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Abstract

The cardinalities of interpolating restricted range R;(m, n) for bast rational approximation are
diseussed. The eonditions under which the cardinality of Ry(m, n) is 0or 1 or oo are established by

using the resulis obtained in [3, 4].

The problem of best rational approximation with interpolating oonstraints
proposed by Wang (of. [1], p- 69) eon be iransformed into an equivalent form by
means of Leibniz Rufe for derivatives. The problem can be slated as follows.

Assume that f €Cla, b1, wEC [a, b] with w>0, and E{m, w) is the class of
rational functions |

| R(m, n)={R: R=P/Q, PcH,, Q€ H\{0}}.
1ot a seb of 8+ 1 distinot poin'ts in [a, b] |
' G o< <o < Ty D

and a corresponding set of real numbers
E}Eﬂ (’f’__"O: 1, =, 8 j=.01 1, oy ki)

be given, where

O<h<t, 5=0, 1, -+, 8, kEg(k;+1)<m+n.

Yind a rational function R-€ Ri(m, n) such that

- | £ —wR|gowy=inf{| f —t0r 003t 7 € Ba(m, 0}, (1)
where Ry(m, n) R(m, n) is the set consisting of all irreducible rational functions
gatisfying the following constraints
S d! R (o)

do |
R, (m, n) is called the inferpolating restricted rangs.
. Golvability of this problem has already been investigated. Espeoially, the
existence, uniqueness and characteristios of its solution have been discussed. It
wonld be worthwhile to call attention %o the fact that all the related discussions
follow as results from a tacit assumption, pamely, Ri(m, n) remains nonempiy.
However, it turns out that this 1s not always the case. A simple example can
1lustrate it well. Taking k=0 (=0, *, g), k>m-+1 and

R{f}(m{)-: =y£-‘nj .f_,=0’ 1’ see 8 j=0, 1’---’ ki-. . (2)
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ok e 1
T o A

0, 2=0, 1, ", M,
yE‘”=={ ;
1, #=m+1; - k_lr
it iy obvious that, for any aforesaid set of the z,/s€ [a, &], there is no rational
function B€ K (m, n) satisfying
-R(mi) =yiiﬂ}, b=0, 1, e+, b—1,
ie., Bi(m, n) =@, the empity set.

The aim of our paper is simply to propound as a fop priority regarding best
rational approximation the fundamental question of under what conditions that
Bi(m, n) will or will not be empty. We note that such a proposal is equivalent fo-
considering the solvability of an under determined rational interpolation problem,
which is clearly expressed by (2). Here “under defermined” means that the number
of interpolating conditions is less than that of the parameters to be deftermined. In
what follows all our discussions and conclusions are based upon [4]. For the sake of
brevity and convenience, we shall follow closely the nofations used in [4] without
any speoification.

We first state & lemma concerning the interpolating propertieg of quasi-rational
interpolant r,,,. This lemma ineludes both Theorem 3.2 and Theorem 3.5 given in
[4] as its SPmlai cased.

" Lemmal. Assume that RC B,(m, n), 0<], Qkﬁ*l (=0, 1, ¢+, 8), p<p<m,
vsg<n. Then o, € X 48 an l;—fold unattainable point of K if and &nly o f -

(i) rank O'i(” (.’p—l: g"l) <rank O(P_‘lx Q'""'l): j’k’h ko—1, o0, Bi—1+1;

(ii) rank Q¥ (p—1, g—1) =rank 0(p—1, ¢-—-1).

The proof of this Jemma is similar to that of Theorem 8.5 in [4]; the only
thing we have 1o do is 10 replace m and n therein with p and ¢ respectively. We
note that the case (p, ¢) = (u, :u) corresponds to Theorem 3.2, and likewise, (p, ¢)
= (m, n) 10 Theorem 3.5.

