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Abstract

The canonical boundary reduction, suggested by Feng Kang, also can be applied to the
bidimensional steady Stokes problem. In this paper we first give the ropresentation formuls for the
golution of the Btokes problem via two complex variable functions. Then by means of complex analysis
and the Fourier analysis, we find the expressions of the Poisson integral formulas and the canonical
integral squations in three typical domains. ¥rom these results the canonical boundary slament method
for solving the Stokes problem can be developed.

§ 1. Introduction

Since Feng Kang suggested the canonical boundary reduvtion, which reduces
a boundary value problem of an elliptic equation to a gsingular integral equation on
the boundary via Green’s formula and Green’s funciion, this method already has
been applied to the harmonic boundary value problem, the biharmonic boundary
value problem and the plane elasticity problem™3%®, Thig kind of reduetion.
conserves the essential characteristics of the original boundary value problem and
occupies a partioular place in all boundary reductions. From thig, a new nnmerical
method, i.e. the canonical boundary element method, has been developed™-4.67  Tj
also has many distinctive advantages and is fully compatible with the classical
FEM=5-7, |

Now we congider the steady Stokes problem, which repregents the steady flow of
an incompressible viscous filuid with a small Reynolds numbsr. We will study the
canonical boundary reduction of the bidimensional steady Stokes problem, and find
its Poisson formulas and its canonical integral equations in three typical domains.

§ 2. The Principle of the Canonical Boundary Reduction

Consider the boundary value problems in a plane domain Q with a smooth
boundary I;

—vid+grad p=0,
. in £,
div =0, (1)
U=1U,, on [’
and
r —vdtt+-grad p=0,
in O,

div #=0,

(2)

2
LEUH(": p)nf_gﬁ '3'.=11 2: on F:
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where the toeffivient »>0 is the dynamie viscosity of the flow, the un]mﬂwns are
the velomty @ of the fluid occupying £2 and its pressure p,

(m, p) € (HMQ) P LA /R for Q2 bounde&
(1, p) € (WiQ))*x L? (Q) for 02 unbounded,

or

where

L

Wam)——-—{ﬂ-——Jr—-—m‘n@m) cr@, 5 2 CP@, =12, r=VETH],

ij

oy (8, ) = — Byp+2vey (u) g, =1, 2,
1= (n,, ng)7T is the unit ontward nurmal to L. Wa knnw that Green s formula for
the steady St@kes prublem 15““ |

2y E j B;j(u) 8y (‘v) do

+EJ (:!Auu 'gi)'v,da: i P Zz: do

fm] §=1

- -3 j oy(8, pnymds. . | (3)

, * = = b o
from this we can obtain the second Green’s formula

N

§=l
'ﬂ%lj oy (s, p)nyv—oy (D, ) nyts] ds. (4)
Now by putting in (4) (®, p)= =(u(w), p(m)), the solutions of the BStokes
problem, and (v, ¢) = (G (=, g, Qi(z, o)) or (Gaw, o), Qulw, = ) regpectively,
where Gy = (G411, G1a), Ga= (Ga1, Gaa), Gy(z, &) and Qi (z, o), %, =1, 2, are Green’s
functions of the Stokes problem in domain 2, which satisty

| -ra64(@, o)+ Qo 2) =8B @—), 4§12

J}Z*—G;;(m z)=0, ¢=1, 2, (8)

7=1

. ,_Gu(m EF)EEP-—O ‘Z', j'=1 2

where 8(z—2’) is the Dirac delta function, we obtain the Poisson integral formula
for the Stokes problem in 0,

Q(Gif— Ql)T i - |
ur_—_—j [ o ds, - 6
: o £ g(Gﬁr-Qﬂ)T £ ° ; ( )

: G ¥ G ? ;i -

0, gy=| 2@ B culh W) i1e
| T a1 (Gn ) Ou (Gu Q) JLnadir

From (6) and the corre&pﬂndmg formula for p, we can get the relation hetween
g=(g1, g2)" and ty: |

e

where

ﬂ":l.%"ﬂu,f : A s . (7)



64 - JOURNAL OF COMPUTATIONAL MATHEMATICS . Vol. 4

which is called the canonical integral equation for the Siokes problem in Q. Then
the solution of the boundary value preblem (1) is given by (8), and the boundary
value problem (2) is reduced to the canoniocal integral equation (7), where ¢ is the

corresponding integral operator.
Let

D(f‘: v) =2y "%1 j . B (”) gy (V) d?:

