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Abstract

1In this paper, we consider the following problem
{ u" (2) =1 (z, 8(@), ¥ (@), a<z<h,

u(a) =t (b) =0,

and obtain the fellowing theorem.
Theorsm. Suppose thaé ¢(a) ¢ a uriqus coliocation solution of the above equation. T'he solution ()

of the above equation exists umiquely and u(z) € C*[a, 3], @, ¥, g) €ECr([e, Bl X (—0, w0} X
(—m,m}), z_[f;l], Z;;U- Then

o (8) =t (@) + 2 ey @) +00r), =0, 1, N,
whore ¢,(z) ars selulions of some linsar ordinary ds [Ferential equations.

We consider boundary—value problems of the first kind for second-order
differential equations
{u” (z) = f(z, u(®), ¥ (@), a<z<b, 1)
u{a) =u(b) =0,
where u(#) is assumed %o exist uniquely and u(z) €O’ tafa bl

(@, 9, ) € C"([a, B] X (—o0, w0) X (— o0, 00)), and L& D0,

Let 4 be an equidistant partition of [e, &]
4. a=mo<a < - <ay=0b

and let SP(3, 4) be a cubic spline space.

Definition. I f‘tlwa'e is @ unique s(z) ESP(3, 4) such that

s(a) =s(b) =0,
&' (@) =f(m, s(m), §(®)), =01, -, N,

then s(z) is caﬁed the ocubic spline collocation soluiion of boundary value problems of
(1).

In the following, we always assume that collocation solutions exist uniquely.

: N+1
Let 8 (m) o Z o 13 (:’E) 5

f=—1

where B,(z) are B-Splines of a cubic spline. By using the values of Bi(zy), Bi (@),
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Bi(z;) we have a system of nonlinear eguations.
i ﬂ...:["]"étxo"l“aj_#ﬂ,

. Py s
i1 h{: -1 ﬂf(ml: iyl 4? a"""’%"r _ﬂi+12hﬁi_!__), 5=0: 1:
Lﬂ}g’_1+4aﬂ+ﬁﬂ+1=0. |

Cancelling a_4, ay,1 we obtain
—Gaﬂ=hﬂf(ﬂ;n_, Wy, al_;lga:ﬂ.)’

B e ey + 4o -« — O .
Oy 41 hf;f aij.#f(mh Buga 6: 6‘;1, _F_‘i+1§hﬂi 1)’ _-2«='1, 2, eee

—Bay =h2f (ﬂ?N, Uy, ﬂN-i}':' 20 )

P

Solving thig system by Newlon’s iterat.on we can obtain the collocation solution

s(z).

For simplicity let us assume

Z=[T;1J and 0 =-%—.

For any function d;(z) € O"**¥[g, b] (j=0,1, -, 1), if we fake 8 = i hd (@)
. =6

.o, N,

,N—l,

(¢=0, 1, ---, ), then for ¢=1, 2, »-., N—1, from Taylor's formula we have

ﬁi_'_l——g}gi"}’ﬁ;_i . é h é de d§215+2) (mi) —]—O(h"),

=0 f=0 (2k+2)!
Bisa+4B8i+ Bi ' b 8% (a) r
St ¢ : -2 I (21.:)‘1 -+0(k7),
Bi+1'_ ﬂz— - : - gyt (mi) . p
}2 - g (2]04—1)! Gt

| f(mh ﬁi+1+4§i+ﬁi—1 : Bi+1""’ Bi-—l )

~fla dola), do@)+ B L T 1o, do(a), do(a) )

1<stm<i 8|M] 3:?}332

i j dﬂk+1}(m‘) ' A\™
x(,g = u_(§2k+1)l . ))

X gh”’ ; 3(3?2%)1 +O(h")) +O(K)

;f (e, do(@s), dolwy)) + L el I (@, do(@), do(@))

