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ESTIMATION FOR SOLUTIONS OF ILL-POSED
CAUCHY PROBLEMS OF DIFFERENTIAL
EQUATION WITH PSEUDO—DIFFERENTIAL

OPERATORS" i

i _— Prat II;- Case of Seéond Order Operﬁtoi's .
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Abstract

'I'ha aahmahon fﬁr solations of t’he ﬂl—pnsed Cauchy problems of the differential aqna.hon
| J‘il = AN uD + N Bu), Vie ©, 1)

iaﬁlmum, where A(b) is E-nd order p. d. o, and N(t) iz 2 oniformly bounded H-»H lmsa.r
operator. Two estimates o ju($) ] are obtained.

Thig part is a continuation of Part I, so we use the same notation ag in Part I

ond continue the section. numbers. In seotion 4 we deal with diagonalizors of r-th
order p. d. o.. Then in section b we derive the desired estimates.

§ 4. Diagonalizors

We will construct diagonalizors for s—th order p. d. 0. in this section.
Lemma 4.1. Let P(t) €L have the symbol p(t, o, £) € {S1} satisfying

det p(¢, @, £)|>oomst y>0, V(¢, &, §) €([0, 1] x B"% (|£]=1)).
Then for any mtege—r q, there exists P{V(3) €L7%, such that -
PPy~ I=Np (B EL, -
Pyu@P()—I=Ny () €L (4.1)
Proof. Let P'*"’”| (¢) have the symbol

b(2, z, §)=be(fv @, «S)lfl"

with undetarmined cooflicients b;(t w, £). We ha.ve 0 detarmine these coefficients

such 'lihﬂ'ﬁ Nm_ﬁ(t) and NL{_’}(#) helong to 1.
Applying Theorem 1.8 for P(¢) and P (z), we have thai the difference between

P(t) PS‘” (t) —I and the p. d. 0. N} ,(¢) with the symbol

83 ED b, 6, D200 §>)~I,,=.
belqngs o .?"’ Ualﬂulating the coefficients of |£|~* for ¢=0, 1, ==, 7—1 in the
» Bacaiwiﬂo‘hohari, 1082, |
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gymbol of N% ., (t) and 1e'ht1ng -hhem equal 0 9“,, we Obtaln
| bu(t x, 5) =P i(t z, &)

lllllllllllllllllllllllllllll

b;(t ﬂf §)="“‘P_1(t z, 5)2( 1)”2 -——D"P(t z, 5)3“51 ;,(t , 'f)

L lE=k ﬁ“

sy

------------------------------

Binﬁe pét ®, £) (= {S“} and !det p(t @, §)|?7>0 we have_p l(t z, £) € {53} and
b(t, @, &) € {S1}. Consequently the p. d. o. P{~*(¢) obtained above belongs to .‘Z"
and N%,,(f) has the symbol whose first term ‘with nonzero coefficient is of |¢] "
henﬂﬁ from Theorem 1. 1 NRU}(t) Ef. 'f F]J].B.HF’ we gB‘ii B o | |
Npp(D) =[(P@EPV() —I)— Nip(P)] +N’(__,,(t) E-g?"

‘{+.'fimilarly we can construcs the p.'d. 0. P{~1(¢) € £, such that

- ﬁp{._ﬂ(t)=ﬁ(_nP(t) IEf_’ i g o
Multiplying the relation P(t)P “1’(t)P(t)==(I +N R(_,-,(t))P(t) by P“”(t) on the
Ieft we obta.m
S ¢ £9 8 n@))Pf-“(t)P(t)-ﬁf-n(t)<I+Nm-ﬂ<t>)P(t)

= (I +K -ﬂ(*)) —l—ﬁj““(t)N R(—9) (t)P (t).

[ —

Hence
- Niep o (8) = PP PR) — -
— R n(t) +P<“”(t)Nm_n(t)P(t) ﬁm_ﬁ (t)P‘“”(t)P(t) cZ,
The Jomma, ig proved.
| ‘Lot ao(2, @, £) be an (nX n) matrix belonging to {Si} and positive homogensous
of degred zero in §. As in Part I, a,(¢, w, £) is said to be uniformly diagonalizable,

if the (nXn) matrix consisting of the eigenvectors of a(f, o, £ ) is uniformly
nonsingular and belongs to {§?}. Uniform nonsingularity means

|det p(¢, @, §)\}00nst7>0 (t @, £) € D=({0, 1]xR”‘x(|§[-1))
Obviously i .

' p(t, o, E)ﬂo(t e, f) Ju(t 2z, £)p(t, , f) g ¢ (4 2)
where Jo (¢, 4,&) C {DS°} is a dmgona.l matrm consisting of the elgenvalues JL,(t z, &)
of &, (i, @, £). = -

lemms 4.2, Lot A(t)G.‘Z;;_  the symbd a(t @, f)#Ea;(t w, £)|&[,

the ﬁa-st aoe_ﬁ‘:‘awnt ao(t z, ¢) of whwk s wfmnly timymmhe:abl& If the emganwdms
?.;(t @, £) of ag(¥, o, &) satisfy

(M, 0, £)—=M(2; 2,5 [ oonst >0, V(3 2, g)enmhe,, (4,._3)
tkmthemmmap d. o: B(t)e.?’gﬁéichthat ¢ BT Y E H a

