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Abstract

In this paper, we consider a boundary integral equation of aecond kind rising
from potential theory. The equation may be solved numerically by Galerkin’s
method using piecewise constant functions. Because of the singularities pro-
duced by the corners, we have to grade the mesh near the corner. In general,
Chandler obtained the order 2 superconvergence of the iterated Galerkin so-
lution in the uniform norm. It is proved in this paper that the Richardson
extrapolation increases the accuracy from order 2 to order 4.

1. Introduction

Let T c R? be a simple closed polygon with corner points zg, £1,L2 ... Tm = Z0
For each i, X; € (—1,1) is defined by requiring (1—X;)x to be the angle T 1Zi%i+] -
Let us consider the boundary integral equation of second kind

wols) + Vo) = f(z), z€T (11)
where
Vuo(e) = [ k(z,v)uoly) dy
with 1 3
k(z,y) = ="y In |z — y|

Assume that T is parametrized by arc length s , with 8 = s; corresponding
to the point z;. We do not distinguish s from the point length s around T', and
use the expressions such as u(s), k(s,0), etc. Let siy1/2 = (8; + 8i4+1)/2,= 8i-1/2 =
(3; + 8i—1)/2, T2 = [8i—1/2,8i] and T2i41 = [8:, 8i4+1/2]. Each function u on I' may
be identified with the vector (uz,...  Uzmi1), Uk = u|r,. Then (1.1) is equivalent to
 the 2m X 2n system of equations

(I+T)uo=f (1.2)
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e —————————— e

with f = (f2,-.., fam+1)s%0 = (uo,2,803,- - ,4g2m+1) and where the matrix
operator T is defined by ‘

T ui(8) = ‘/;l k(s,o0)w(c) do, 8€ T}y,

2m+1

(Tux = E Tk 1.
=2
When
{k,0} = {20,2i + 1},8 € T,0 €I
k(s,0) = (sin X;x/x) - (8 — 8;)/ (s — ) + (s; — 0)? (1.3)
+2(s — 8;)(8; — o) cos X;x].
When

k=1,8€l;,o0€ly,
k(s,a) = 0.

T may be separated by writing T = R + K, where

Rey =Ti,  {k1}={2,2i+1} forsomei
=0, otherwise

and the kernels of the components of K are smooth. For each 1 let R; denote the
2 % 2 system of operators :

- 0 Hzi,2i+1
& [R:i’+l,2i 0 ]

then R = diag[Rl, Ha,... ,Rm]
For any o; > O and integer k > 0, define the norm

s - a;]m““‘Dﬁ‘u(a]

. @ @yl r,,.-ﬂ\{si}}

ol = maxsup{
with [s]® = |8|™={#.9) and the space

G, (13 UTsi42) = {ulu € CHTa UTsisa\(oi}): e < ol
For any vector a = (ay,02,.....- ,0tm), @ > 0, define the Banach space

C:(I‘) = {u[u € C"(a.-_l,si),vi =1,2,...m,||t)lxa < m}

with the norm
Jullo = max lolrsrace e }-
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The notation || - ||,.o denotes the norm of the L»(01) space. If L is a linear
operator, || L||, denotes the norm of the appropriate L? space. Then

| Rilloo < [Xi] < 1;
(I + R) Hloo < 0.

so I + T is a Fredholm operator and
Define & by & = 1/(1 + 1X:),f =1,2,...,m. Itis known that for all o <
&, f € CE(T) implies up € C¥(T') and consequently

< 00
o0

(I+T)™!

< +O0
cl-cl

‘(I+T]“1

We assume without further mention that f € CA(T) for all a < &.
To solve (1.2) numerically, define the graded mesh {0} ;} by

AN _
02i,5 = 8 — (!1?.1) (8i — 8i-1/2), 03 m

ai
O2i+1,5 — 8 t+ (Jﬁ) (8i+1/2 — 8i); 0<3<n

Set ex; = |0k, Ok ;41| for each pair of k,j. Assign E to be the set of all elements
er ;. Let h = 1/n and S) be the space of all piecewise constant functions with the
break-points at {o j}. P) denotes the orthogonal projection L*(T) onto S,. Then

forany e€ E
Pl 5 f uds.
mes € J.

