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§ 1. Introduction

The earliest work for the numerical solution of the RLW equation was dus to
Peregrine™™ and following that Abdulloev, Bogolubsky and Makhankov'™ showed
in their numerical experiments the inelastic interaction of suliton—like waved,
which is different from that of the KDV equation. Later, Olver™*! proved that the
RLW equation possesses only three conserved quantities justifying the inelasticity
of the interactions. A lot of numerical work has been done on this equation and
the interested reader ig referred to Eilbeck and McGuire™ % and Alexander and
Morris™. Recently Wu Hua—mo and Guo Ben-yu"® have proposed a new high
order accurate difference scheme for the KDV-Burgers-RLW equation with a strict
error estimation from which the convergence followed. However, when using finite
difference schemes or finite element schemes we get only implioit methods and the
accuracy of the approximate solution is limited for a fixed scheme, even though the
solution of the RLW equation is very smooth.

On. the other hand, the above deficiency may be remedied by the use of spectral
methods for such problems. In the past several authors (Gazdag®!, Tappert-7,
Schamel and Elgisser"%, Canosa and Gazdag™, Watanabe, Ohishi and Tanaca'®,
Fornberg and Whitham'? and Abe and Inoue'™) have used spectral methods for
such equations and in some recent papers Guo Ben—yu™?%1% has proposed a technigue
to strictly estimate the error of a spectral method for nonlinear partial differential
equations,

This paper is devoted to the use of a speciral method for solving the RL'W
equation. In Sections 2 and 3, we consider the linear and the nonlinear problems
respectively. The corresponding schemes are explicit and the smoother the solution
of the RL'W equation, the more accurate the approximate solutions are. In Section
4, we report the numerical results obtained for the solutions of the linear and the
nonlinear problems and also compare some of thege results with those obtained for
finite difference and finite element schemes.

§ 2. The Linear RLW Equation

Firstly, we consider the linear RL'W equation

i
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100, =02, 1, 0<t<T, - @
Uz, 0) =Uy(=), 0<a<2,

where & and 8 (>>0) are constants and (0, ¢)=Ff (2, $). Let O; denote a positive
constant and

=f(z, 1), O<a<2, 0T,

Ao={U(m, )/ |U(a+y, 1) —Ulx, t) | <C4|y|*, 0<i<T].
We suppose that (1) has a unique classical solution such that |

U /0a® € A,. (2)
Put

U, 1) = 4()/2+3 (A5(2) 008 Fop+ Bi(2) siin lws),
£ (@, 1) =fo()/2+ 3} (f(#)oos Tno -+ e B,

U™ (, 1) = Ao (£) /2 +§"1 (A;(t)008 lww+ B, (t)sin krz),
and - |

L

» f{n) (@, t)=fo(t)/2 +:2:1 (f;(t)ﬁoﬂ Zwm-&-y;(t)aﬁ Irma:) o
Le ﬁ

: R®(U(e, 1)) =U(w, 1) —U"™ (@, 1)
R®(f(e, t))=F (=, 1) —f" (=, 1).

From Jackson’s theorem and Lebésque’s theorem (see [20]), we have

and

| R™(@T/a07) | <Os —mr, for a0, ®

Let v bo the mesh spacing in time and

m(e, kv) == (n(a, by+5) —1(a, b)), k>0,
Also let

w (@, kv) =ai’ (kv)/2 Eﬂ (af® (kt)cos oz +b{" (kv)sin lxx) (4)
1=1
be the approximation of U™ (&, kr) satisfying

(n (%) |
P (@, k) +a 22 (o, k) —8 LT (0, k) = f (3, br), 0<a<2, B0,

U™ (0, k) =u™(2, kv), k>0, _ (5)
Lz, 0) =UP(2), 0<o<2,

i.e.

a0k tw) — o (B7) () 4 ajag) 4 admb® (be) = F0 (hr),  Ohecn,

T

| e ) WOED) (1 4oty el () =g ), A<dm,
af” (0) = 4,(0), 0<i<n, '

‘B (0) =B,(0), 1<i<n.
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If a™ (k%) and b (kz) are known, then we oan calculate af® (kv+7) and & (kv +7)
explicitly. This is one of the advantages of the scheme (B).