1cs+m<t $|m] W@ﬂ"‘
X > M

f=s4m {f1+';+fi+-|—f n=1

=8+1

25 LA G o™

~f (@0 dofa), d@)+3 3 LT ra due), dia))

=1  1<s+m<j 8lm1 Oy*oz™

{3 (B ERE). i (5 9206 o,

k=0 8+ (2%k)! / sn=iti\i=0 (2k+1)]

fat - digim=] n=l
Ll
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where ¢ (z) = d’gdg}m;) ;
Comparing the coefficients of J2 B4 «eo, h®, we shall see thai if we choose

do(2) =u(x)

and if for j=1, 2, »-+, I, d;(z) satisty different:al equations

i () —-%5 (@, u(@), ¥ @)@ — I @ u(@), ¢ @)-d()

5 {EFH-E} (m) 1 38+mf
hEI (2&""‘2) i 2‘:\‘%‘4 S‘MI ayaazm (m: %(m)? % (ﬂ}))
3 tﬂ d{ﬂt}m (m) s+m tn d(ﬂk+1} (m)
x{h-l- -+t,+,,. 3 n=1 B 1} 3 (Jk) n-n+1 E (2k+1) l }

. ) {Ek-i-l}( ) b 4 H’J( )
+ 2 (o, ue), 7 @) FIBLD 4 2w @) 5T @

then

ﬁi-;-:l R zhﬁ;“l' ﬁi-:l. f(mh BH'I_ +4§i o Bi-i : Bi+1_2'_}'bﬁ_i_-3._) e O (hr) .
'i'=1; 2;"'1 N"'ilr (5)'

A% boundary points we have

2,80+B1 *'Z j2-1 2 di?! ) (20) i 2 3,31 é

=1 (25— 2k) =t (2k+1)!

So if we assumse

& (20) _

=0 (2k) !
or
dy(20) = — EM R . | ©).

(2k) !

then

280 +B1 _ o 7,94 _;Ekﬂj(mn) i
~ h quh EZD (2k+1)} +0 (),

Bi+28s \ _ Ly 19y v df2% (@) l B2 3§ 2% (20) Bt
ow v BE28) = ge0 Sy B YT B0 B G+ 0)

h - £=0
, 2 .2 i pm ,
= f (o, o, Up) +5=.21 1“%_:’-3—,,!“1' oo f (o, %o, %o)
4255 (o)

XL >} H 21:}3-(2}9)]

1 Higam=§ A=l
fr?‘l

a4 tai Efiitlj (:IJ ) ;
n-I;‘L 2 (2k+1) ! }+ 2

In addition, d;(#) (=1, 2, -, D) satisfy equations (4). So we have
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680+ A1 f (ﬂ?m Yo, 23{1;‘__,31)
=6§ B35, (wp) + B2 f (%, o, 2»30;".31)

v <o 2057 (o) 28 +B O
I > (2}:); +hﬂf(‘”°’ oy == 1) o).

Similarly, lef

ol __1.. 3 :;;()“’f). 7

Then

68y -+1f (25, un, —2B2EBE1)_0(w),

Lemma. For squation

{ —(p@)v' (@) +¢(@)v(x) =R(»), =€la, b,
v{(b) =v(a) =0
suppose p(z) =c1>0, ¢(2)>0, 2€ [a, b], ¢(z), R(z) €0'[a, b], p(z) EC"*'[a, b].
Then there is ¢ unigue solution v(x) € O*?[a, b].

Corollary. For =1, 2, -, 1, there is a unique function &;(x) € Or+**-% [q, b]
and d,(z) satifies (4), (6) and (7).

Proof. The first step iz t0 find the funclion d&;(x). Equatmns (4) for this
function have a simple form

~d}(2) +ZL(z, u(z), v (@), @+ U (2, u(@), o ())ds (@)

- — 35 0@+ L@ u@), @) (@)

+_ 3f (m u(z), ﬂf(m)) ' (@).

