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Abstract

In this paper we give a lower bound of the separation sepy(4, B) of two diagonalizable
matrices 4 and B. The koy to finding the lower bound of sepy(4, B) is to find an upper bound for
the condition number x(Q) of a transformation matrix @ which transforms a diagonalizable matrix
4 to a djagoral form. The obtained lower bound of sepr(4, B) involves the eigenvalues of 4 and B

as well as the departures from normality 4-(4) and 4z(B).

This is a continnation of {6]. In addition to the nofation explained in [6] we
nse C* for the n-~d1men510na1 colnmn vector space, and R(X) for the column space
of a matrix-X. @ denotes the direct sum of subspaces, and Z™* the orthogonal

complement of a subspace 2. Besides, X ¥ stand for conjugate transpose of X.

§ 4. An Upper Bound for the Spéctral Condition
Number of a Dlagonallzable Matrix

Let A and B be diagonalizable matrices with the eigenvalunes {}.;,} and { e}
respectively, Q4 and @z be fransformation matrices which transform A4 and B to

diagonal forms. It is proved that if we set

5(4, B)=min [M—py| @D

and | | |
thent®® (@=1Qhle s @)
u(ﬁéﬁ;i})ﬂ) 'ésepp(ﬁ, .B) {6 (A, B). | (4.3)

Thersfore, estimation of a Jower bound for the separation sepr(A, B) is reduced to

estimations of upper bounds for the condition numbers x(@,) and 2(Qz).
In this section we use the characteristic of a diagonalizable matrix 4 to give an

upper bound for the spectral condition number infx(@) of 4, here the inf taking

over all @ which similarity transforms A to a diagonal form.
For a nongingular matrix ¢}, we set

K(@)=|Q|r] Q‘illr (4.4)

The following lemma delineates the relation between the K (@) and x(Q).
Lemma 4.1. Suppose that @ C™™ is nonsingular. Then

il # Tk
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1.4 K@) —m+« K*(Q)—m* <#(Q)

K(@Q) —m+ K @Q —m+2]°—4 |
i 5 T i (4.5)

Proof. Let K=K (@) and x=x(q). By Theorem 1 of [4],

<14

m-—2+x+x‘1<§£’=€2% m(x+x"1). (4.6)

Combining »+x*>2 and the first inequality of (4.6), we get K>=m. From the
gecond inequality of (4.6),

«f’E’ﬂ_mﬂm; (K —m) TR I{ m IIW:/KE_ME; (4.7)

O<Tpe<1—

and from the first inequality of (4.6),

v (K —m+2)2—4 — (K —m) K —m+ (E-m+2)"—4
5 . <Lx<< 14 S . (4.8)

R

QObserve 1;]:_13,1;

K-m+NE—m _ K-—m+(E-—mr2) 4
# am, : : 9 =

Og..y’m__m: (B sy g ® (K-*m—l-?)";—-i R i

“»

VER-mi— (K —=m) _o i Kem iff x=1,

m
hence, from (4.7) and (4.8) we obfain the inequalities (4.5) at once.

. Now we cite a theorem proved by Elsner'™, which i3 a generalization of a result
due to Smith™. T |

Theorem 4.1. Suppose that ACCT™™ with different eigenvalues Ay, Ag, ==+, A 0f

madtiplicities ma, ma, ---, m, respectively, Let C"=2 1@ LD - X, & be the
invariant subspace of A corresponding to the A, with dim(F)=m,, i=1, 3, -, r. If
we set @’4=Q X, i=1,2, -, r, and - o

2={Q= (¢, @, - Qr):gi(Qij=§:: 1=1, +, 'r}l'
I[l]It K(Q) _'22 U,q} ’ _. . (4 9)

; f=l fu=1
where {crf”},,,i are the singular wmhws of PEQ, in which the P; and Q; satisfy ER(P,) =
@{h SR(Q*E) '%ﬁ i

and

then

PP =00~ I‘?""') ¢=1, 2, --
The Schur decomposition of any dmgenahzable matrix has an imporiant

cha,ractenstm clarified by the following lemma.
Lemma 492. Let Abe an mxXm diagonalizable matrie with Schur decomposttion