Now, we consider the error estimation, We have

(n) ; 3U(“’ (-ﬂ?, k"ﬁ') 5 i SHUEH) (m, k"ﬁ')
Mz, kv) +a e 5-—-——-—-—-—-———-am2

=f® (g kv)+E (2, bv) +E.(a, kv,

whero

(7)

B (w, krj =U, (2, kv) %I: (o, kt)—d ai (U, (x, kv)] +6 al

21 2% & k)

and

Ey(s, kv) = —R™ (v,(m, k7)) —aR‘"}( 8&‘2 (z, kr))

+BR"‘”( 3;5' (@, h')) +R®™( f(z, kz)).

Let
u™ (z, kr) =u" (@, kv) —UT® (e, kv)

=3 (kv) /2+3 @ (=, bv)oos lxw+5( (v, kr)sin lwo).

=1

Then, from (5) 'an& (7) we have

. 2™ (2, kr) _ 5 O™ (@, br).
us (@, kv) + o o o oy

= — B, (e, kv)— Bz, kv), 0<2<2, k>0, (8)
u®(z, 0) =0, 0<z<2, |

i.e. Then

(1+8Px*)af™ (kz +) = (L +3Px)af® (bv) — arlad(™ (kr) -

"TE;,(‘IE, ]ﬂ’F), Oﬁg‘lgm,
(1 +81%3) B (o ) = (1 +50s2) 5P (o) -+arrlariss® () -

-ryi(, kr), 1<i<n,
| (9)
where ' *

E‘i (%, kv) = Eﬂ (kv) /2 —I—i (;;(k’r) cos w47, (K7v) sin Imwe),
I=1
We introdnce

((kv), L)) = | (o, b0){(a, kv da,
(b2 |2 = (n (), (b)),
| (k) |1=|&n/0x (k) |,

|2(k2) |i= (%) |2+ |n(ka) |3,
|7 (k%) |« =max|n(z, kz)|.

el - I T

Suppose that 82U /8¢? is continuous. Then from (9) we obfain that
| (hz+2) |2 +3]u (ke +7) |I< (1 +0s7) (u(ke) [*+8|u (ko) |D) +7] By (ko) |
and g0 for all kv<<T', we have
15 (be+-7) [ 248 & (e +7) |3<we®™ S | B, () |2 <076,
§=0
By the imbedding theorem we also have
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| 1% (37) | < Opve® ™%,
If «>>0, then we obtain
|0 ()~ ) |<E ) |+ BT (3, D)1

Inn )
/)
Clearly, the smoother the solution U(®, ¢), the more accurate the approximation

u™ (@, ¢) is. This is the other advantage of the scheme (D).

 <o(wn

§ 3. The Nonlinear RLW Equation
Ip this seotion we consider the nomlinear RLW equation

au ,  oU oU au _ |
S M +U e o) Giow If(a:, 1), 0<z<2, o<,

U, £ =U@, 1), 0<i<T,
Uo, 0)=Uo(z), 0<a<2.

4 H§={VXV(m)GHia_(_0, 2), V(0) =V (2)}.
The solution of (10) gatisfies - - ol

) ol ) (0 2 )25, 2) =, WO,
| (11)

(10)

Lef

Also, we define the following difference dparator

7 (1@, #e), (@, b)) =L 2 (ala, k), (@, b)) +5 00, 1) G (e b0

and let 4™ (=, kv) be the approximation of U“”(z, kv) satisfying

(i (e, )+ L) )4 (7 (), (k) )

+3(-2 un (o, be), 0/0m) = (fOChD), ), O<I<m, £, (12)

where ;= cos lwa or sin Iwe. Clearly the scheme (12) ig explieit.
In order to estimate the error, we need the following lemmas.

Temmal. If7€L0,2), then 2(n(kz), (k) = ([|7{k7) 12—z 1 (v | %
Lemma 2. If 7, € H;(0, 2), then | '

222 (o), Zle-(ke) )= () D=7 |71 .
Lemma 3. If7, {€H(0, 2), then |
(em/8z, 1) =0

(J("?, E): ?}) ={.
Lemma 4. If 7 and { are as follows:

() =Un/2+§1(01 cos lwa-+d; sin law),

and
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N L ™ ~ o = =R T R 7 i pE:

L(z) =034/2-+3) (O} oo I +d} sin ),
=1
then

Lemma §. If the foﬂéwmy coﬁdfb#wm _
(i) p, My and M, cm-e non—negwmvs constants, w(kv) is a non-negative function,

(i) w(bs)<p+My7 2 (m(rr) +M am”(yr)),
(ili) pe®M T M1 m((l) <p are satisfied, then for all ch:QT
. m(kr)ﬁpfﬂ""’ T e "