ﬁ(un{ Vo) -Jp Vo2 tho ‘53

Then from (8) we immedijately ebtain an important equality
D (u, v) = D(uo, vo), ®
where tly=2|p, Vo=0|p, (1, p) satisfy the Stokes equa.tmn, and v sahsﬁes the

continuity equation. From (8) we know that through the canonical reduction the
value of energy funectional is invariable. ’

§ 3. Representatinnl of Solution via Complex Variable Functions

As known, the harthonic function, the biharmonic function and the solution
of a plane elasticity problem have their representations via complex variable
functions™®, The object of this section is to find the representation of solution for
the steady Stokes preblem vla two complex variable funections.

From equations

— A +grad p=0, -
- Q : . .- % 9
{div u=0, 1n. . | ®)
we can easily obtfain | | |
| Fu=0, in Q2 - 3 | (10)
and . B
dp=0, in Q. _ b (11)

Then we can let |
w (2, ¥) =Re[p1(2) 2+ 1 (B ],
us (@, ¥) =Rel[pa() 2+ (2) ], (12)
p(z, y) =Rex(@),
where ¢1(2), @a(2), Pi(2), a(®), x(2) are analytic functions in Q, z=c+dy.
Substituting (12) into (8), we get

Re[x'(2) —4vp1 ()] =0,

Rel[iy (2" —4vp:(2)] =0, (13)

Re{[¢1(2) +iga(2) 12+ 1 (2) +pi(2) + b (2) —iga(2)} =0.
Observing that x'(z) —4vey(2) and ¢y’ () —4re>(2) are also analytic functions,
fro:n the Cauchy-Riemann conditions, we obtain

[X O tork)=do, i
ix' (2) — 4 pa(2) =E8,

where a and 3 are real constants. From this we get
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Re {[gh () +igh ()12} = Re[(B+ia)e].

Then we also have

VA (E) -+ (2) + 91 (&) —iga ) + - (B i)z =i,

where y also is a real constant. From (14) we further get

where g and b are complex constants. Snbstituting (16) into (15), we obtain

Let

[ 18) = [1(2) —da] +4,

]

| 92 () = 5 [ix (2) —$82] +,

x(2) = =20 [ (&) +epo(2)] +20(db-+iy—a).

&) =[s(2) +ia(1/2, §(2) =[—a(®) +iPa(2)]/2.

Combining with (17) and (16), we have

1 (2) =0 (2) — (@),
e (2) = ~3[p(2) +P(2) ],

g 2 (2) = —4vg' (2) + 20 (Eb+iy—a),
; i . |
p1(2)=—¢@ (z)—4 z} % 2(@6—[-*2.7-{—:1),

e oo o8 .,
pa(e) = — 15 () 4 - 2455 (b~ y—ia).

Then from (12) we obtain

At lagt, let

r

us(@, §) =Re| —§F (@) 7+5() — @ +3-@—B—iv)z |,

us @, 9) =Tm(§ @7+ +T@) +5 B—a—in)z ],
L:(m, 9)=~—4vRe[ (@) —3 () |.
p®) =5(e) +[+ Re(a—ib) —+ 7 |z,

() =@ — 5 @—ibs,

(15)

(16)

(17)

(18)

(19)

we immediately obtain the representation of golution via two complex variable

funotions

ui(w, ) =Re[—¢ (@) z+9() —P(2)],
ua(z, ¥) =Im[p (D z+p ) +¢ ()],
P(’mr y)= _4“'RE‘F’@):

(20)

where @(z) and i (z) are analytio functions in Q. It can be easily verified that ¥ and
p given by (20) satisfly the system of equations (9), |
From (20) we can further obtain
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[ 011 (@, y) =2v Re (20 (2) — " (z)z_u,lr ()1,
! gaal®m, ¥) 2 Re[2¢’ (z) —r'tp” (2)z+{ @)1,
| o1a(, Y) =01 (z, y) =2v Im[e" (@)z+¢ (@]
responding results for the plane elasticity

(21)

