Vol. 4 No.1- ' JOURNAL OF COMPUTATIONAL MATHEMATICS: - January 1986

A RECURSIVE ALGORITHM FOR COMPUTING THE
WEIGHTED MOORE-PENROSE INVERSE Ain
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Abstract

In this paper, we givs a recursive algorithm for computing the woighted Moore-Fenross inverse
Ay, This method is a generalization of Groville’s method for computing Moore-Penrose inverse Af,
and the technique of its proof is new, This method suits the woighted least-squares problem.

§ 1. Introduction

| _'_[".':erughout this paper, let M and N be positive definite matrices of order m and
n respectively. Let :-‘:‘LE gm™**  Then there id a unique ma._tr'ii X cOorr® sa.tiSfjfing
 AX A=A, XAX=X, (MAX)Y'=MAX, (NXA)'=NXA. | P O
This X i¢ called the weighted M _ P inverse of A, and is denoted. by X = Airx.
Bepecially, when M =L, and N=1I,, the matrizx X satisfying (1.1) is called the
M - P inverse of 4, and is denoted by X = A", i.e., At=A4A7 1. |
In 1960, A famous recursive method for computing the M—F inverse of A was
given by Greville™. | v % | - "5 -
Let 4,€ 0™ be the submatrix of A€ O™ congisting of s first ¥ columng. For
k=2, «++, m the matrix A, is partitioned as . 3 B PR
vy i | Ap= [_A#-:L e, .
where g, i8 the &—th column of A. ¥or k=2, -+, n the vectors di and ¢y are defined
bj’ tdy= ;"_15],,, and Gﬁ=ﬂy“A]ﬁ;1d;;= (I—Ak;iﬁﬂll)ﬂ;ﬁ. 'rfhﬂﬂ_, the M-P inyerse of

Ay 18
At —diby
Aﬁ( 1 )
by

where
e {(c}‘;cﬁ) -1er  if e #0,
¥ =

(1-+didy) YA if =0

In [2, 8, 4] three different proofs for Greville’s method were presented.
Greville’s method is naftural in some applications, for example, the leagt-squares
polynomial approximation problem, regression analysis, etc™.

There are many formulas for compubing the weighted M — P inverse Aty pud
they are very complex. In thig paper, we will give a recursive algorithm for
computing Afy. This method is a generalization of Greville’s method, and the

technique of its proof is new. This method suits the weighted least—squares problem.

* Received February 26, 1989.
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A — e —

§ 2. Preliminaries

In this section we will give three lemmas.

Lemmal. Let ACO?*" X = Azy; then

(i) R(X)=N-R(4"), N(X)=MN(4"),

R(X"N=MR(4), N(X")=MN(4),
_ A Py v, b Pironisy mpus .
(i) AX=A(A'MAY*A*M, XA=NA"(ANTA)Y A,
(i) (Afn)"=(4") Fann. |
- (iv) Let U € 0m5Xm=n gnd V € 00— suoh that AU =0 and AV =0; then
| I-XA=V(V'NV)"W'N, I-AX=MUU'MU)7U". |

Proof. (i) Bee [1, chap. 3]. -

(ii) and (iii) See [2, chap. 3].

(iv) By hypothesis, R(U)=N(A") and R(V)=N(4). Since V*NV is pd.,
inverse (V*NV)™ exists and is also p.d. Set V(V'NV )"V 'N=24. Then F M
idempotent, and R(E)=R(V)=N(4) and N(E)=N (V*N) = NN(V")=
N-1R(A"). Heneo V(V*NV)"V*N =Pxyy, zanan=L = Pyancan, N(A)=I—-XA. 4
similar argument shows I—-AX =M UU"MT)U".

. Lemma 2. Let ACO™ s, O gnd V € CRX87 such that

. AT =0 and AV =0. (2.1)
T hen |
(i) (Vf | MDIU ) i8 n&nﬁémgulmm.. | (2.2)
. A MR - Ay VN
(1) ( V*N 0 ) B ((U*M—iU) -ig* 0 ) !
Proof. Set X = A%y. From lemma 1, ‘we have -
N AX+ MU' M 0) U =AX+(T-AX)=1 (2.4)
and from (2.1) | .
AV VNV )™ 1=0. | - (2.5)
Since V' NXA=V"(NXA)'=V'A" XN =0,
. PNX=V'NXAX=0 (2.6)
and, obviously N ,
VNV (V*'NV) =1, _ (2.7)

Using (2.4)~—(2.7), we may obtain (2.2) and (2.8) immediately.