L DOP@AWD = BHDE) P+ No(8), me CE
qolbore P(t)E.‘E’ has the symbol.p(t, @, £) Wafthq Ieft &mgem:eators of ap(t
o(-,ﬁ,f) E(t)Ef"‘ ,Jaasthedwgmmhywwd IV ! 195 5 :

‘*‘" AT JRVRS R J(# @, g}"%-ri(# d: f)l"flr-f. | (_47.5)

":F‘}.Ji““' ‘rf - {}-.ﬁ o J;‘:jr

| mwhfwh J.;.(t o, §)E{DS°1} ¢s the dmgonal mnm omsiptmg,,_of t]w aegarwahm of
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ao(t, ©, &), and No(t) €ZL°. - o ow Ra. F A&
Moreover, for D(t) there extsts D;i(t) € L (H—H) such that

D ) Dt u=u, YuCH. = . (4.8)
The operator D(t)P(8) s called the diagonalizor of the p. d. o. A(Y) of order r.
Proof. We first prove the Jemma for the case in which the prinocipal part of
A(¢) has a diagonal gymbol ao(i; @, O£, 1.0, ao(t, @, &) =J (i, 2, £). In this case
(t @, }') .’Im. and P(t)-—I Suppoae that the p d. 0. D(?) has 'r.ha symbol :

r—1

4G, 0,8 = gcz;a z, ELIEI,
) We have 0 datermme theaa ooefficients

. ": # .; .FI

with unda‘bermmad ﬂueﬁiclents d; (t m, £

snoch that LR
(t)A(t) ==E(£)D(t)+N1(t) i 5, R

WhEI‘E Ni(t)EE”“ and E(t)Ef rq, has the dJagonﬂ.l symbol
' B O £)=2J¢(t & SEr. .

Taking p=r and applying Theorem 8.1 for D(#), A(%) and H(t), D(t} wo hava
- [D(HAG)— & (#)Df&)] —R(s) €2,
whera R(t) ig a P. d 0. with the symbol
i w AT 1y  [(Dats, @, £)Pal, o, O D“J(t v, A, o, £)].

k=0 lai=k ol -

In order 10 make (4 4)’ valld i is suﬂment $0 determma a(t, @, £) suoh that

R(¥) € Z°. For.that we have 0 caloulate the coefficients of |£]*™* for §=0,1,,7—1
in the symbel of B(¥) a.nd malke them equal 10 Gnxn- Gﬁnmdermg o2, @, §) =

Jp(t x; £) weo have |
do(# w, £)Jo(?, @, 6)—Jo(t @, §)do(ﬁ , §)==9u., - (4.7.0)

llllllllllllllllllllllllllllllllllllllllll

[di(f &, ‘f)Ju(t z, ‘5) Ju(t z, §)€3i(t @, f) Ji(f' D, 5)030(3 Z, f)]
G @ Oa &)+ W, @ Hailt 5, O

-—J;(t , §)d;_,(.~: @, 5)]+2 'z( —1F L Gl

oo In:l-l: s 3|

xS [D“d;(t 2, aaﬂai-w(t @, £)- w,(t 2, sw‘-u.,(t z, §)J}=

seavenpeenseend ﬁ-rli1-11#-#11---&"11-'11111. : 4 q4 7 i} |
The elements }..;(t; W, §_) n the dmgonal of. Joli, 2, : E) are dlB‘hl]lG‘li (by’ (4.3)).
Hence, from (4.7. O) We EEB that the ‘nondia rgnal elementg gf do(?, 2, g) eq_ua.l ZOT0,

For convenianﬁe we take

e Gonstan f_ T& 3%@1&)@ the element on the
}-th 'row and the SR '{"'.m W‘Wﬁﬂ thé ‘expression in {---} of
(4.7.3) by Beslt, % £): wﬁiehd pends. o948 BYORBEY) B, 0,'5)] V44, @, £)

for §=0, 1, +-, §=1 and theiz %ﬂgﬂt}ﬁ@‘? Afior determining di1(t, #, £)€ {8
and J.1(t, @, )€ {D8}E B B0y es Ty known and ‘belongs to. {sl} Sinoe

Tt @, £ is dingoHALRSroT (4. mmgewm sl B o 03 e

Gﬂnaeqnantly do(t _
do(t @, f)=01"“% )
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C s (a0, 8 )t e, £ A o, A0 o 5) |
] LREQ( z, £)=0 forl#g, - 3 . (4.8)
T J“"”(t w, £)di"V (¢, =, §)=R$‘—‘3(t , E) |
From above we get immediately ihat : - |

T (2, o, ) =R, &, .f)/d““(t z, §)==R‘,~_%_?(t z, £)/c. |
Hence J(t, ©, £) € {DS4}. From (4.8) the nendlegenal elements of d(¢, @, §) are
also obtained

diho (%, o, E)“R“""(f @, 6)/(34(25 @, 5)—:&{,(# ¢, £)) forl#g,

hut the diagonal elemenis of di(¢, @, §) can be erbltrery
“For definiteness we take

d (1, @, £)=const ¢

Obvieusly, d; (t @, £) thus deﬁ ned belengs to {Sl} i
: In this way we determine all (¢, ®, &) and. JE, #, §) for’ e=0 1, e+, r— ~1
Eueeeﬂswely Oonﬂequenﬂy the p. d. o. D(¢) and E{(?) with the eymb s d(t, @, &)
and J (i, &, &) belong to &£, and %5e. reepeetwely For d(¢, =, g) and J{, z, £)
thus defined, the symbol of R () belongs_to {8:f also, and ‘the coefficients of [£|"
(6=0, 1, ++-, r—1)in the symibol are fuys. Henee frem Theorem 1.1 we have R(t) =
Z E,Cf ° Congequently
Ny(t) = [D(t)A(t) E(t)D(t) —R(t)] +R(t) € Z°.