(?0} and (21) are very gimilar t0 the cor
problem® 1%,

§ 4. The Canonical lﬁtegrai Equﬁtion for the Upper Half-Plane

F o

4 1. The Fourier transform. method,
Take the Fourier transform for z—> ¢, and let

U, v) =F (ulz, *y)], i=1,2, P(E, y) = f[@(m 'y)L

the system (9) becomes

' ﬂ. U Q'U P___
g Ui §' 01650,
d* apr 1 8P _
, \ TGP Uﬂ_g_vﬂ iy 0,
) : 1 d'uﬂ' ._.
L‘ng.‘ii fdr‘y : 0

‘Qolving this gystem of ODE with parameter £ and qbserving’ that y>>0, we can

©Obiain

(D3¢, 9) =B ~ |1 @ +BEOW} o,

Y U=(€, ) = [a(®) +BE) yle Y,

| P, o) =2vB(E)e"", o -
remain tu be determmed Substltutmg 1= 0 mtc:r (22), we get

{a<s>-=m<§, gy, br oo EaETRE o -
B(&) =~ iU (£, o:>+|§|Us(§? 0.

'jvhere a(£) and B(§)

MThen
Us(€, ) =01, 0) \g\ﬂUl(&': 0)“®§3}U9(§, 0) e~ 'Y,
4 Ua (€, @’) '_'[ @f@fUl('f: 0) +Uﬂ(§: 0) +l§|’yUz(§: 0)]3 iy, (24)
P&, ) =2 [ Us(&, 0)+l§ll§’a(f, 0)Je; .
‘Using the Fourier transform formulas e ety e
ﬁ-[w(m +yﬁ)] fm T
S B : TR
(o D [ (2 +W]’_’£§ﬁ:lm’ § oa iy
o — 4P Sy
o Et‘?_[ﬂ?(ﬂ? +‘yﬂ) ] [é\e m TR AT B

ransform of (24), Wwe: imﬁ;ﬂadmtely ﬂb’oam tha Poissor

.*.-' 1--._,J

‘taking the Fourier inverse t
integral formula

L
!Ii_:“ l J if" J .-!_.I_J ;
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o N 2&355{" | . 1 2&:@}9 i
!&1(&?, ﬂ) W(l’ba—F-El}g)ﬂ ui(m: O) ' M(mﬂ+yﬂ)g *uﬂ{m: D):
&

22y
%@+

2@ 9 =2 [ 22y v (e, O+ wa(e, 0),

Us (ﬂ.ﬁ, y)

.Y

' 3
*Uy (m.i' 0) - ( mﬂ?i yﬂ) 3 % (ﬂ},' 0) s y> O- (2 5)

| @ (07 + 4% "
Moreover, observing

% . ( oy | . Bug )
': g1 (x) } [ﬂ‘ 11 0'1:3:|[ 0 ] oY or
p— : - — »
ga (@) o1 02|l —1ir  p—2 %3;2 1.
and taking its Fourier transform and substituting (24) into it, we obtain

ﬁ[gﬂ]m [5 U (&, 0)] %
[?‘[ya] | 1210a 0 | @6)

Using the Fourier transform formula

4l

=
taking the Fourier inverse transform of (26), we get the canonical integral equation:

[9‘1 (ﬂ?)} _a, ra *[ us (z, 0) :l
Lg2(2) . | Lua(e, 0) | et

-

Applying the limit formulas of generalized functions when y—>0,"*, equation (27)
also can be obtained from (25) by differentiation.

4.2. The method of complex analysis.
Substituting y=0 into (20), the Trepresentation of solution for the Stokes

problem, we obtain

u:(, 0) =Re [~ ¢ (2)o+p(@) —(@)] =Re F (&) | oo,

ua(z, 0) =Im [¢'(@a+p{z) +Y(0)]=1m () |y,

p(@, 0)=—4v Reg'(2),
where Fe)=—¢ (@etp()—¢(), G =0 (@2+p()+P().
Morcover, from (21) we have

{ g1(2) = —o1a(a, 0) =—2yIm [g}” (2)e+iJ' (2)],
ga(#) =—0aa(w, 0) = —2v Relp" (2)2+ 29" (x) +¢' (#)].