Ay Ase - i g . : |
Lemma 8. Let P be @ partitioned matriz which is nonsingular, and
a1 a3 |
lot the submatriz Ay also be nonsingular. Then ,
Asy  Aga By  Bag ’ | _.

where |
- By = A+ A AaBan A AT, (2.9)
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.B;[ﬂ L Aﬁlﬁingg, (2 . 10)
Bgy= — BoaAa AT, (2.11)

Bag= (Agg— A Agi -A:l.ﬂ) s -(2 .12)

§ 3. Main Results

In this section we will give the recursive algorithm for computing Afx.
Theorem 1. Let AC C™** and A, be the submatriz of A consisting of &is first k
columns. For k=2, ---, n, the matriz A4, is partitioned as

~ Ay = [ A1 @), | 8.0
whers a, 48 the k-th columm of A, and the matrie Ny €O®® is the leading principat
submatric of N, and Ny is partitioned as .

-

N,,=<N’;-1 ”“)_ (8.2)
- Z;ﬁ ﬂ-m
Let the matrices X1 and X, be defined by -
P Xlﬂ—1= (—A-Iﬁ—.i) I’N;-;: XB= (-A-Iﬁ)l-lilf:: | (3 ‘3)
the vectors dy and ¢y be defined by -
dp= X y_12, | (3 -4)
Cp=0dy— Ag—ady (3 -5)'
- (I — Ay X n-i)ﬂk- (3 .6)
Lhen X I—-X; 1A N:;LL)b
g (ot (T — X 1. Au-1) Nitil) 0%
X:.==( v-1— (du+( a1 n-1) Nitalx) a), (3.7
by
where . -, ‘
b; ﬂ{ (GJ:MTE) GkM* %’f GE%OJ (3 8-}
3 S (diNy-1— i) X1 if =0,
an
8, =1+ oV u— (il +Tidy) — Lo (I — X3 14x-1) NZlbs (3.9)

és @ positive real number.
Proof. It is obvious that

1 (E;Mﬂij_) _lﬂ;M if ¢1%0. .
Now we distinguish between two cases according as ¢ is or is nos 0.
Case 1 (ﬁ;,;":'{)) 2
Let the columns of Uy..l and V];_;L be bages for N (.A.;_i) and N (.A.;;_:[) respec-
tively; then

Ay 1 Usp-1=0, | (8.11)
A;ﬂ_ﬂ?;,_i =), (3 . 12)
By Lemma 2, we have ‘
Ay 1 MUy )_1 - ( Xy 1 Vit (Vie1Np1Vy-1) ™ )
( Vie-1¥%-1 0 (UiaM Wyo1) Wi 0 '

(8.13)



No.1 A RECURSIVE ALGORITHM FOR COMPUTING THE WEIGHTED... 77

From ¢y =0, we have

Ay_10y= ay, (3 . 14)'
R(Ay_1)=R(A,) ) (3.15)
and
From (3.12) and (8.14), we have
AUy 1=0. 3.17
- WU -1 (3.17)
V-t —dy
Vn—( 0 1 )- (3-18)'
Then .
AV =0, (3.19)

This shows the columng of U;_; and ¥V are bases for N(4)) and N(4,)
regpectively. By Lemma 2 again, we have

( A, MUy )"1 _ ( Xy Vu(VilV Jch) 2 ) (3.20)
V3 0 (Ut MU 1) W31 0 ) .
Since -
. Vi-aNy_1s Vil )
ViN;= 3.21)
o (Z;'“d;Nk—:l oo — Gl ’ ( )
-Ak—i dy MHIU];_;L -1 ® %
e X5
VicaNp-1  Vie_ly -0 - B (8.22)
bl s h—diNyoa g — dily 0 * I 0O 0
Ay.x My @y
K= oY 51 0 . Vil (3 .23)
h—dNi s 0 | na—dik
and
i 0 0O
P=]0 0 1] (3.24)
0 I O

where the two submatrices I are identity matrices of a suifable order, and the
partition of P is conformable with that of K. From (3.20)—(3.24), we have

* N
PrE-ie (KPY=| ~* % * 3.25
(K P) . (8.25)

» (0 O

Thus, if the matrix K~ is partitioned as of 83 block form, then X, isa 2X1
block submatrix that lies in the upper left-hand corner of PTK ™, that is, X,
~ consists of the first and third block in the firsi block column of K1 Now,
computing the related blocks of K~! by Lemma 8 and (3.20), we may
obtain
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PSR St =