The proofs of Lemmas 1—5 can be found in [10].
We now have

(U (), ) +-x( U™ (bw), ¢;)+(J<Ufﬂ>(kv), Uwckm-)) by

45 ( oU™ (krv) , &, /am) 2 (Ea (kv), ) +( + (K1) ;-%—f)

.F+(Eﬁ(k7)r lp;),' OQIQ‘H, k;[’: o ; (13)
where | |

Eo(w, bv) =U (2, br) —--"-’-"E-(m, W),

E (=, kr)——-av’(a} kT) 3t3 (mk)

Ei(z, kw)-——J(R‘“’(U(m Im*)), Uz, bv)) —J(U(x, k), R‘“’(U(m kr)))
+J(B™U (@, kr)), R (U (=, kr))). SR
Let 4™ (z, kv) =u™(x, kv) —U (@, k7). Then from (12) and (13) we have

Gt (o), ) +a(Z (k) ) + (7 ), T () -+ () ), )

I @), G (b)), ) +5( 20, 2

= = (B, ) — (Balkw), 04n/02) — (By(br), ), O<lsn, k0. (14)
Multiplying (14) by a/” (kz) or b (k%) according 10 whether ifr, = cos E:mm or din Ixz
and summing up these equations, we have

(5 (), u‘“’(kr))+a(3u (b)), E(kr))

+ (J (U™ (kz), U () +u™ (kv)), 4™ (kr)) + (J (U@(Faw) u® (b)), u™ (Ivr))

ou (kv) ou(kv)
W 6( ox ; ox )

= —(By(ke), @ (b)) — (B, (kr), 2

(k-;-)) (By(be), @ (k)), £0. (15)

Lot s be a suitably small pomtwe constant and 4; be a positive constant depending
on {U|.. and |8U/9|... It can be proved that (see [10])
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" e (' —(n ~(n g n olJ £
(T ), T (), TEn) | <dsli ) |* (1+|R= (ZL)[7).  (16)

We suppose that 3“0’3&:; ) €.4, where p=1, a>>0; then from (16) and Lemmas

1—3 we obtain |
([ (b |2 +8] 5 z) | 2) e —w (| () |2+ i) D)

<4y (|3 @) 1+ | B ). (17)

Let m be a poditive constant, Multiplying (14) by mv[ai(kz)]; or ms b (k) ],
according to whether {;=coslmwe or sinlaz and summing np these equations we
obtain |

z(m—e) (||ﬁ,(k'r) |*+8 Iﬁ,(}w) 1) + F1(kv) -+ Fo(kr)

<O g i) |2+ (S B k) I?), (18)
where
Fy (k) mma(J ('M"""UW), U™ (kr)), u{(kv))
; +m(J (U™ (kr), u™(&r)), uf (kr))
L Bk =ma (T @GR, 50 (), (k).
Clearly

AgTr'

FACOY <ev|uf (ko) [+

Lemma 4 gives

| () | < om0 (b [2+-2E 0 (k) 24 (k) [

Thus from (18) it follows that
v(m—8e) (Ju, (k) [*-+8|u, (fr) |

<A [igo ey [THnlgn () {1 BGED . (19)

g
Combining (17) with (19) and taking m=14-3¢, we have
(|u® (k) |2 48] 4™ (bv) {3) < As (Ju™ (k) | § +7m| 4 (b7} |1+ (k7)),

where _
: ; L R
2 (ke =37 | () |
. = ;

putting

x—1

P () = e 318 j),

we obtain |

[ (ko) |3 (b2) + Az 3} (J59 (2) [3-+2nl G (G 1.

Finally we use Lemma 8 with w(k7) = %™ (k) |3 and if
4 |
2
= (20)

then for all kr<T, "
"ﬂ_(n)(k,ﬁ.) “ %gpinj (k,r) EﬂA,k'r_
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Furthermore, N
g . "u{n} (ET) "ig\: OmP{"} (k"ﬁ') 621111

and
: ” U (kv) —y ™ (}'ﬂ.) Hm,&: 04 P( ) (k) g2akv 1. 0) ( (1:::;25 )

~ Remark. If 22U /ot? is continuous, then
EFLICOE 0(+*) +o(__r(}:;‘,,$)_“ )-
Ifr=0(—%i-), g>1/3, p>1, a>1/3, then (20) is satisfied and so for all kz<T,
[T (k7) —u™ (k7) | (K A/ ‘
If 1:=O( — 3;*1 ), then we have | |
[U (k) — 0 (#9) | o= O 52 )-

Again it is obvious that the smoother the solution U(w, t). , the more accurate the
approximation u™ (&, k) will be. | . el W,

»

§ 4. Numerical Results.