Let us now consider the cardinality of ££:(m, »). To start with, we 1ntr0duea
the following

Lemma 2. Let P;/Q;, P./Q.CR;(m, fm) with P1/Q19%Pa/Qa. For any pair
(e, B) of constanis, if

IIQ;[ (ﬂ}';) ~+ BQ:I (mi) * 01 G == D, 1.1' "ty 8
then

P+ BP o p
Qs e )

Proof. Let g€ O'[a, b] satisfy
gu}(mi) =y5ﬂ: ‘fv'O, 11 teey, 8 .?-='01 1: e, Ei-

Then, from
(P.--—gQ,-)‘”(mi)=O, ¢=0, 1, =, 8 §j=0, 1, », kg r=1, 2,
we have
[(aP;+ BP) ""9(“Q1+3Qﬂ)]w(ﬂ’i) 0, ¢=0,1, 0,8 §=0,1, ~ by
Sinoe a@}y () + BQe(a;) F0 (§=0, 1, -, 8), it follows that |

P P ) ' : .
aQing: )" @ =gP@) =y, §=0,1, 5 j=0,1, =, k.
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This means e i 4

| (aP1+BPa)/ (aQi+ BQs) € Bi(m, n).

. By Lemma 2, we know that there are only three different possibilities about
the cerdinality of By(m, =), i.e, ' . g

card (B;(m,n)) =0, 1 or oo.

Next, we exclude the frivial cases, namely, 2%; > m-41 where m, is defined
as in [4], § 2, fﬂr it is EVldent that By(m, n)=0 1f %m;ék (as shown in ‘I;he
example given above) and that 0C R, (m, =n) is th«a only élement if z;&m; = ?a
Hereafter we assume that §m¢{m+ 1. The main results can be exgmﬁﬁe@“gs the

following

Theorem, JLetp—=m-+a+l—k.

(2) If p>>min{m, n}, then card (£, (m, m) ) =00,

(b) If p<min{m, n}, then

(i) card(Ry(m, n)) =0, if the matriw O(m—p, n—p) is nob of full rank on
column and if there ewisis some indew i (0<<i<<s) such that w

rank O (m—p—1, n—p—1) <rank U(m—p 1, p—p— 1);

(ii) na.rd(Ri(m, n)) =1, ¢f O(m p, n—p) 38 not ﬂffuu rank m-m oﬂlum and @;f
the relation b ow @ . x
rank O (m——p—-l n—p—1) =rank O(m 94-1 n-—-p-—I)
holds for each =0, 1, m ’

(iii) card (R (m, n.)) =co, if G(m—_p, n—p) 48 of full rmnk in columm.

Moreover, the inverse cnmluswm of (i), (ii) and (iii) are also valid.

- Proof. (a) If p>min{m, n}, then k<max{m+1, n+1}; Hence in the casé
m>>n, the under determined polynomial interpolation problem: Find P, C H such

that
PP () =g, =0, 1, -8 j"—-'U, 1, v, &y
has 1nﬁmtely ma.ny solutions and B (m, n) is therefore an infinite got.

In the cagse m<n, we put w(x)= H(m-m;) ™ and ocongider the mterpolatwn
problem: Find Q,€ H, such that ;

)
(«——) (@)=yP, =0, 1, 8 §=0, 1,2+, ki

This can be reduced to an equivalent under deﬁermmed polynomlal interpolation
problem: Find @, €.H,-such thai, '

QP (z) =y, 6=0,1, >, & j=0, 1, «+, ki—mmy,
where the 7¥”s are uniquely determined from g;’’'d and o(x). Since there are
infinitely many such polynomials @, & H,, assertion (a) is thus proved.

(b) (i) Consider the  following rational mterpqlatwn problem (non—undar—
determined): Find R€E R(mi, n.) such that |

| R‘”(m)=‘y”:’: '3’_“01 1 .'l' 3 .7 0 1 k’. - L. : : (3)
where (my, ni) €N x N, and" " e . .
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R e N o Lk Rt I R T = T
- - " AL P . .- - - - - -~ - r

- .M PRMIKM, 1— PR, m1+%1+1=k
To 'lil:us problem we are to apply the conclusions given in [4].