Thus (4.4)’ is valid;

Now We consider the p. d. o. D(t) =eI +D(¢), where D(t) is a p. d. 0. with the
gymbol E a,@t, o, £)|&} His ‘obvious frem Theorem 1.1 that D(#) € %, Hence

4=1
there exigts a congtant ¢ snoh that

| Dyl <éluf-s<clul. (19
We fix the eenstent e'}'c Therefors - -

D) folerm<Le ‘
Consequently there exisis the operator (I ﬁ(t) /c) “1=2( ﬁ(t‘) /e)*in & (H-——)-H )
with the norm <¢/(c—¢) . Obviously (4.6) is valid fer Du e ==e"1(I —t—ﬁ(t) Foy

The lemma is thus proved for the case of diagonal aolt, . E). .
Now ‘we turn fo the general case. Our purpeee is to reduce it to the particular

pase already discussed. .
 Taking prir— 1 e.nd epplymg Theorem 1 3 fer 1? _(t), A(t) end Ey(t), P(t) we

have

T PMAD =B PO -G =Gi(f) €L I=L0, (4 10)
_Where P(t), Eu(t), Gi(t) e P d. o. with theﬂymbols (¢, @, é) Jﬂ(t @, £.)I£l"
ﬂ]:ld =L : B skl S A n." 1 Jt
yi(t z, £)=§1 mE-a( i) [D“p(t @, & )3“::(# , g)
=D, B, ©1EINTRG, @, O]

respectively The first term. ef the last symbol “is ﬂf [£]*-*. “Henoe' Gi(t)ﬁ
From Lemma. 4 1 there exists a p -d.-0. P"‘“(t) Ef wi th the eymbel V3, &, ’£)

Q'Elﬂb- ﬂlﬂfﬁ_# e e e Tl S e e B 7 et el e B 8 8 5 B e 2 Shet H’Jﬂip
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-—-—-— --—-l-—l-l-

i L

Npn($) =P () PO)— Ief-" and Ny (t) = Pfh” (t)P(t) I L. (4 11)
From (4.10) and (4.11) we obtain ' - ..
P($)A() PS(#) — Bo(8) (I + Nacn (t}) =G1(8) P2 (F) +@ (t)P CR().  (4.12)
Taking p=7—2 and applying Theorem 1.8 for G1(#) and P7() we have CE
G (D PV — ﬁ(t) C Pr-DH=r=D~1_, PO |
whers A(f) is a p. d. o. of order (r—1) with the symbol .

r-—2

N ,5(*: % 5)__'5,;0 ME#(;?E D“yi(t,_m,_é)B?Pi“’gt, m 5)

Henoce o T | , | G T uomemm wp . ;
PAD PO = (Bo@®) +AWD) +Na(@), . . (4.18)
where |
Ny(3) = [G1() PP () — AW+ BN .uc-r;(t)-l—éi(f) Pr2(i).

Since Ho(t) € L7, Nu-n() €L, G,(H) € &0, PCVEP°, we have Nﬂ(t)ef"

_ Now Eu(t)-i-ﬁ(t) €.%r and iis principal part By(t) has a d_ua,gona.l symbol
Jo(t, &, £) |£|". As proved above, for Eo(t)—l—ﬁ(t) there emsts the desued P d. 0.
D(%) E.E"“ such that (4.4) is valid, 1. e.

D(®) (Bo(2) +A@D))=B()DE) +N1(f) in 2.
From this relation and £4 .18) we obtain
D@ P (8) A@) PEV (@) =D(&) {[Bo(®) + A1)+ Na ()}
= E(t) D(t) + Na(?) +D(#) Ny (t)
From (4.11) we have ~
 D@P@EA@FPTY (f)P(t) =D(t)P(t)A(t) [I+ N;.c-.-: ®1
= [E@#)D(#)+ N+ () + D@ Na(1)1 P (@).
~ This gives the desired relation (4.4) with
No(t) = [N1(#) + D@ N3 ()1 P(#) — DO P B AQR) Nue—n ().
No(t) €27, because N1(¥), D(f), Ns(t), P(#) belong o 27, AG) € ¥ " and N NG

cL.
Tha lemma is completely provad

§ 5. Estimation of Solutions for the Case of 2-nd Order p. d. o.