UYAU = A+ M=T,- e

* where U is @ unitary matriz;, M is o strictly wpper ‘triangular mmﬁmm (% e., M is an
upper triangular matriz with zeros on its diagonal) and
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A= diag (A 1™, AT oo AT MFEM(EF#)). (4.11)
T hen | |

0 M:lﬂ M:La M:lr |
/ 0 Mﬂﬂi"' Msr\

M=_ --r_.'. '.Mr“i o M{je@ﬂk?ﬁﬂ!} l%i{jgr_ (4_12)

The proof of Lemma 4.2 can be found in [1] ([1], Theorem 2) and [3] ([3],
Lemma 2).

Let o, 2 be right and left mgenvectors of a matrix A correspondmg to the
eigenvalue A,, i.e.,

Ax= }uifﬁ: ﬁHA = ?qZ'H- (4 . 13)

It is well known that if A; is a simple eigenvalue then «, z are unique, excepi for a
gcalar multiple, and the condition number

| 18| "= I'Im[ltﬂr\lu (4.14)

P

is nuniquely determined ([7], 68—69).

Smith™ has given the following estimation for |5,

Theorem 4.2. Let A be an m Xm mairte with etgenvalues Ay, Aa, =+, Am.- If A,
©8 @ stmple eigenvalue of A, then

i—1

ofes L Al ﬂ}‘—‘z -
(4] Q{l C m—1 (min A — Ay | : ke 100)
Fi

where sy =/ 1413 -3 a2

Let A be a diagonalizable matrix. Utilizing Theorems 4.1—4.2 and Lemma
4.2 we ghall find an upper bound of K () for a sunitable transformation matrix @
of the 4, and then utilizing Lemma 4.1 we obfain an npper bound of »(Q).

Theorem 4.8. Let A be an m X m diagonalizable malriw with different etgenvalues
A1, As, -+, A, of mulitplicities my, Mg, -, m, respectively. Then there is & nonsingular
matriz Q satisfying

Q“JAQ=dia.g (A lomd Do F9Md op. AT (4.16)
such that | |
. . g o i 1 JdF(A) r—1 }
K(Q)‘ghzl \/m;{m; 1—1—[:1 | ']"—1 l]llilllﬁ.; n ) =K, (4.17)
and | |

Kij—m+a (Kj—m+2)2

#(Q) <1 - i (4.18)

where BRSO NI VITES PN E
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ésr the departure from normality of A, and M is the strictly vupper triangular matrio
of the Schur decomposition of A (see (4.13)).
Proof. 1° We notice that if X, ¥,€C™™, X{X =Y BY ;=TI and

AX=MX,, YIA=AY?, . §=1, 2, <, 7, (4-19)
then there is a nongingular @ € C™*™ satisfying (4. 16) such that

r 1
K@ =3t (FFXXFT) . (4.20)
Here H 7 denotes the positive definite square root for a positive definite matrix H.
This conclusgion can be proved as follows. -
Tet X =(X4, Xa, -+, X,). The matrix X must be nonsingular. In fact, if X
is singular, i.e., there exists a nonzero vector u= (u1, uz, -, wI)TEC™ with u,€C™
(3=1, 2, .-+, 7) such that Xu=0, then from (4.19),

{ I(m} I{mJ g I{m} \

A 1I[m,‘l ?th{m"' s ;Lrl'{m) { Iiui
;ﬁ I(m.‘l 1‘3 I{m} ki ?L.,E.I("‘:' X?ug == (),
1 . . ; \ :
\li_ll{m} ;\.E_II{"” s a‘:—-ll'(n}/ I"u'

From this we get X a4,=0 and then w,=0, ¢=1, 2, .-, r. But this contradicties that
w is a nonzero vector. Hence X is nonsingular. With the same argnment we can
prove that the ¥ is also nongingular.

Lot A==diag (AT, A ... AT, From (4.19),
AX=XA, YHA=AY?",
Thus we have
YEX A=YEAX =AY?*X.

