2[2], we get

« M i |
B2 < (14 Cor) B0 + (14 =5-) S (ILIP + 182]1%). (51)
a=1
So from (27)-(31), we obtain

B <u Y 2P < L2
a=1 = (32)

all? + 142 1%)r}-

Substituting (32) into (26), we have

N-1

EN < LEO4Cor Y B4 T 5 (h630% + 16202 +  _max Jle2l?).  (33)
n=0 a=1 =R
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Thus, according to the initial condition (12) and expression (30), and by the Gronwall
inequality, it follows that

M
i Lagtl s ¥ (18307 + 18307 + | _max_ [lo21?). (34)
o=

On the other hand, in view of the definition (21) of E™, coefficient condition K2° and

; 1 :
assumption u > 772 We can have estimate

A M
- . _ 1 e
B*> =L 31|28, + 223 )P + P (u - 792) 2 1223317
a=1 a=1

A
o) e n—
> T Z ”Zn.z E < 'z«:u,#l”zr
a=1
forn=1,2,--.,N. Hence

M
s 4
, > N2+ 225 < S B, (35
a=1

)

From the equivalence relation of norms, (5), we get

212 + 20 < - B”. (36)
a=1
Substituting (34) into {36), we have
- N N-1p2 TG,TM 71 |12 72112 n||2
212 + 2 < e 2 (Wale + 162+, mze_, lezl2)- o7

It follows that the difference scheme (11)-(13) with respect to the right-hand side is stable
in the maximum norm.

Lemma 2. Suppose that the coeffictents satisfy K1° — K3°. Moreover, assume the
right-hand side terms o7, 1,5:‘: of difference scheme (11)-(13) equal zero, but the snstial
condstion 13 not zero. Then the scheme with respect to the snitial condition 1s stable.

Proof. By assumptions inequality (33) becomes

N-1
BN < EB0 v o5 Y Er < EeorTio, (38)
7y ! o,
Substituting (36) into it, we have
21227+ 207G < e maxaly 3 (1231h1%8a1 < Heo MK S 122,41
a=1 ’ a,f=1 a=1

(39)
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It follows that the difference scheme {11)—(13) with respect to the initial condition is stable
in the maximum norm.

Therefore, from Lemma 1 and Lemma 2 we can give the following theorems directly.

Theorem 1. Suppose that the coefficients satisfy K1°—K3°. Then the difference scheme
(9)—(10) ss stable with respect to the initial condstion.

Theorem 3. Suppose that the coefficients Kop(a, 8 = 1, -, M) of the parabolic system
(1) are sufficiently smooth and satisfy K1° — K3°. Moreover, there eztst unigue aufficiently
smooth solutions ua(a = 1,:--, M) for equations (1) with snitval and doundary condiitons
(2). Then the solutions Uq(a = 1,---, M) of the difference acheme (9)-(10) unconditionally
converge to ua{a = 1,---, M) as h — 0,7 — 0, and the rate of convergence s O(r® + h?),
namely '

M

S IUY —uljlee < C(r* +A?).. (40)
a=1] ‘
In fact, Uy — tiq = 2Z,, and Z, satisfy the difference equations and additional conditions

(11), (12), where 7 are expressed by (13). According to the assumptions of Theorem 2,
we get ©” = O(r? + h?). In addition, according to the error estimate for the alternating

difference schemel?, we have ¢! = O(r? + h3), $2 = O(r? + h?). Therefore, from {37) we
obtain

p M
SO - ¥ < 3012 4 ZEH, < Ol +K2)
=1

a=1
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