X181, (T — daN 1) X g1

(K' 1) g == + 05 Vk—i(Vﬁ: :LNM—].VH 1) V;i,- 1311:(1'* d*NIa—l)XJﬁ-—:l , (3,26)
* | x
(K Dy=1{— 571 (li— N 1) Xt i*]1, (3 .27)
where . . |
Sy=1/(K "1 e =7y — Orlp— G;a d;N g1) (X nﬁiﬂm'i' V- 1(V1-,—1N 15—1]7?.: 1) Vn: 1315)
(3.28)
By Lemma 1,
Vigt(VicaiNu- 1Vu-1)"1Vm-1— (£~ Xy 1Ap1) Nt (329)
and since L -
dn H-iXIr.-:LA k-1 —df*A*-;lX;: 1NJ|: 1=ﬂ; 1NH‘:"=.1- d;;ﬁ_l.if,_ - 3 '.(3 .30‘)
BNy s (I~ X T (38.31)
Thus, the expression of 3 may be simplified to (2. 9) ,and |
| C o X g (dy+ (T — X 1A )N-_ I )a—i(z,, d*NH_l)XH_ %
(K“I}un( i +1¢ i N s T T A - (332)
» * .3

From (3.32) and (3.27), mre may obmln ~
1 * 2 X,
XH= ( X;l,;..j_"l" (d];—l' (I Xk 144.:; 1>ka 13;;}3;6 (E ﬂ! .Nn_i) [ )' (3 33)
. o =R Ne ) Xy
Now we prove 83 is a pogitive real number. Since ¥ §
Vi Ny Vs Vi-a(l— Ni-ad
Vx.-NnVn-—( k-1 :: 1V - k-1 (b — Vi1 m)) (3.34)
T\ dy Y o-1)V -1 .
where #; =g+ eV g_18, — (d*l;,;-i—ldg), ig p.d., (Vi NVt ig also p.d. If fhe final
diagonal element of (VilNuV%) ' i8 1, then -r;,,,::rﬂ But, by Lemma 3, (3.29) and
(3.81), and noticing the fnllowmg equality | -

(I+Xx-145 1)du=0 (8.85)
we have
| rel=1,—b(I— Xy1dp-1) NEEI_I'IE
o+ B Ny (BT — 18T = KsAu )Nt (3.36)
Ohviously dy=7;">>0. | bt LR | | |

Case II (GB%D) ; . .. |
Let the columns of U],; 1 and Vﬁ:_i be bases for N(.A.;_l) and N(A.;;_i)

regpectively; then

{A;‘l_m“i:o’ ' (8.87)
A1V 3-1=0.
By Lemma 2, we have | | .
A MUy 1) £ ,  - A Via(Vi-1V w1V 1) ‘1)
(]:"T;—:LN k-1 0 ((U;—:LM _lUH-JJ We-1 | 0 w '

(8.38)
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Since cﬁﬁﬁ is equivalent to a; ¢t BR(A4y_1), we have
. rank(4;) =rank(A4y.4)+1, | (3.39)
. . dim N(4;_4)~=dim N(Ak) +1, | (3.40)
an * |
dim N (dy) =dim N {Ay_1). (3.41)
Set |
V... wn BEY B T T
Vr=( ;1)- (8.42)
Then | 8 vy e
': - Aﬁvkﬂﬂ. 5 (3 .43)‘
This shows the columns of V', aré a bagis for N (4;). Since
LM =i (1~ Ay 3 Xy 3)"M =gz M(T— Ay 3 Xy y)
we have | __
cM Ay 1=0 (3.44)
and ,
O:Mah=mkﬂf(1— A;-,__-lX;,,_i) (I"“‘.él;,; 1.X;|” 1 EBJ,; C;.-EMC;;}O. (3 45:
Thus |
i Az q /0 - /0
AT Mo, = Mo, = | : 3.46)
» k % ( i ) o (EEMGE)#(O) ( :
This means -

and Me; can be ta,ken ad a vector in a baam ef N (-Ak-i) Let the columns uf U;; be a.
basis for N{(:4}) such that .. o g

U];_.j_ = [U;; i Mﬂk] . (3 .47)
Then -
;A =0 (3.48)
1.6, o e . i :
Az _Up=0and 2;U0,=0. = (3.49)
Hence : B y
U;;OJ,;= U;ﬂu;;,—‘ U;A;rﬂ_lx;;_lﬂk = (), (3 50)