Since F(z) and G(z) are analytic funetions in 2, we can use the harmonio canonical.
integral equation™* and obtain

*u ‘z, ) _[aﬁn Re F(2) ]v=u= —Re %F{ﬁ) ly—o=—Re 27 (2) | y-0

=Im_F!(ﬂ)'iu=u='—'Im[@”(m)ﬂ:'{"l,b;(m)]:
] 5 *uﬁ(m 0) [ J ImG(ﬂ). y "“—RE G(z)ly-l}“"RE‘ G!(ﬁ)]vﬂ!

TL 3:1:
= —Re[¢" (@) a+2¢' @)+ (@)].

(28)

o
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p——. }

Comparing with (28), we immediately gel the canonical integral equation (27).

§ 5. The Canonical Integral Equation for the
Exterior Circular Domain

For the sake of simplicity we let R=1, where R is the radiug of the circle.

5.1. The Fourier expansion method.
From Section 3 we know that the solution of the steady Stokes problem can be

represented by (20). Since p(z) and i (z) are analytic functions in the exterior unit
circular domain, we can let

@ (2} =§u] o_pZ ",

3 s
I 1!’('”") =§ B—ﬂz-n:

where a_,, B-a are complex coefficients, and let Uy=C_p, Bo=P-a, n=1, 2, +.
Substituting (29) into (20), we have

s (r, 8) = Ro(oo— Bo) +2 [(a_s— B2 e ™+ (aa— B1)e¥]
» .

(29)

-P-_% i [(Iﬂv|_2)ﬂ{1n!-2)nl:nn?’ﬂ+(%“Bn)]'r—wemr

— il

na=0,+1

ua(r, 8) =Im (do+Bo) e [(a+B)e"~ (as+B-1)e™] (30)

:

+_;' _Em [(2— |n|)aga-amstgnaT> + 0+ Bal (sign n)r='Me*?,
n¥0,%=1
P(T, 8) =2 __Za': (lnl "'1)“(In|—-1}ui¢nn grinlginy,
- w0

Then
[ Ua (1, 9) = Re (ﬂo T ﬁu) +% [ (ﬂ'-:l.‘- B-—:E)E_H'l_ ('-'-'51 e 131) ﬂw]

T 2 "1;‘_";‘[(‘”[ _z)aﬂn[—ﬂ!)llgnn t Gy Bn—]gm:
nx0,+1 . (31)
us (1, 6) =Im (a0 +Bo) + [(oatB1)e?— (@a+B.)e™]

L + _Em "Z’%Iﬂ'[(g_ |n|)a{|n|—ﬂ}llznn+al+ﬁﬂ:|ﬂma-
ne(, 1
Moreover, substituting (29) into (21) and observing f= (—oco8f, —sin®)¥, we

obtain

g:(#) =l’{[(ﬂ-1'“3~—1)‘r” *‘(ﬂl““ﬁi)ﬂ“] En g |ﬂ! [(lnl —z)a(,m_mm,.-l—aﬂ—3,,]3‘“},

(- -3

: :qg(ﬂ) ﬁip{(al_l'ﬁl)ﬂw_ (.::__1—1;‘3_1)5*“4_ > nl(2— |M)ﬂﬂm—mmn.-i"ﬂn—l-ﬁ,.]&f"ﬂ}.

St L PR

ﬂ+D. 1
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Comparing with (31), we find the canoniocal integral equation

- 1 " -

4 2 0
SO =T e
ga2(8) 0 _ 1 us (1, 6)

i 4z sin® Y. |

Lot | - Z

51 (1; 9) = 2 ﬂnﬂi"ﬂ: Aoy =y,
s n=0, 1, 2,
Ua(l, ) =2 b, b_,= On,

where ao, bo are real and gy, ;, {0, are complex. Comparing with (81), we have

Re(ap— Bo) =ao, Im(ao-+Bo) = by,

oy=a1—0b;, Bi=— (ay-+idy),

Ot == G — 3Dy,

Ba=[(n—2)aya—an] —¢[by+ (n—2)bp_y], n=2, 3,
Substitute it into (80); then |

.-%1(:?_jlr g) -=iﬂlnf_|'|3‘ﬂ’ +(1__:-_ﬂ){ﬁ052 g (lﬂlﬁﬂ"‘iﬂbn)f-m]ﬂm'

- Emgg E(@mnﬂnlbn)v‘ '"'e"““}
S —In| ine J 51]129 5 ' " — %} ing
us (1, ) -=2 bar~'le +(1—-—-&_-§-) 2(|n|ﬂ,—mb,)r e
1 c{}szf?