For the numerical experiments, the correﬂpondlng function f(=, t) in
equations (1) and (10) are constructed in such a way that the solutions of the

problems are of the form

U(a, t) =4 exp(B sin wz+wt), o (21)
where 4, B and w are constants, and in this seotion by “error™ (E) we rafer to
max |U (&, bv) —u (2, kv) |/ |U(w, bv) . | (22)

Linear problem.
When the spectral scheme (6) is used to solve the linear RLW equation (1), we

find that for large 3, the error obtained using the time step +=0.01 is roughly ten.
times smaller than the error due to =0.1 (Table 1). This pattern is also ohserved
for small & (Table 2), However, provlded both 4 and B have moderately small
values, for both small and large & values, only ten terms in the spectral expansion
are enough to get reasonable solutions (Table 3).

Nonlinear problem.
The finite difference and finite element schemes used in solving the 110111111&&.1'

RLW equation (10) to do a comparative study with the spectral method (12) are

the following:
Scheme 1:
i FL g o { U1 — Uk _g 8 [kt — Qqlkl ol
( = )+(1+“’")( o5 ) 1,-( | % )
; ) u?n+1_2uﬁt+%?ﬂ-—i o 29
' 1'( A2 )_f’"' ._ | )

Scheme 2:
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() (14 L g )(Mhaamtior ) 1 (o) b)®

3 2h 3 2h |
TS URL 2 LN | 8 Ul 2ul i
- +1 o 1 ) | ( +1 ¥ 1 )=fm- (24)

Scheme 3:

i R S| o1 ) )

e (i) — (uﬁl—l}ﬂ 3(“?—]-11 QukFl ol ) ! a( ufn+1—2_ﬂ§;+uﬁr—1 )= ¥
'8 2h T h? | h? e

T

(25)
where A is the mesh width in space.

I+ is interesting to note that, although the behaviour of the above schemes are
almost the same as (or a little better than) the spectral method for large N (the
number of terms in the spectral expansion) (Table 4), for N small, the speotral
method is a lot better irrespective of the value of 3 (Tables 5—7). However, the
computational cost of the spectral scheme is comparable with those of (28), (24)
and (26) for small =.

Therefore, provided we expeot a smooth solution of the RL'W equation, because
of its sm:rphmtjr and the explicit nature it is reasonable to mge a spectral scheme
with small » rather than a finite—difference or finite element schemae.

Table 1

W

Au=B=2.0, w=0.5 0§=5.0, a=I

A —— e e e S L

Time E(7=0,1) - E({r=0.01)
0.5 | | 5.925400-3 5.088618—4 .
1.0 1.147120-2 1.177780-3
1.5 |  1.655400-2 | 1.699260-3
2.0 . 2.113946-2 | 2.168700-3
2.5 2.521867-2 ~ 2.584740-3
3.0 | 2 .880981-2 ' 2,950861-3
3.5 3.194160-2 3.269687-3
4.0 3.465124-2 3.544835-3
4.5 . 3.607974-2 3.781567--3
5.0 3.896877-2 3.983741-3

Table 2

M

A=B=1.0, w=0.5, 3=0.01, n—10

Time i B (ree0.1) B (z=0.01)
0.5 - 9.495588-3 | 1.109793-3
1.0 3.009789-2 3.188463-3
1.5 5.527154-23 5.102806-3
2.0 6.431713-2 I 5.634552-3
2.5 - 5.003357-2 _ 5.584738-3
8.0 5.948730-2 . 6.300864-3
3.6 7.834576-2 7.007519-3
4.0 . ' 7.151223-2 7.386882-3
4.5 8.023500-2 7.493547-3

5.0 | 8.808314-2 | 7.536437~3
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A=B=1.0, ©w=0.5, 8=0.01, 7=0.01

Table 3

Time B (n=>5) E{n=10) B (n=20)