+ Bince O(m—p, n—p) is not of full rank in collimn, ‘there exists a ra.tmna.l
fllllﬂthﬂ. b / QERg ('m.i, ) such that &

Frlpn-p(P/Q) 691(0 (m—p, ﬂr—'P)) \{0}.
Thus p<m—p, v<a—p. It follows from Lemma 1 that- problem (3) is unsolva.ble
Suppose that card (H;(m, »))>0 and Py/Q.ER(m, n). Let Py/Qa=rl,., be
the quagi~rational interpolant corresponding to problem (3). Then we have

3(Pﬂ) <m—p, Q) <n—p, 3(P1)‘<m 3(Q1)€ﬂ-
By the argument similar fo the proof of Lemma 2.1 in [2, chap. 1] or [4] wo
know that P;Qs— P.Q; has at least & zeros. In view of 2(P,Qs— — Py <m+n—p=
k—1, PiQ_q—PsQl follows. This indma,teﬂ that Py/Q. and P,/Q: possess the same
irreducible form. Hence PojQ € Ry (‘m1, ny) B (my, ny) satisfies (3), a mntradmtmn
Therefore card (£, (m, n)) =0.

(ii) From the hypotheses and the proof of (i), it follows that problem (8)
is solvable. Honce 7= Pa/Qs € Ri(m, n). For any P,/Q, € R,(m, n), ag mentioned
‘above, we have PyQy= P,Q,. Therefore P:/Q:=Pa/Qa, namely, card(R;(m, n)) =1,

(iii) Consider again the rational interpolation problem (3). Stnoe ©(m—1p,
n—p) is of full rank in column, there must be

w=m—p+1 Dr w;n—-g}+1 o .
LB'li rm,.,- P;.,,.,/ Qm,., In addition to the pomts mu, @y, - :v,, we add P nodea _

- Tyg, wl+ﬂ: Ty ﬂ’ﬁre I:ﬁ, b...l

‘and the corresponding interpolation data y(%, (wﬂsh k,,+¢= 0, ¢= 1 s, gii') s'nmh that
‘the «,’s are distinct from each other for =0, 1, «--, s+pand . "

Q:hm (m=+i) 7 01 g == 1: s ‘;‘f?, ' -
ygql?i % T:H:,ﬂl (:mﬂ-l-f) ¥ ‘i' s 1! ey (4)
yﬂi=ﬁm.(ﬂa+i), ‘i'=ﬂ+1r **y Py

where a=min{m—u, n—v}, i.e. 0<a<p—1. We are now 1o consider the following
rational interpolation problem: Find R& B (m, n) such that

RUJ(”‘) =y, ¢=0, 1, «=, 8+p; j=0, 1, <=, k. (5)
By the definition of ¢},,,, and relations (4), it ig easy o verify that

'T:m -P:: 1 H (m m:q-i)/Qmim ‘ (ﬂ? m:.'r+~i)

ig the quasi-rational inferpolant corresponding o problem (b) a.nd that d{ry.) =0.

Binoe @,,(d=a-+1, ---, p) are attainable points of rj,, similarly to the proof of
Lemma 3.3 in [8], we can change at most one point among (@,., ¥%) (h—a+1, ---,
p) so that problem (5) can be made solvable. Since there are infinitely many ways
to do such a change, we conclude that card (B;(m, n)) =co.

For the remaining part of the theorem, we notice that the conditions of (i),
(ii), (iii) in (b) are independent of each other and they include all $he logical
possibilities. Therefore the inverse conclusions of (i), (ii) and (iii) are also true.

The theorem is completely proved.
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Finally, we point out an important property of R.(m, n). If card(R;(m, n))
= oo, then R;(m, n) may not be a complete seb in the following sense: If R;= P/
€ R,(m, n) with max|R,()| are bounded above, and if P,—>PEH, d—QcH,

a<rad

then P/Q may not be in the set K, (m, n). We may see this from a simple example.
Take o B by
s=0, ko=0, 2=0, ¥o=2, [a, 8] = [—1, 1].

Then it is clear thab
R=P/Q=(e+2) [(a+5)ER2 D),

%

and |
P,—>P=2* Q—>Q=2" as t—>o.

However, P/Q=1, which does nol belong 10 R.(2, 2). This remark merits attention
in the discussion of the existence for best rational approximation with interpolating
consirainis, | |
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