3\ (énay + |n|B, )r‘“"e‘”}

o{r, 8) = {mf?Z(lnla,-—mb,,)r gt

[ -+-gin & Z(ém,.—l— ln]bﬂ)r‘l“’e""}.
At last, using the formula
1 — |0 ina. g S .
2 « 2 rF 27 (1 +r2—27 cos f) P o,

(33)

(34)

where P(r, §) is the Poisson integral kernel for the harmonic equation in the
exterior unit circular domain, we obtain the Poisson integral formula for the Stokes

problem in 0

us(r, 8) =P(r, ) »u(l, 6) + T;j‘{cmgﬁ [(~r a'ip(q-, 6) Jwis (1, )
——~ P(r, @wua(l, 9)]+s:n29[ 9 _P(r, §)wu(l, 0)

+(-q- 2 Per, 0) (L, 0 ]}

i wa(r, 8) =Pr, )~ us(l, 6) + L {Hin 20 | (—r = P(r, 6) )mua(d, 6)

(85)
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of
+(=—fr %P(ﬁ*‘, 9))*“@(1: 9)]}:
o

p(r, 0) =2 Joos 8 [(—7 2= P(r, 6) Jwa(L,0) = 55 P (7, O)rall, ) ]

+sin 6 [ 2 P@r, O)rus (1, 0) +(—r ~ P(r, 0) Y us(1, 0) J}

5.2. The method of complex analysis.
From the represeniation (20) we can obtain

(wa(l, 8)= Re{— ¢’ (e®)e " + (6%) — v,b.(e‘f“)} = Re F(2) | ru,
(1, 8) =Im{g’ (¢ e+ p(e®) +fi(¢)}=Im G () |1,
| p(1, 0) = —4vRe g’ (€°), | | f

where Fley—~—¢ (ﬂ)};+¢(z) —¢(®, G —*tp’“(z}:-i—Jr?(#) +ip (2).

_ 2 pr, B)wus(l, 6) |—cos26] -2 P(r, )wua(L, 6)

|

P

Morcover, from (21) and = (—cosf, —sn )T, we have - .
{gl (G) =2 Re[p" () — ¢/ (¢%) — %! (¢)-+e ()], agy
’ 3 -
05(8) = — 20 Tm " (6#) — e (&7 69’ () e/ (6)].
Since F(z) and G (2) are analytic functions in £, we can use the harmonic canonical
integral equation™* and get o
- L i %y (1, 9)=H“§]‘_RBF(ﬁ}
4qr 8in ? —- L& a
5 |
= — Re [6” B (ﬁ)]r-ﬂl:’ Re [??” (6:'9) - E—fﬂlpﬂ' (Ei&) "-_Eiﬂtpf. (Bm) 1 &% IfJ’r (:E:iﬂ) ],

L . . 0 T Q) |
~ 7 wup (L, 0) =5y Im @@ =—Imgpe T s

47 sin? — : ,

2
= —Im[e? G () ]r=1= ~Im[g" (e¥) —e ¢’ (%) e’ (69) +e? 3’ (7).
(38), we immediately find the canonical integral equation (82).
ation and the Poisson integral formula wm polar:

f L
~—Re PG|,

r=1

Comparing with

5.3. The canonical integral equ

decomposition. R L |
Let 8 =118, -+ Ug€, = Uy€, oo,

| g =716 ‘_‘_.‘?ﬂeﬂ"_‘-grer *'Qeﬁaf "

Using the formulas
=3 0086 F-ugsin B,
'ty = — g sin B +ug co8 b,
and | X _
| g,=gi?ﬁsﬂ+gﬂsin3,
go=—ga8inf+gacosd, .« i .
we can eagily obtain the canonioal '_integra,]. equation and the Poigson integral