- In.this section we discuss ihe estimation for soluhona of the diﬂ"arential
Eq. (1) with second order‘p d. 0. A(t). We first describe w0 Jommas., -

Lemma 6.1. Let F(3) €.LL have the symbol f(t)—E_f;(t o, &[T, ‘whm

ﬁrst oaeﬁiawnt wdmgoml mﬂpursly mgmq‘y 3. e. fo(s; %, 5) E {DS} and Re Fo(%,
@, &)= O pxcn- Thm fw any p(mtwe Wgﬂr P! thara m ﬁ‘(s) efr-i and Ny n(E)EZLT,

2Be(u F(")‘Q-BQ(*&; ﬁ'(t)u) +Re(u N(r-pa(t)u), Vs  (B.1)
Proof From Thmmmlgﬁe ha.qu el g e

. S RRFO SN O E L e
Emne fu.(t z, £) isdiamnal and purely imagmary, wo have fu(t @, &) -1-_fu(t z, g)
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= fuxa. Uonsequently the p. d. o. F B)=F @) +F2(E) has & symbol WhOEB oc}eﬁiﬁlent
of |£]|"isd,,,. From Theorem 1.1 follows ﬁ’(t) =8 Finally we have - |

2Re (u, F (t)u) (u, FOu)+(F Ry, wy={&, (FE)+F())u)
= (u, (PO —FP4() +F () +F())u)
=Re(u, N,_,,(u)+ Re (u, F (t)ﬁ) ‘

The lemma is proved.
Lemma 5.2. et F“’(t)e.%ﬂ(q-po I=1, 2) have the symbols fO(, @, &) =

*Zf“)(t z, £)|&]" and dﬂﬂfﬁl’(# z, £)|>oonst v>0, Y(¢, =, §)ED Then,  there
matsap d. 0. () € L such that T |
FO(t) =B @) FV () + Ny (1) L f | - (8.2)

whera N 0 (2) E-ff” :
Praaf Suppose that E(,, () bas the symbol

&5 &n (t &, 15) pom 2 ﬂ(f}i (f, 2, é‘) [é‘ln—n—i

with the undetermined coeflicients ey (%, , £). We have to determine these coefficients
such that (5.2) is valid. Takmg P 1 and applymg Theorem 1.3 for E (¢) and
FB(E) we get P

L R
T e

E{J'J (O FD (1) — By, (t) &2,
where Ry(#) i8 a p. d. 0. with the symbol

S s CEDP pe @, v, 090G, o, £).

k=0 izl=k (!

Now equalize the coefficients of €| for =0, 1, —1 in the aymbolé of By (%)
and F® (1), so that FO ) — R (1) € ¥ °. Thus we thaan

fo ’(t , £) —ean(t, 7, £)6° @, @, £) =bOnxa,

lllllllllllllllllllllllllllllllllllllllllllllll

ﬁﬂJ (t: T, g) hﬁfﬂi(t: ﬂ}, g)fsn(f’: T, g)_— :;Zﬂgfﬂi(t @, g)fEP.f(t: E;: 6)
-3 5 S ‘fz’“‘.m{m(t o OFfEesty o £) = Buxns

kwm]l |xi=k

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

Since |det 5P (¢, =, f ) IE 7 >0, from above we can determine snocessively all

égn(t, @, £), 1=0, 1, —}L Obviously ey, (¢, #, &) thus defined belongs to {5.}.
Hence B (2) € . I;""“. d - |

s iy Nm(t) ==J—"”""'E”'(n‘f) Em(t)F‘”(#) ~

me m ; 3 = [FO () — Rr(t)] [E’m(t)F “"(#) -Rr(t)] Ei""

‘I'he procf of the lemma. is completed. o | vr U o F
Now we tum to the es‘mnate of solutiona for the diﬁ'erentml equa.twn T

_ “‘;ﬁ*’=A(t)u(t)+N<t)u(t> WEO I, ooty B

ug %‘hﬁfﬁ u(®) -m;(t a:) is -a.n n—chmanﬂlonal veator funﬂtmn A EF2 and N() €
(HHH)_ i ., S B B f__-“ﬁ_d-;' __.l"_t-r ef o 4 *’rﬂ“{
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We denote by :{U;} the seb of all solutions which. belnng to O([0, 1] H) N
oX( [0, 11; ) N o([{) 1], H,) and mske the folluwmg hypothesls

Hypothesis I1:

(1) 4@ haﬂ’ﬁhﬂ B.Ymbﬂl a(t, e, §)—ﬂu(t @, §)l§|’+ﬂ1(t s, £) €] €481}

(2) The dlagﬁnal matrix Jo(¢, , £) consisting of the e:.genva.luea Mtz £) of
a0(t, %, £) belongs to {DST}, and M(¢, , £) satisfy

1A (%, %, 3 - — (2, ®, §) | =oonst ya>0, v, @, £) EDandEa&g

(3) All e:genvaluea M@, o, €) are rea.l i. e. Im.‘h;(t @, f)-_O a,nd |?u;(t x, E)I '
?Gons‘ls >0, Yl-and @, o, HEeD. -