Utilizing A%A; (4%7) we get Y7 X =0 (4%7). |
Consequently, if we set 2,=R(X,) and #,=R(Y), then 27 is the invariank
subspace of A corresponding to the eigenvalue A, with dim(&%",) =m,, and

- ——) J' .= ¥
@,; Qﬁﬁj, 1, 2, s T

Therefore, by Theorem 4.1 there ig a nonsingular mafrix @ satisfying (4 .16) such
that the equality (4.20) is valid. g

2° Qbgerve that if X, Y, cC™™, XFIX =YY, ,=I" and for the Schur upper
triangular form 7 (see (4.10))

T.X-,|=}q-x{, FT=}"¢F“IEJ
then AUX)=MTUX,), @OY)FA=rnUOY)"

" and w{ [TV YU XD (UX)H(OY )] Ty =ir[(FEX XY ) E].

Hence, without loss of generality we can assume that A=T, i.e.,
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?L]_I{m‘) Mu .Mj_ﬂ i Mi,-

( M My - Mﬂr\
A R  (d.21)
0 5 M )
\ ";,‘J{m.—}

3° For i=1, we take X = (I, 0, .--, 0)T. Obviously, AX;=2;X;. Then we
fake

Zy=(I", Zyy, ++-, Z3)R €CM"™
with Z4,€C™*™ (2<j<r) satisfying

ZHA =0 ZE. (4.22)
From (4.22), we have
Zy= 111 (Muyt ZuaMapt ot LMy, =2, 3, 70 (4,29
Let
=M=, 2y py=Mylr, I<E<i<r; (4.24)
= (ot Loyt Lpestins), 5=2, 8, 00, (4.25)
and

O tas iz = Har

-—agi Mﬂﬂ -aw #"9'?'

A= L Y A | (4.26)
O ."._ ;-i'r-hlrr
— Gy

Obviously, as, **, >0, and #=(1, 0, +--, 0)TE€C" is a unity right eigenvector of
A corresponding to the simple eigenvalue zero. It is easy to verify that 2=

(1, Lo, »-+, &)Y is a left eigenvector of A corresponding to the simple eigenvalue
zero, here {a, +--, {, are defined by (4.256). By (4.14),

182 P = [z o= (L4 L3+ LD . (4.27)

But according to Theorem 4.2, we have
R oo

5 1 7 Aol A }
1 ; F . :
i< (e 8.28
2 fayr
where 4y (A) =\/ |4]% —Z‘_u;‘?-
Comparing the equality (4.37) with the inequality (4.28), we get
O TR S e G4 (4.29)
. 3 min a

Zcfar
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Observe that
| Z; 7= mi“"ﬂziﬂﬁ'"" [ Z1 |7

and
1

| Ar— A

1 , '
g?j (ﬁﬂ+g2ﬂﬂ§+"'+Zf—iéu’.f-1..f)=€h .?=2: 31 te0, 1y

hence from (4.29) we get

| Z1,] r<

F(8ag)r+ | Zas || Ml gteve+ | 2, s-s] o) Mol )

| Z1]3<<my— 1+ A+ +{F) |
. - Ay (A) 2}"" -
'gmi 1+{1 ' -‘J"—l(]]?.lil)?ul—}ql ) s (4-30)
o+

Substltu’ﬁmg the relation
(A)—' > M= 2 | M| % =47 (A)

1< jusr lsf<jay

into (4.30), we obtain

l!Z:llFQ{mi—l-r[u rli(  Ap(4) |) ""‘} (4.31)

]':r_un | A1 —A;

’ 1
Let Y ,=Z1(ZRZ,) %. Evidently, Y{Y, I"’“*’ YHA—MI’H and
W [(VEX XEY ) ‘«’]-—tr{[(ZHZ;) EZFXIXHzi(ZfZﬂ 7] ’5}

—tr [(ZF Z) 7] < [my 12 (ZEZ:) 1 T =m0z | Zu ] »-
Substituting (4.81) into the right-hand of the above inequality we get

1

-

4 1 A (A) 2-1r—1 172
H H o _— { F
tr (Y X3 X7Y,) 21/ ml{mi 1—}—[1 e (min\}q—?ﬂ ) J } . (4.32)
. . §1