From (8.48), (8.48) and Lemma 2, we have

( 4, M—lm)-i ;( X VN ) -
\mime 0 ) 7 (.U;M_—m)-l_g;, 0 ' N
M, 1= [M "iUnlﬂ;;] and V _;'V;,,= Vi-aNu_1iVialy]l (3.52)
(3.88) and 3. 51) become & - e
.4{“1.;;_1 .JIHIUR; Cy = .X]Iﬁ_j_ ¥
= ‘ _ (3.53)
Via-itVeal 0 0O *
. | " 0
engd
.Ajg_.._i dy i .ﬂ‘.{_lU;rﬁ e X}Iﬁ , : ;
, S DA Sy S (3.54)
V;—iN k-1 V;-—.‘lzﬁ: 0 * 0 . _
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- S T

Soch
_ Ayy a MUl o
G=|VialNi1 Vi O 0 1. (3.56)
0 0 o |1 |

Then @& i3 a nonsingular block trla.ngula.r matrix, and

* |

Xy o
v »
G 1am - 0 I » (3 .56)
0 1
Again seb
Apyn MUy o | @
Fe=|Vi-1Np1 0 0 \]’T;-—iz# (3.57)
0 0o 1] ©
and
. I 0 0 0 I 00 0
: 0 0 1 ¢ o I 0 O
Py= P,= 3.58
Mgz 0o0f "loo0o01] KR
A0 0 0 1 0 01 0
where the submatrices J are identity matrices of a suitable order, such thab
GP1P2='F- (3.59)
Thus
PP F =" (8.60)
If F-3 ig partitioned ag of 4X3 block form
Xp.q % | =
# 0 | =
Fl=l . o lap (8.61)
» ¥ :

then, from (8.60), (3. 56) and (8.61), the firs and forth block in the first block
column of F-! form X, By Lemma 3, (3.83) and (3. 57), we may obtain

Xy 1+B_1dﬁT(Uk—1M_ We-1) Uk-z
+ B Wy a(Vi-aN otV 1)~ Vn-ilmﬂT(Uk M Uger) Vg |

(F1) g | oo e st e (T

™ 0
* 0
(F Y )q=— g1 (6T (UiraM 1) W1 0], (3. 63)

where ¢ = [0, -+, 0, 11 whose dimensions equal the number of the columns of Uy_4,
and

B=1/(F -1)2:2: — T (Uz1 M “y-1) *Ur-19%- (3.64)
From (8.47) and (3.50)
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pivE (Ui MU 0 )
UM g ) = ] 3.65
( k-1 & 1) ( 0 ) (G;Mﬂk) ~1 ( )
Thus | _
Id 6" (Upea M3 ) Wi_1= (exMey) e M (3.66)
an
B=— (e;Mey) terMa,= —1, | - (3.67)
By (3.66), (3.67) and (3.29), we have |
J{f( Laa— thatid—KeadeajVida) (Mo M ) (3.68)
(c Mey) e M

This completes the proof.
Note. If M=1I,and N=1I,, the result of this theorem agrees with Greville’s

method. Thus, we have provided a new proof for Greville’s method.
' The practical methods for computing A%y and Nzt are ag follows:
Algorithm 1. Let ACCO™* M and N be p.d. matrices of order m and n
| raspecti"vely This algonthm uomputes the weighted M — P inverse Afy.
(1) Ai=ay. |
(2) If ﬂ"1=0 ‘ﬁhﬂﬂ Xiﬂ(ﬂ1ﬂfﬁi) EIM else X1=0
(8) For kb= 2‘
1) d,= X n—iﬂk,
2) Cx=ay— Ay_sdy, * -
3) If ;%0 then b= (c;Me,) 26t M, goto (3 6), - -
$) Btk Gy (@) ~ (1~ Ky )N;... lzk
5) bi=0:"(dilNy_1—15) Xy 4,
8) X, — ( Xy1— (de+(I— f k-1 An_1) N 211, ) b b*)_
- i

(4) A;N =-X'n'

/N
Algorithm 2. Let N,,=( ; 1 & )GO““" be tha leading prmclpa,l submatrix
ik B
of p.d. matrix &. This algorithm computes the inverse matrix & ‘*1—( ;: Jr )
: 4 . e Yk
(1) Nit=ngl.
(2) For k=2, ..