(4) In the interval (0, 1), N'(5)= lim N(”"?t M‘) e.sf’(H-a»H) exista.
. Aﬂ remarked in “‘section 3 ‘condition (1) does mnot restrict the genarahty
Condition (8) means that some oharacteristic combinations uﬂrrespondmg fo M2,
z, £) =+; have parabolic ocharacter, "and others corresponding to M(E, 2, £)<—71
have backward parabolic character. Concerning oondition (2), we remark that

under this condition ao(t, @, £) ig' unﬁ'armly dlagona.lmble Thls agsertion will be

proved.in the Appendix.
Theorem 2. Supposa that Hypothem IT holds. Thm o =
Ju(t) IIQM i mﬂx{uu" 0) |* P lu(l) *¥}, VYu() & il (5.3)
Moreover, 4f u(1) EHn, then ,_ o
[u(t) | <MP[u(0) lexp{MP [|u(D) o/ fu® 18}, (6.4

where 8,(1) are the functions defined in Lemma 2.1, MP MP, MP and M in the
ewpression of 8.(t) are all constants independent of u(t) .
" Proof. As in the proof of Theorem 1, we. first diagonalize the dlﬂ?erentml
equation and then put it in the case disonssed in Lemma 2.2, -
As mentioned above, under condition .(2) in Hypeothesis LI, g ( i, @, &) i8
uniformly disgonalizable. Hence there exists a uniformly nonsingular matrix p(,

@ £)E {S“} such that

i det p(i, 7, £)|oonst 70, VG 5 HED  (5.5)
a1 ;
g e T P (t x, g)aﬁ(t &, 6) Jﬂ (t_,ﬁ_, g).p (tl z, g)' (56)
From Lemma 4.2, there exist D®) € &2 and D;i(t) € £(H—H) such that
o fr-riﬁ,w D(t)P(t)A(t)=E(5)D(:‘.)P(t)+N.,(t) - in .9?‘ - 6.7)
ﬂ?!.. . . .
ST i ir ""i i‘.ﬁ.ﬁ Li e Da-l(t)ﬂ(t)uﬂﬂ VH‘EH | | T t,' g (5 B)

Where Nu(t)Ef“, and P(t), E@) are p. d. o. with the Bymbols p(t z, §) and
diagonal ‘J (¢, ‘@, &)= =Jot, 7, &) |12+ T1(E, &, &) €] rmpectwely We decomposs
E(t) -Eg(t)}%(ﬂmﬂarqu(t)ef and E‘;(t)éf‘ " are the p. 4. 0. with the
gymbols, Re J¢,7w; :§) =Jo(¢, =, §)|£l’—l—Be J1(t, @; £)|€] end &/ =1Ip I(, 2,:£)
~ /=1 Im:Jxlde @ Eilé].respectively (from II 8), Jold, @, £) is Teal) .. From (5.5)
and Lemma 2.4. we . gee tha-t thers emt 15“'11"(:5)6.9,"".er Dm(t)E.?"(H—*H) and

Lt—i:-(t) Ef"" qucgitlgat D35y 5

Iem{@}ﬁ“"xaoffaﬂ-mm () Lr:—i} (t)T(k)u, Ve€H. .. (6.9)
Now let u(t) G{UH} aniﬂet N Lkl el L L
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S

- D(t)P(t)u(t)=w(t) T (R)u(t) = w(t). T (.10)
| Then from (5.10), (5.7) and (5.9), (5.8) wo have ‘s _

900 _ D(s) P () A(e)ud) + D) P(£) N (£) +D'WP () +D() P (£)]u(?)

dt
=B (YD) P)u(d) + Nn () +D(t)P(t)N (t.) +D’(5)P(t) —l—D(t}P"(t)]
« [Da, (f) PR D () D) P(t) ~ ~ Dy () L0, (DT () Ju(2),

SUE). — 17 () LA + N (3)] [Dawy(8) P~ (8) D5 () D(2) P (6
— Dy () Ly )T (B) Ju(t).

' 'I‘herefure .
{ d’;g*) - (B2 (5) +Ef(t)]v(t) +N£21(t)w(f) +NCw(?), (5.11)
el > =N+ N @), S B )

~ whers
| N (&) = WNo(®) +D@O PO N () + D (&) P(£) + D(t) P’ (£)] Desy (£) PP (£) D5 '),
. N (t) = — .- ]Dm(t)Lf—iJ Q2
N () =T'(%) [A()+N(#)] D (8) P 2 (@) Dyt (),
| NS4 = —T (6) LA() +N (81 Day ) L s (@).
: From Lemma 2.3 we have N§(2) € Z(H-—>H). |
Since No(2), D(¢), P(t), D'(¥), P'(t), PV (t) belong to ¥°c Z(H->H) and

N, Dy (®), D7*(f) belong to F(H ~—> H), it i8 easily verified that NE®) €
Y (H—H). Henoe |

NE@) e ¥ (H—H). | (b.13)

The system (5 11), (6.12) is already dlagona.hzed ‘We put it in the case of
Lemma 2.2 by setting

(*® B foa)
zf(t).=( ()), @(t) (H.x. Qm). . - .(B.14)

In this case S~ H X H, D(B) = st=Hzx H,.
| Now we have to verify conditions (2 3) and (2 4)
Set

Nf(r.) =E (t) +E1(t) : (6.15)
g Tak_mg p=0 and applying ’I'heorem 1.2 for E;(t) ) ha.ve
a : E’f"(t) Ef"(t) E f:t—n—: -gm

:-;ﬁ In addition Es'>(t) has the symbol (+/—1 1Im Ji(t o, §)I£ D -—v/=1Im FACR
. ' 2, é) |£]. Henoo Hfp = --E:(t) ;