0.9 1.170026-3 1.109793-3 1.109740~3

1.0 3.108356-3 3.188463-3 3.188524-3

1.5 5.071532-3 5.102306-3 5.108797-3

2.0 0.748613-3 5.634552-3 5.634508-3

2.5 5.698943-3 5,084738-3 5.584657-3

3.0 6.336858-3 6.300864-3 6.309830-3

3.9 7.121520-3 7.007519-3 7.007533-3

4.0 7.501003-3 7.386882-3 ' 7.386915-3

4.5 7.607647-3 7.493547-3 7.493547-3

5.0 7.650481-3 T.536437-3 | 7.536423-3

___—_—-—-——_—u_-—..._—___-—_____._—__—.
Table 4 = G _
A=B=0.1, w=0.5, 3=5.0, 7r=0.01, #=10

Pime E(Spectral) E (23) E(24) T (25)
0.5 - 7.085890—4 8.641859-4 ~ 8.636013-4 8.5150904
1.0 1.303863-3 1.526191-3 1.525135-3 1.526031-3
1.5 1.820826-3 2.085302-3 2.033628-8 - 2.059457-3
2.0 2_.295187-3 2,429719-3 2.427315-3 2.480313-3
2.5 2.755876-3 2.739320-2 2.736010-3 1 2.811442-3
3.0 3.231578-3 2.987613-3 2.9838143-3 3.070840-3
3.5 3.752500-3 - 3.183632-3 3.187652-3 _I- 3.272714-3
4.0 4.350367-3 3.372975-3 - 3.365124-3 3.428482-3
4.5 5.060934-3 3.539232-3 3.028860-3 3.946930-3
5.0 5.025296-2 3.704908-3 3.681308-3 3.635273-3

;
Table 5

_—-_____'____n___.______—__"__

A-='B=:-=O.1, w=0,5, §=5.0, 1~=0.01, n=>5

Time E(Spectral) B(28) E (24) E(25)
0.5 7.085745-4 3.083941-3 3.080641-3 3.955317-3
1.0 1.302852-3 5.407982-3 5.400887-3 7.073691-3
1.5 1.820817-3 7.214305-3 7.217663-3 9.528217-3
2.0 2,295187-3 8.636566-3 8.641381-3 1.145607-2
2.5 2.755676-3 9,755973-3 9.762503-3 1.296527-2
3.0 3.231578-3 1.065067-2 1.065942-2 1.414120-2
3.5 3.752505-3 1.138328-2 1.139480-2 1.505064-2
4.0 4.350367-3 1.200566-2 1.202065-2 1.574587-2
4.5 5.060934-3 1.256206-2 1.258137-2 1.626772-2
5.0 5.925296-3 1.313289-2 1.311714-1 1.664770-2

M
Table 8

'—"__'-__—_—'——l—_——_-__.—-_-—-___-—_—_

A=B=0,1, w=0.5, 6=0.01, =7=0.01, n=5
" Time  E(Spectral) E(23) E(24) 1 E(25)

0.5 6.240481-3 3.292321-2 8.268875-2 6.749889-9

1.0 9.069753-3 5.862737-2 5.,800456-2 8.843583-2

1.l 7 .4516880-3 4. 764008-3 4.665613-2 6.105477-2

2.0 9,180239-3 4_.589194-2 4.590062-2 8.604430-2

2.5 1.325873-2 3.730251-2 3.722072-3 | 7.646288-2

3.0 1.321978-2 3.454743-2 3.788271-3 8.901591-2

3.5 1.574614-2 4,317997-2 4.653779-2 6.740339-2

4,0 1.789208-2 4,472429-2 4,883848-2 5.752699-2

4.5 1.925411-8 3.833180-2 4.425357-2 6.075218-2

5.0 2.094770-2 3.705758-2 4.394875-2 © 4,091342-2 |
%
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Tahle 7

_____._—_—_._———-—-————_—_——_-'—_.-——
A=B=0,1, w=0.5, §=0.001, +=0.01, n=>5

Time F(Spectral) F(23) £ (24) 12(25)
0.5 6.719408-3 3.582542-2 8.555305-2 8.931880-2
1.0 88322533 5.613129-2 5. 5465842 6.114991-2
1.5 6.675292-3 4,475714-2 4.479550-2 7.574176-2
2.0 1.026703-2 4.599629-2 4.597437-2 7.791302-2
2.5 1.292365-2 3.395545-2 3.421262-2 9.982187-2
3.0 1.266211-2 4.112869-2 4.427290-2 6.546807-2
3.5 1.655488-2 4.798465-2 5.064517-2 7.065172-2
4.0 1.688559-2 4.181871-2 4,628788-3 6.696868-2
4.5 2,005767-2 3.625120-2 4.271839-2 4.431025-2
5.0 2.062896-2 4.(84922-2 4.688197-2 6.025408-2

___________m______________—-_h——-——.-
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