4° Obgerve that for every natural number ¢ (2<<i=<r) there ig a corresponding
unitary matrix U; such that the scalar matrix A,J lieg in the left-upper corner of
the Schur upper triangular form T, =UJ7 AU,. Hence from the above proof we reach
the following conclusion: For every ¢ (1<i<(r), there exigst X; and ¥ ,&Cm™™

satisfying X/ X =Y EY =1 and the relations (4.19), and we ha.ve

B o | - r =
tr[(YEX , X7Y,) E]‘Q\/mi{m1_1+[1+ ml]fTi:d)?ﬂ) }
‘ Joi

=1, 2, <+, r. (4.33)
Substituting the inequalities (4.33).into (4.20) we obtain the estimation
(4.17), and then utilizing Lemma 4.1 we get the estimation (4.18). |
Remark 4.1. If all eigenvalues of 4 are simple (i.e., r=m in (4.16)), then
by Theorem 4.8 there is a nonsingular matrix ¢ satisfying

QAQ~diag (M1, As, *=*, Am)
siich that

| m—1

x@<FfrtrEmtamn) b - e

min | A
J-H
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This i exactly what Smith has reached conclusion in [4] (Theorem 3 and Theorem
5). Therefore Theorem 4.3 is a generalization of Smith’s theorems.
Remark 4.2. In order to compare Theorem 4.3 with the related results of
[3] and [6], we consider the case of r=2 as follows.
Let A€ C™™ with different eigenvalues Ay and A, of multiplicifies my and ma,
dr(A)
| A1 — A

Myt Mma=m. Set x= . By Theorem 1 of [3], there is a nonsingular matrix

€ satisfying
Q_j_AQ____diag (}'J.I(mﬂj kﬂI(ﬂlli) (4.35)
such that

(@ <A+xA+ )™ A+ x@A 4™ 40 [x (A4 x)™ 1™ 11)2=7. (4.36)
by Lemma 3.4 of [6] we have |
2(Q) <(1+x) =sy; (4.37)
by Lemma 3.5 of [6] we have
#(Q)<{1+x[1+2 g+ 4+ (2 )™=} 2=, (4.88)

but according to Theorem 4.8 of this paper, there is a nonsingular matrix
satisfying (4.35) such that

A . o 2
: @<t Eamt ViKammid -2, (4.39)
where
Ko=xa/ my (mijl‘rxﬂ) + A/ Ma(Mmatx°) - (4.40)
1t follows from K .<<m -+ 2 that
2 : ”
s <14 & +axl+4 =8,. (4.41)

2 .
Comparing (4.86)—(4.41) we have
| 588y <8, .

Remark 4.3. According to Theorem 4.3 and the famous Bauer-Fike Theorem
([7], 87), we get the following corollary: Let A be an m X m diagonalizable matrix with
different eigenvalues Ay, Ag, -+, A, of multiplicities my, mg, ---, m, respectively. If
A is an eigenvalue of a matrix A+ F, then there is an eigenvalue A; of 4 such that

|}‘i-_}‘| K4 Eﬂﬂ:
here x4 i denoted by (4.18) and (4.17).

§ 5. Lower Bound of sep; (4, B) (ID)

By the inequalities (4.8) and Theorem 4.3 we get the following result.

Theorem b.1. Let A be an m X m diagonalizable matrie with different eigenvalues
A1, Ag, o+, Ay of multiplicities my, ma, <+, my,, B le an aXn diggonalizable matriz with
different etgenvalues e, pa, -+, pg of multiplicities ny, mg, <+, n,, respectively. Let

i(A4)=min |A—Ay| (I=<i<p),

K4

8;(B) =min |u;—p:| (1<i<q),

2ok
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tr(A) = 1413 — F %,

4v(B) =/ 1BI3 — Emlus]*,
E'A=i‘m/_?£:{m¢—1+[ll 1 AF(A)) H}

i=1 :P“l 3;(}1)
o d i T _ 1 “.’.'IF(.BJ' }
KB E\/ﬂj{ﬂr’ 1+[1+ (Bf(BD)]
: Ki—m+~(KEi—m+2)2—4
#1“—"1 ] 5 -
xp=—1- Kpz—n ‘\/(KBB“”““Q)E—
3(4, B) =min [A—pl.
Then
. * sepr(A, B)=> g, B) ’ (6.1)
A" HEp
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