1) ga=(g—UN %
2) fiﬂ= "‘QWNE-JJH
3) En- ='Nn:—1 + Ork fn:fk,

Hy
4) Nt _( 1;*1 f:u)
\ J% Grx /
§ 4. Applications
Let A€ O™ yE O™ m>n. If the linear gystem
- A=y ~ “ = - (4.7)
19 inconsistent, then the minimum—-N-norm least—ﬂ-squares solutmn of (4.1) is
'-'IF“.AHN‘y. - (4.2)
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Qur algorithm for computing 4%y may be adapted for the computation of A%yy, for
any 4 € O™, without computing Aiv. This is done as follows:
Let =
A=[Ajy] €Cm*®tD (4.8)

Then (3.7)—(3.8) give

P ( Xk;-iz (dy+ (I —Xy_1A45-1)N% 1) b*A ), (4.4)
A
where st
- {(ﬂ;M‘ick) 1 M A if 0, %0, (4.B)
. * St (diNy_1— 1) Xy1A if ¢=0, (4.6)
an
Bu=uut+ e N g1y — (el +lidy) — L (IT — X v-1Au-1 ) Nz 1l (4.7)

As the (n+1)-th column of XA equals A}yy, we may obtain a recursive
formula for computing X A, from (4.4)—(4.6).

Firstly, if ¢;#0, then ﬂ,ﬂMe;ﬁ-—-c;;Mw;; from (8.46), Hence c,,Ms;,, the k—th
olement of the row vector ¢z M A. Secondly, Xy_14y_1 is the submatrix of Xy A

I
consisting of its first #—1 columns, ie., Xy.14x1 =X A ( :’1) Finally, dy is

the k-th column of X ,,.,-1A

Algorithm 8. Let A€O™*®, For any y& O™, this algorlthm computes Agyy
without computing Axy.

(1) If ¢4 0, then X;LA-= (cﬁlﬂm)“l *MA: else X4 =0,

(2) For k=2,

o Ta
1) L;G_1=Xk_1A( :;1);

2) ¢p=ay— Ly_104;
8) If ¢,#0 then 1) rpy=ciMay, 2) ui= —r; (M D)
else 1) wy= (I — Ly 1) Nitily, 2) dp= (X5 A ey,
3) dp=nu+ Ny 1dy— (dilu+ I*d;,,) (M7
4:\1 b;;-‘aﬁ;l(d;‘;Nk_]_—r)Xk 1.:5‘1
&) I;,Z - (Xk-j.A (dk'f“wk)um)-
(8) &= (X,A)603-
There are applicationd on the other hand which call for inverfting the matrix
by adjoining additional rows. This problem of computing the M —P inverse of 4
wag considered in [1, chap. B]. However. It is more difficult f0 compute the
weighted M — P inverse of A. Now we need some new netation.
Let A€ Q™" and Ay, € 0% be the submatrix of A consisting of ity first £ rows.
For k=2, +-+, m, Ag, i8 partitioned as

'm =( A{i:—i} )’ | | (4.8)

G x)

"Where agy, i8 the k-th row of A.
Set M~1:= H. Let HyCO"* be the lea,chng principal submatrix of H and H; be

partitioned as



Neo. 1 A RECURSIVE ALGORITHM FOR COMPUTING THE WEIGHTED... 83
Hi_
H;,,=( Adiie ) (4.9)
e P
Then H,=H. Let the matrices ¥ iy Yy Lyd and 2 be_. defined by
Yis= (45 )y Y= (Al)tom, (4.10)
and Zy1=Yr 1, Zi=Y: (4.11)
the vectors dy, and ¢y, be defined by ”
' d‘tnjn.}rk.“_ia{kl’ (4.12)
- Cany =y — A -1y (4.13)
~(I—AG-0Y 1) By (4.14)
Then, the rala.tmn between Z x-1 and Z is a8 follows:
Theorem 2 Under the above notation, for =2, « m,
[33-1"-5(:;; (dm}'f‘h;H i1 (L — A(Jﬁ-—ijzk 1)) banl, (4.15)
where :
b {(a“ﬂ'N B Uﬂ) ‘N Ca of ﬂ(m #* 0, (4-16)-'
% i
®= a(k}zk-i(ﬂn id{k}_‘hk) tf gy =0 (4-17}
and " By = s Ly 1y (4.18)
ﬂm}’=ﬁm(1 Zn—1A{k-1)) (4.19)
_ "=ﬂ{;¢} -d(_]:j-A{k-]_J, ; - (4:.20)
S "‘hkk'f‘dcmﬂ k—id(lﬁl" (doohn+ doy) ~heHi (T - Ay By s)l,  (4.21)
_  Za= Ay, x - (4.22)
Proof. Applying Theorem 1 to the conjugate transpose of matrix (4.8) with
p.d. matrices N~* and H, we may obtain
Yoi— @+ (T —Y 1 4% D HIL BB
| thﬂ( k-1 ( (k) ( :1 1. {& 1)_) E—1 Fﬂ) UL-’)), (4'23)
(k)
where | ' | |
B { (‘%}N “tom) o Nt if Cay 7+ 0, (4.24)
&) =
3 ' 003 (Bt Hy1—h) Vg if Ciay=0 (4.25).
an
3;k)-hkm+d<mﬂa 163(1;1—' (dtol+Riday) ‘“hn:(I Y ::-144{::—1}; H k—ihk (4.26)