Qonﬂeqﬂﬁnﬂy k3 R | & 1 s TR '
g % s Nr(*) = tﬁ'i"(t) B+ [E"’(t)‘::+Ef(t)J €2
] From abova and (6:11), (5. 12),-(G:18) we have. : .- 7.
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2Re(y(t) “T"-"(t) 4 (t)y(t)) ~2Re{(v(2), E:(t)ﬂ(t))+(v(i), N ﬂ(t)ﬂ{t)
+Nﬂ(t)w(t))+(w(t) N (£ () +N£?% (t)w(t))} B |
_-:zRe{ (w(t), N,(t)w(t))+(w(t) N (t)w(t)+N£%(t)w(t))

—l—(w(t), N 2) (t)w(t)+ N$3 (t‘JW(t))}=ﬂ¢(f«) [y (@) |5
Binse N;(2) and N& (@) belong to & (H—>H), we have
| M4(2) | <const M,
Thus condition (2.8) is valid.

. et Eom om O '
ks Na(8) =B () — -[En(ﬂ—kEf..(t)Eﬂ(t)J, (5.16)
where B(t) € L3, has the symbol |

er(t, @, 6)-[2( 1) Do (Jo(, o, é'))l«fl’}[Ju(i z, £)]€]71-%

Taking p=1 and applying Theorem 1.2 we have
() - R €L+ = 2

Taking p=1 and applying Theorem 1.3 for Ey(f) and Hp (t) we can verﬁy that
ER) — [BEr() + Ei(t) Be(t)] € £°. Hence Np(t) € L7

Since Jo(1, o, £) i8 2 Teal matrix, Dy= —af =1 ai-, wo see that e (§, 2, £) iz
. 2 ! -

purely imaginary, i. e. |
o L Re er(¢, %, &) =Onxee (5.17)
Fi-oni Lemmas b.1 we have - | B
9Re(v, Ei(H)v)=Re(v, E.(1)v) +Re(v, Ns(f)v), VvEp, (5.18)
where . BELI =% N sy eLS
By applying Theorem 1.8 it is easily verified that —H;(#) Ex(¢) +Er(2)E:(t)

and E.(t) Bz () E;(t) are p. d. 0. of order 2 (up {0 an operator of order zero). And
() € Lrs, Er(t) €L, Henoe according to Lemma 5.2 there exist the p. d. o.

Ey(t) € L bs, Ee(t) E-fnau Ep(t) anﬂ, Ey(t) € Zzs, a.nd N (1), No(2), No(t),
N p(t) in #° such that

— Byt Bt + En(t) Ba(t) = o () Bn(t) + N,  (5.19)
E () Ex(#)H (1) =Ey(#) Ex(t)+ No(1), | (5.20)
Ex(®)=Ep()Ex®+No(@®),: .- - (5.21)

Hy(8) = B (8) Es(#) + Nr (). | . (5.22)

Uonsequenﬂy, from the above relations and (5 15) ’ (5 16) we get
| ES'*) (#) Eﬂ(‘) +E§"(t) o (f) |
- —E; (z)E,.,(mEjl (DE (N1 () Ex (mEL (t)En (t)E: (¥)+N ? (t)E:— (t)
= (BoA YN + By (2) -+ Na() Er () Bx(f) | |
L (Nw(‘) +Nu'(i) +Np(O)Np(@) =E,(5) Ex(t) '1"1\7:(5); o (B.28)
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where | E., (t) = Fo(t) 4+ N:(t) +E,, (t) +Nﬂ(t) E-,. (z)
and - N ) =Nep(B)+Np(@) + Na() Np(t).
It ia obvious that both E,(f) and N.,(t) belong to .‘Z"’(Hh—)H =
. From (5 11), (5 16) (5 21), (5 23), (6. 18), ®. 22) we have

"Tf' Re(2(t), Eﬁ(t)w(t)) —-Re[(Nf‘i(t)w(t) +N52§w(t), Er(t)v(#))

@R @), NR D)+ NG Hw()] ol
gy --=Re[(E(t)v(t), Ex(®)o(@®)+ (BER®(?), E(t)w(t))+(w(t) S AOLIONE
h. nﬁetﬁ(En(t)v(t), En(t)v(t))ﬂv(t) (ES"(t)ER(t) +ER@OE(@®))e®))
s +((EL(t)ER(t) +Ne())o(), B(#)o(@))+((@), (En(t)En(t)Jan(t))v(t))] .
‘ m =Re[2(Bx(&)0(8), Bx(®)v(@))+ (), (Bo(t)Be(t) - .
B +No(£))o (@) + (v(2), (En(t)En(tHNn(t))w(t)) -
L (B N @®) B0 (®), Br()v(®))+ (He(®) o), ESE’G) E:(t)w(t))
T E(Ne@®0@), T+Er@))Ex(®)oE) +Ny (t)w(t))] . -
o =Re[2(Ee(f)o(®), Er@e®)+ (Bo®)+Er(@)
(B + Nen D) Ex() + B (1) Er(8) s
—I—(I'I'E: (t))'Nr (B)e (@), Eﬂ(t)@(t‘))"l‘(‘”(t): (Nﬂ(t)
+Nn(t))”(#))+(ﬁn(t)”(t): N.(B)o(®))].
Since E.(t) (also B (@) €E¥X ™, Hy(3) € X%, and B € .9’-’ Nes (t) - f-’ |
Ep(t) €2 we have that EP(f)E(¢) and (EL(t)JrN(_.s,(t))EE(t) belong to £