The right-hand side of this equation contains only the function # and is »—2
limes continuously differentiable. Since the equation ig linear and the coefficients
are r—2 times continuously differentiable, there is a solution satisfying the
boundary conditions (6) and (7), which is unique and belongs to C'[a, b]. Let us
assume that the functions dy, -+, &;_3 (with d,€ O"**#[g, b]) have been already
determined. From (4) we see that the right-hand side of the equation for &, does
not contain functions d, whose index % is grealer than j—1, and is +—24§ times
continuously differentiable on the interval [¢, b]. The latfer follows from a simple
calculation on the smoothness of &, and the number of the derivatives one may
take. The coefficients of the linear equation obtained are functions of O" 1[a, b];
therefore there is a unique solution gatisfying the boundary conditions (6), (7) as
well as equations (4). This solution will belong to C™2~2%[g, b]. Thus, all I+1
funciions d; have been found and satisfy the condition

d.i(fm) ECT.H-M [ﬂr b]r j'__'or 1: 21 TS l.
Theorem 1. If do(a) =u(w), d;(x) satisfy equations (4), (6) and (7) for j=1,
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2, oo, 1, and
;
By= Zuhﬂd!(wi)r €'=Gr 1: e N.r
4=

then

680+ hﬂf Zo, Uy, Qﬁn;' Bi>=0(hr)r
Biz1—28i+ Bi 1 Bia+48:;+8i1 B 1_Bi—1)_..
actBur (., Bustdptfes, BuBn)-oun
i1 & v, WA,
285+ By_
68y f T, Uy, — iy hBH 1)=O(hr)-

(8)

k..

N+1

Theorem 2. Suppose that s(z) 5‘21“‘3‘ (@) is a unique collocation solution of

problem (1), u(z) €C™**[a, b],

ef (@, yr_f)_;} 0.
oy

f(z, y, 2 €0 ([a, b] X (—o0, ) X (—0, o)) and
Then o can be expanded as
Giﬂﬂ-(ﬂl;) +:§;hﬂj{ig(m{) +O(hr): 'f:sﬂ', 1_, " N,

where d,(x) €O Mg b1 (§=0, 1, 2, ---, 1) are the soluiions of equaitons (4), (6) and

(7).
Proof. For i=0, 1, -+, N, let

Tiﬂai_ﬁh
Subtracting (2) from (8) and thep applying the mean value formula we obtlain

Byot+k —gé(wu, o, @o) (Zyory1) =0(),

'}’i+1—2‘;i;¢+'}',-1 gzi(m*’ g, ?i) '_}'44;1'2";&71—1___ %(ﬁ: 8, ?‘) Vi1 T4 Yi-1_

=0, ¢=1,2, «, N—1,
of ,
Gyn—h Do (zx, un, Px) (yy+yn-1) =0(h").

By using the maximum principle for difference we have
| 7] <ch'.
So

P +;2 K, () + O, =0, 1, =, N.
-1

The proof of the theorem is thus completed.
Remark 1. When j=1, d,(z) satisfies the equation
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e e iy, S - o - —

& @) — 2L (2, u(a), v (2))di (o) — 2L (@ u(@), ¥ (@))di(a)

=@ +1 L u), *(m)) u" ()

-5 2L 4@, w @) v @),
Ldl(mo)h W' (o), di(ox) = —-+ v (o).

When j=2, d;(z) satisfies the equation

ey~ (o, u(@), v @) t0) ~ L, ua), w0 (0))ta(o)

| =—{§dm<m>——3§0-u<mcm>+— 2L (@, u(@), ¥ (@) ()

| +135 L (@ u(@), ¥ (@))- U (@) + _i(m w(2), W (v))di(z)
| o e u@), ¥ @) (@)
{ +3gh@ue v@)(a@+ive )
| L@ @) (4@ + R @ ) (e +L )

+3 2k @ u@), v@) (4@ + 1w @),
ds (@) = — 5 &% (20) — s ©O (),
da(ay) = ——1- 4 (@x) — w5 1w aw).