It is easy to check ||Pajlcc = 1. So (I + P,T) ! and (I + TP;)~! is bounded
because

|| Ry | PhRes | < 13 < 1
Assume up is the Galerkin solution to (1.2):
(I+ PpyT)up = Pnf.
The iterated solution is defined by
up = f — Tup

" Then the Chandler theorem [1] leads to

Uy — u.g“ < ch®.
o0
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Now, we divide each element ¢ € E into two segments with the same length. Assume
that up/z 18 the associated Galerkin solution and uy/, is the iterated solution. We

shall prove

< echt,
o0

(4“112 —u)/3 — o

2. Uniform estimate for extrapolation

To prove our main result, we need some properties for the projection operator
Py,. In the following deduction, the generic constant ¢ will always be independent of

h. First it is easy to show
Lemma 1. Suppose l < p<owand 0 < a < 1.
(1) For any e € E, if u € L?(e) and Du € L*(e), then

[l ~ Prt|lpse < che|| Dul|r.; ' (2.1}
(ll) Ifee {Ezi,n; Eg,‘.i.l,g} for some t., and u € C;'.(Pg.; U Pg,‘+1), then

lu = Prull < chg|jullca, (2.2)

where h, = diam e.
An application of the argument used in [2,Section 2] gives
Lemma 2. Let e € E. Assume u € € *(e) and g € C*(e). Then

f(u — Pyu)gde = %h‘f f DuDgdo + R (2.3)
4 [
where A, — diam e and

3
|R| < ch? ) || D* " ulloo D'gll1. (2.4)
=0

With above lemmas, we come to prove the following results :
Lemma 3. Suppose 0 < a < &,8; = a; — 2/¢; for each 1 and u € CL(T'). If
¢ > 2/aq, then

(@) T - Pa)ullco < ch?|lu]ly, (2.5)

() T - Pa)ulley < ch?|lullcy (2.6)
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Proof. To prove the lemma, it suffices to consider R; instead of T'. For 8 € 'y,

Ri(u — Pau)(s) = f k(s, 0)(u — Pru)(e)do.

Tait1

Denote es;+1.; by €;. By a change of variables, suppose T'gi4+1 = [0,a] and I'zi = [0, 8]
for some a,b > 0, and define R,(o) by

sin Xx 8
R.lo) = = Y € 41,8 € s
+(2) x 8 +0°+20cosXx . Bl -

Then -
Ri(u - Pro)(e) = [ Bufo)(u — Pru)(o)do

and
< c(sz +az)-—(t+l+1)/z

\DEDLR.(J)
for any integer k,1 2 0, with the constant ¢ independent of s or 0.
Let 0; = a(f‘-)' and hj = Oj4+1 — Oj.

For 3 2 1,

1—-1/g;
Then e; = [0;,05+1] and A; S cho; fai,

Mj R,(c)(v — Pau)(o)do| = lj;(R. _ PyR,)(0)(u — Pau)(o)do

< IR, — PaRall1e;llt = Phttllooe; < chFIIDRill1e;l| Dullooe;
2-2/q; o¢— - -
< chta} gt [ (&40 dolfuley

< cht [ (68 + o) M Vedauloy.

n

Z R,(o)(u — Pyu){(o)do

_f:]_ €5

< chz fu(sz _I_JZ)ugf!—lf?-—lfq;do. & Chz:,
0

provided ¢; > 2/a;.
For bounded f R,(0){u — Ppu)(o)do we use (2.2):
€0

< clju—Prtlloose < hllullcy < ch*@llullcy < ch*[luliCa

L Rufo)(u-Pro)(o)de

which completes the proof of part (i).
We turn to prove part (ii).