Moreover Eﬂ(t) (8-130 EH)EE?(H—*H) En(t) (&130 En(t))Ef" EI (f-) Gf_i
N (8) €.L°, No(t) €L (H—H), Np(t) €L°, Nx(t) EZL®. 8o we have that

(58 + B8 + (But) + Nen(®) Bu®) + B @ a8+ T+ Bu (@) Nelt)

and (No(2)+Np(t)) belong to & (H—H).
From above and (5.13) we get

T:z‘ Re(y(?), ﬂ(t)y(t))a—:?ﬂﬁ(t)y(t)ll

' ’=.E_Re(ﬂ(z), Ex(@)o()) — 2| Ba®o(d1*

= M@ () | Er(t)2(F) I(I*v(#) 12+ () [D¥2 + MP(8) (I'v(t)ll ll'w'(t) 1*)
OV LIOTIO] B IO PR OO F™ '
where | | M@ () ] QM?’, {ﬂ D <MP,

Tha conatants M@ and M depend mljr on A(t) a.nd N (f) WA G Bl
| Thus condition (2.4) is also vahd b 8 R TR BB
Applying Lemma 2.2 we got Mg oAt M oebesy aed gL

(ﬂw(t)ll’ﬂw(t)l’)‘f Hﬂ(t)la-ﬂﬂﬂ”max{ﬁy(ﬁ)ﬂ ""Ey(i) I*"“’}

MJ

‘¢ u.nd --; s (ﬂ gl(i) Hg 4 I iﬂ(t) j:)‘r{ Mgz)(" v(O)H +ﬂ w(ﬂ)ﬂ)’g‘ ._r.-_;.r:;i:z aﬁtﬁ'ﬁ‘
SRR Sap PR D@ 17D 1%F lwaﬁ’)’]‘} 73@2%’

..f-l-

; '-_' -=--- f:‘:!_-% *;‘f_:
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Moreover from (5.9), -(5_,8),. (5.10) we have | S . .
|u(2) | < | Dy () P22 D (£)2(D) |+ [ Dean () Lets (0 (D}
<HMBL@P+woODE

= M @1 D) POu@ [* +IT (Byu(d) H“ﬁéﬁiﬂﬁ(tj . (5.20)

~
H
L]

-

In addition -~ ~ -4 & , -
||En(1)_,'v(1)|]=IIEEL(1)'D(1.)‘P,(1)U(1) <MRIUM . 6.2D
Promi:(5.24), (5.25); (5.28), (6.27) we obtain - the desired egiimates (6.3), (5.4)

with the constants MP—MOMBMUD, MP=MPUBMR and UPe UEMEIEA.
These constants and eonstant M in expression of 3(t) are all independent of w(?)-
sl Bt - o : o _ : o R 11:;; o

The {heorem “is"‘éf}f:iplétély' proved. = | Ll A
As an example we oonsider ‘the ill-posed Cauchy problém of the backward

parabolic equation | | e o
[P R (4uke, Y g) + B D+ OBy, (20
w(t, @) |reo=t(2) EH(B™), e w e de LA

where o= (@, **, Tm), (%, z ) is_'a_,nn—dim_ensional vector valued funotion. We
guppose that O(¢, ) is pounded in D and A8, ©), B¢, %) belongto{g‘{} {(in reality,
i} ig sufficient that A, B; are sufficiently smooth and satisfy the uniform convergence
property (1.2) when || —>o0). | ' " =

TVt a=1, Au(t, 2)=2v1>0, (5.28) is.the backward heat equation. The estimation
.of itg solutions is disoussed in (3] (Ref. of Part 1), when 4,1, O are independent of
" ¥and Bi=0uxe. If Ay, Biare symmetric and there exists a consiant i guch that the
matrix - : ' - ‘

ﬂc;(t; @, ‘5)_71‘Inxn'=hg1ﬁ-ﬁ(t{ fﬂ)&&”f]ﬂ*‘?ﬂm

ig positive definite for ail (t, =, £) €D, then the problem'_.(5.28); (5.29) is discussed
in [6] (Ref. of Part I). If ao(t, ®, £) is uniformly diagonalizable, its Eiéé_nvalues are
all real, positive (M(¢, , &) >y:>>0) and distinct (18, o, §)— M =, )| >ya>0
for 4+4), then Theorem 2 can be applied to the problem (6.28), (5.29) without
requiring the symmetry of Ay and B | Lo P

._1;'.'::;

| 'Ap]:iendix

We prove the following proposition. - - . L .