Now

(
s (@) _ G tdoy o4 o !2 72 N i;;_;,; (z;) +O(H)

6 =0 - k=0 O°

So if we assnume

e!(m) - - giiz;;m))l jﬂor 11 k™ ;r (9)

then
I
(a0 =u(@) +3 We,(@) +O(), =1, 2,3, -, N—1,

é; (o) —g; (@x) =0,

* In the following we shall deduce the equation which é;(w) must satisfy,
From (9) we have
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) 0\ gy @@
3.21 A & () e® "1 (w)
1 1 1 == :
3.4 321 1 : :
1 1 AR 6, (@)
323! 3+(2§—2)] |
T.ok ' .
1 |
4 1
- 3.21 o
1 1
Cs | g 2L .. 1 JaN r:m?),, {0
4 3.4 3. 2] _ a( "
1 L m 1
3.271 38-(2j—2)!
Then
ILE}-I':L]I (m) E:ﬁ)ﬂj'fi} (m)
d@(2) | Fi ¢~ 1 ()
s () 8) (o)
A+ () 624D ()
a7 (@) | 4w e (z)
& (@) \ &j(2)
So 5

{E?r+1} (ﬂﬁj @l

3 (2j—.‘3]ﬁ+1}( ‘)
2 2: & &
s (2};4-1) ! l}-::]::-s.:tn‘.'j (2‘? 2t+1)! *

» | |
a'% ﬂtk.‘!j—ﬂk+1) (m) '

=y lodt kzmj (2j—2t+1) 1

L 2-di"’£’”} (ﬂ'_)_ -‘3&{{3 ol 24—~ 2+ 2) (m)
EJ (2}#4"2) ] I:I-::anr:.tn:j (2_? 213-1-2) ] b
% Qi 631~ ﬂiﬁ+ﬂ)(m)

—ﬂ: (.."E) + in&zﬂ‘tdj (2}—'2t+2)1

Qubstituting the above into (4) we ha.va
i)~ L (@, u(@), o @) (@) = Gy (n w(@), ¥ (@)es(D)

ﬂégi;éi (27 .

+m
) as 2§ ~2k+1) Z 1 & f x, u(m) . (m))
a Osloataf (2j 2:+1) I 6{]5 (m) +ﬂ-:a+m-§.f sim! W (
k+4

_.——-dl-_
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2 a2t Eu+1}(m) }'
P4
{t1+...+21¢ m=] k]]-lsh (m) El-l na:E:t; (2#1, 2‘#+1>[

Tyom

L 6i(wo) —6;(ay) =0.
(10)

Theorem 3. Suppose tﬁat's(m) is @ unique collocation solution of prabkm (1),
6 (z) =u(z), and e;(z), j=1, 2, -+, I, satisfy equation (10). Then the approvimaie
solution can be expanded as

' 2
8(z) =u () +j§}h”’ﬂ,(m;) +0O(ky, ¢=0,1, 2 - N,
wn]

Here 1 [(rgl)] and the functions e;(x) belong to O™ [q, b].

Remark 2. When j=1, ¢;(z) satisfies the equation
[ @) =G, u@), @ @)t @)~ L (@ w@), v @)ex(®) =5 w@),

L 81(20) =1 (an) =0.
When =2, ¢,(¢) satisfies the equation

6(@)— Lz, u(@), v (@))es(@) —i"i<m,-u<m) o (2)) s () :

= 67(@) — 555 4 (@) — 5 o (5, (@), ¥ () 4 ()
* %%eﬂ u(@), ¥ (@)@ + £ 0T (2, u(), ¥ (@) -ex(2) -64(2)
1 b

+1 2L G u@), v @))- (mm))-*

_62(%o) =63(2x) =0. .
For the boundary—value problems of the third kind, similar resulis can be
obtained. We shall discuss it in another paper.
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