formula for the Stokes problem in polar :de@t}ﬂ}positiuﬁ from '(32)' and (35)
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] 1~ i 121'  21 ﬂtgg 1 .
[gr(g) ];QP 4111?5;]115? "y A 7T . ]* -. '-wr(]-; 9) ] -(3:7)
ga(6) -l—ctg LA . : 1 ue (1, 6) ;
| 2~ 2 Ap sin? 2. 2F
s . k- 9 -
and | | |
ru,lr(-r, 8) = {cos@P(q* H)+ % _51 [coﬂﬁ( 3r.- P(fr 3))
' +-5in § -2 P(} 9)]}*@"(1 8) . "
{smBP(r 9) +-Lmi sin e( -4 )
—cos8 2 P(r, 9)]}*%(1 9.
B ug (1, @) = { smf}'P(r g) 4 2;1 [sinﬁ(—r—mP(q' 9)) (a8
s _mseg,;l’(ﬂhﬂ}]}%(l g)
B ( +{0089:P(r 9) -f;_.*ﬂl [Gostl?(—mrﬁf’(r 9))
; ' +sm9—-—-P(fr 9)]} mﬁ.(:t 9) ' .
p(r, 9)__.{[0059( r *P(fr H))+sm9 P(r 9)] sty (1, 6)
- +[sin 6 - rT,a-—P(r 9)) :}059 P(q‘ 9)} wg(l 9)}
where | ‘_P(T’ 4) = 205 (14 ;._ :éfrcuﬂ é) : ‘

£ § 6. The Canonical Integral Eﬁuﬁtiﬂn{ for the

Interior Circular Domam

ﬁtﬂl lot R=1 By the same methﬁds ag used in 'bhe Tagl sectmn ‘we oan. obtain

the following resalts:
A
- 1 e G e '?.."1' e S

9 v
[ 91 (8) }:% ekl SRR [uim 8)}
: 92(9) 0 1 (1 ) | |
L 47 sin® g =
i ”jfﬂ J (s (1, B)sin B+ (1, B)cos 8)df~ ‘?’gff j p(t, 9)ds ]
+ ,+ (39)
’“’-‘fﬂ j (u, (1, @)sin 6 —ua(l, 6)c086)df - Smgj pQ, O)dd |

i
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g (r, 0) =P (s, 6)%us (1, 6) - 1;;9 {m 26 [ (2 P(rr,.f?)) sialL B
+2 P, nuat, 0) ]

| vein20 [~ 2 P(r, ) mat, 0) +(r L P, 0))a(t, 6)]}

i e jj’ [ua (1, 8)cos(8+8") +us(1, ¢)sin (0+6)1d8,

20

| : -
us(r, 8) = P(r, 6w (L, 6+ { sin 26 [(r 5 P(r,0) Juan(t, 6) (40)

Pr, 8)=ua(1, 9)]

2 pir Bewl, 9)—1—(1:‘—-—1’(4- 9) Jwa (1, 6) ]}

+55
i — cos 26 [

08
AT [ L, 0)sin (08 +ual, F)o0s(0+0)100,

2ar Jo

| p(r, &) = —%—f’i{m g [(fr —%P(r, 9))%(1, 9)—!——5% P(r, &)»u(1, 9)]

vei 6 =2 Pr, O)r (e, O +(r 2P, O)rmt, O]},

where P(r, ) = o (o iﬂ T;rws 7y r<1, is the Poisson integral kernel for the

harmonic equation in the interior unit eireular domain, and

e 1 1 a3 g -
- o T Gtg‘2

[g.-(é) : dmein® *[ u (1, 9)]
9:(0) _ 1 oig i L (1, 0)

L

_[%.; et mﬂ] . . ol

{smHP(-r §) +-1= ;"” [sinﬂ(r-é-a;P(r,ﬁ))

- coa F&“ P(r, 3)]}*159 A, ),

e, 9)=-{-—91116'P(r 9)- 1 oo [sin_ﬁ(ng; P(r,6))

" o080 25 P(r, 9)]}*1.;,(1, 9) (42)
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S i i

+{ms€ P(r, 8) 1—77 [ma 9(-:' —a—P(rr, 9))

2r? or

B e
~sin§ -2 P(r,8) |+ " }*uo(l_, 6).

wlr, )~ ——%’i{[ms 9 (r-2 P@r,g))—sin -2 P, ) | wur (1, 6)

+[sin 6( ¢ -2 P(r, 6))+c0s6 -2 P(r,0) |sus(s, 9)}.

e,

The results of this paper can be applied to numerical caleulations. From these

results the canonical boundary element method for solving steady Stokes problems
can be developed. The detail will appear in a forthcoming paper.
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