Taking the conjugate iranspose of (4. 28)—(4.26) respectively, and using Lemma 1

(iii), we may obtain (4 16}——(4 22) 1mmedlately
Obviously, - - . B L i
0 if G{1)=0

21_{
(HEI)N— ﬂ{lj) N_ @1y lfﬂa_}’flo . e

(4.27).

The practical method for computmg A}y by Theorem 2 is mmﬂa,r to Algorlthm 1.

f

o §5 Numerlc.al Example

Let /1 2 o 101 1 1 1
A=001,M=020,_N-=120.
A1l 2 0 1 0 3/ 10 8



54 o v JOURNAL OF COMPUTATIONAL MATHEMATICS

Vol.

We compute A4y by Theorems 1 and 2 respectively, as follows:
(i) By Theorﬂm 1:

i« =3

Av=a=| 0], a={ 0] X~ (alMa)aiM -5 (1 0 20;
1 2

dﬂ"_“XlﬂE:g; ('2-—"{1-2“141532:01 lelr NI1=1: zﬂ=1? {I—XiAi)Ni-lzﬂgol

82=?lgg+d;N1dg“— (dEZE'i_E;dg) —-Z; (I—‘* .Xl.Aj_) NI132=2,
2=0z (2N —13) Xy =11 0 2],

o = g B .

by . 10 2/
. 3 B
Aa=[ 0 0|, as=|1 , dg= Xﬂﬂa_—'(g)r
1 2 \ O
0 .
ca=—az=| 1 | NE=(1 1), Nz‘1=( ? _1),
- 5 1 2 -1 2

1 2 |
:3=(0), gzhxﬂagwglzﬁ( 1), b= (csMes) "ol M = [0 1 0],

~2 0

- (Xs.-—-(da+(1~—.§gA:a")Nglza)b§)= 1/8. 1 1/8|=Aby.
bs Ao T
{ii) By Theorem 2: . |
LB =8 =B 8 0 —1
Ni—(-3 2 1) M=H=% 01 o)
~§ 3 _1f \-10 1
- o 2 ;
A{1>=w{1}— [1 2 0], Zi-—-(mmN"lm{i,) 172 mm-— 1/2 .:;{E;,= [0 0 1]
| ' . : 0., s - . B
G it B0, Bhritilay— s Ary=[0 U 1], H1=3/2, Hi'=2/8; hs=0,
| o =2
s {1 (T~ Aqy 2 i:‘ =0, bfﬂ} = (ccuN '_1'3{1)) =N _1'-'-"{1:- - 1},
” : L A TR . A ;1
_— 0 -2
Zgn[Zl—b{ghd(g)—l-h*H W(I-A1724)) [bay] =1 1/2 1
_, b 10 1

1 2.0

-A-(ﬂ] = (0 0 1) "'-3(':'.)'”" [1 2 0] &(&J_ﬁ(uJZﬂ_ [1 0] 3{3,‘1_“1 %J“di?}A{ﬂ}“O
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3 0 1 0 =1
Hﬂ=—1—( )_y HE_]"———-LE_( )’ h3=( 0), ;HEI(I—‘.A.(QJEE}=O,

2\0 1 3\0 3
Ocgr = hag+ dis, H ad gy~ (dfuyhs -+ ki) = s Hy' (I~ A5y Z ) by =3,
| 0
bioy=03Za( Hadgy—hy) ={ 1/8 ’
O
0 -2 0
Zg= [Zﬂ-—-6{3)(0'5?3}—}—?@;55‘1(1——A(E}Zg)) i beay] =[1/6 1 178 =A%,
| 0 1 0
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