D(Ri(I - P)u)(s) = j; * D,R,(u - Pru)do
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For 1 > 1,

€y

,[,.(D‘R’ — P,D,R,)(0)(u — Pru)(o)do

< ch2|| Dy DaRullse; | Dulloe; < ch?af 124 [ (52 1 5%)~S/2ds|ulc

3
£

< ch? [ (57 + a?)/2 1 Vardg ju) gy
3

n—1 ‘ a.
E D,R,(ﬂ il Phﬂ)dﬂ" < chz./ (32 +a_2)ﬂif2-—1—1f0ido-”uuci
j=17¢ 0

< ch?s* =29 ju||gy = ch?sP ||y

Observe that 9,R,(¢) = —3, R, (8),

. /ﬂu 0, Ry(0)(u — Ph“)(ﬂ')da'l e
= /m Ry (s)u'do ~ Ry, (s)(u - Phu)(ho)| ‘

-/; 0 8o Ry (8)(u — Pyu)(o)do

Next

ho
f R,(s)u'da| < c[ (s* + n‘:lrz)"1*"211:.?"""'lz::h::rHu”c;ﬂ}l
co 4]

Ao hﬂ
< csﬁ""l./ (s + az)_ﬁ‘ﬁa"*"ldaﬂuugé < csﬂ‘"lf o Pi~ldollull o1
0 . &

< cs®hg P lullgy = esf Ay lulloy < csfim A% ullcy,

and
| Rho(8)(u — Pru)(ho)| < c(s? + hE)~Y/2R§i||ul|cx
< csfi1(s? 4+ h2)~Pi/2hg ulloy < cof A ulloy
< cofi 1R uflgy.
Therefore
“T(I — Pu|| < ch¥|y|lq:.
o =

Lemma 4. Assume u € Ci. If ¢; > 4/, then

- T(u - Pru)(s) = ; 1 / Dyk{s.c)ulc)de + R (2.7)

where By} = E\Ey with Eg = U{ﬂz{*",ezi.ﬁ.],o} and [R| < ch‘”u”cg.

i
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Proof. We continue to use the notation introduced in Lemma 3. It suffices to
prove the expansion (2.7) with T replaced by R;. For s € Iy,

Rifu - Pau)(o) = [ Ralo) (s~ Pru)(0)do.

Using Lemma 2, for 3 > 1 we have

[ Rlo)u - Pru)(o)do = 351 [ PoRulo)Dulo)de + B

J
with -
3

[Rj| <chi).
k=0

3
¢ artot Tl 3203 [ (@ Bl
k=0 €5

D *u DR,

00,€4 l.e;

< ch"‘a;"_*fq‘[ (o? + 82}~ 2do||ullcs
€5

< ch“|[u||c;[ (0.2+32)-1f2+ai/2-—2mda,
5

ﬂl‘"l 3

S |R;] < ch? f (02 + §2)~1/2+ail1-2ide < ch?|jullcy
5 0 =
=1

provided ¢; > 4/c4. Thus

n—1 n—1
S [ Ro)(u~ Pr)(o)do = 35 3 B | DeRu(e)Dulo)de +0(Alluloz:
f=1 €y j:l €5

Next we estimate the remaining part using (2.2)

< cfju - Prti|loo.co < chg"““ﬂ'}, < Chill““:c:'

j;u R,(0)(u — Pru)(o)do

Collecting the above relations gives

- n—1 .
[ Blolu - Pd(olo = 35 2 [ DoRleIDuleMe + Ol

j=1

which completes the proof of (2.7).
Now we are able to prove our main result.

Theorem 1. Provide ¢; > 4/& for each 1, then

(4uj/z — uR)/3 - u{;‘l < ch®.
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o

Prodf. Because u} = f — T'u;, we deduce
uj —up = (I + TP;,)_IT(I — Py )ug.

Let
Wh = T(I — Py)uo,uy, —uo = ([ + TP, 1Wh

—(I+T)Wh+ (I+TR)™-T-(I-R)I+T)"'W™
Select a < & such that ¢; > 4/04. Let §; = a4 — 2/q; > 2/q;. Using Lemma 3, we
have

u(f + TP)"IT(I - P)(I+ T)'w* T(I - P)(I+T) 'w*

<ec
Qo

- L ch?|[WH||o1 < eh?||uollcy-
o A "

D0

< ch?|(I1+T)wh

Hence
up — uo = (I + T) W™ + 0(h*)||uollc;-

With the same argument we have
iz — o = (I + T) WM + (k) |uollcy

Form Lemma 4, we can derive

< cht.
o0

|4whf2 _ Wh‘

Collecting all above relations we obtain

(4 — 3)/3 — o < et
o 8
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