Proposition. Let a(t, #, £) € {S¢} be positive homogeneous. of degree zero in
¢, and let the diagonal matrix Jo(f, @, £) consisiing of the egenvﬂlueﬂgu;(t, w, &) of
a(t, o, £) belong to {DSH and At @, ) stisly b i Rl

L TR B M. N
M 8, DM 3, §)|Doonst 12>0, VG, 8, ) EDandied
Then ao(t, o, £)is nniformly diagonalizable. This means that ‘there’ exists a uni-
formly nonsingular (nxn) matrix o(t, @, £) € {8} consisting of ’ﬁg{?ﬂﬁ!@“ﬁmm of
it L o : Crhb ST e T 5 B e TEHRRE Shes ok g% % ey R

ig o

-

| gt Dyaet e, §) =To(t, 7 P 2 8 (6.1)

ot {depp(s @y £)] Foonst y>0; Y@, 2 £)ED. (6.2)
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s P‘J"ﬂﬂf .Bince ao(f, @, € {89}, we can extend the deﬁnition of ﬂu(t z, £) up
tot=1 mntmuously, and disouss our proposition in the glosed interval [0, 1] of &.
For simpliocity we denote the point (%, z, £) and the set {[0, 1] X B™x (|¢& | ==1)}
by z and {z}. First, for every internal point z, — - (1o, %o, &o) we oconstruoct the
eigenvector p¥’(¢, #, £) (corresponding to the eigenvalue A,(#, z, ¢)) which is
differentiable in ¢ and infinitely differentiable in z and £ in some meighbourhood of
zo. Then by connecting 2 (¢, @, £) we construct the single valued vector function
p¥(t, z, £) which is differentiable in ¢ and infinitely differeniiablé in w and £ in the
whole {¢}. Finally we prove that the matrix consisting of these mgenvectora Pt o, .5)
belonn's to {87} and is uniformly nonsmgular -

Smﬂe A2, &, £) are distinot, the rank of the (n X4 m&tnx o (%) — Aj{2) I ig
oqual 46 (n—1). Henoce the product- of ‘a certain constan$ ¢ and all -the minors of
thé elements in ‘a certain column of this matrix form the left eigenvector (ai
n—-dimensional row vector) of @y(%), corresponding to A;(%). We choose the constant
¢ such -that the morm of this veotor at point z, is equal to 1 and denote thig vector: by

28 (4, %, £). Obviously | ()| =1. Bince ay (£, @, &) € {8} and Jo(Z, », £) € {DSY},
WE have & (¢, @, £) —M(2, w, £)I € {S1}. Henoe it is differentiiable in. ¢-and infinitely
differentiable in #, £ and satisfies the un1fﬂrm convergence property (1 2). Con-
sequently there exists a number £,>>0 mdependant of 2z such that

1BP@I>E, Ve€0G; o), ©8

where O (2, 31) 13 an ﬂpen ne1ghbourhond of 2, defined by

n

o Ja—20)P= (I~ o)+ | — o |3+ | E— &0 | "< &3} for |%I‘E§*—
O(z&: 31)"'_'% 1 i 1
{ﬂ“(t €, f) (fu tu)ﬂ"f‘lg §u‘5{31 and lﬂ?l}—:} for |$0,:>'—1—
(6.4)

Let 8, be an arb1tra,ry set of z, the collection Q of O(z, 51) {3011313113111368 a covering
of S,, if ' - -

,._,C: U O(ﬁh 31)

. 9 : g 3 ~ O{se 81)EQ B .
Let {r‘."};-L denote the open set {zE{z} Iw] ::- X } Then ([0 1] x([w]ﬁ : )
{1€] =1)) {z}\{z}; 13 a closed sob nf 2. Hence from 13]:15 covering {0(z, 61):2€ {z}\

{z}1} we can select a fintte open ﬂovarmg {O (zo, 51)}1 of {z}\ {x}l In addition ([0, 1]
X (|£] =1)) is a closed set of (¢, §) Henos from the covering {O(z, 81):2 € {z}1} we
can also select a finite open covering {O(z, 1)} of {z}1. Then the sum of {O(zo, §1)}s
and {O(g," s;)}g vonstitutes a finite opén, covering {O(z;, s1)}Hiy of {z}.

.. Now we oqnstmot a c“—partltlon of unity {:,!;; (z)};..i subordma.te to the oovermg
{O(z;, 31)};_1 “Pirst we aelect & J:mmber 354:‘.31 E‘I:lﬂh 'bhat {O(zh 82) }itt is still a‘ﬁnite
open ‘covering of {z} "Now for z G {z}\ {2} wa ta‘k‘e l};; (z) equal 'bo’ A noﬂneg‘aﬁ%

"(O(z;, 81)) funntmn sahsfymg lp.-,(z) 5'0 for 1< O(z;, a,) ~And for i€ {e}i e taks
P2 #lﬁf"'(i E)l,bf”’(a:) ‘where §{V isa nonnegatwe exl |t~ '+1 &~ §;]’-’f§’)‘?&‘ﬂﬁﬁdﬁ
galisfying 1,!!51’(1‘, £)>0for- (4, &) E(|t—4|9+4 | £= f;]’<'a§) and. () s d- ﬁonnega:ﬁwa

e ( BR™) funotlon satislying lp}”’(w)>0 for ]m[‘;:--—, PP(a)=1 for lml}— and -
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v,bf”’(m)_o for |w|g-—1— Now wo take Yi(2) =fu(z) / S ¢,(z) T4 is easily véﬂﬁe.d

that adl tﬁ:;(t @, & ) satisfy the uniform ﬁomrergenﬂe pmperty annila.r to (1,-2) and
funotions Y (z) thus defined form 8 c"*parhtmn of uniiy. {tp;(z)} M subordmate to
{0 (z;, 31)}; L. Obvmusly e

| 241:(5) =1, | (6.5)
Now wa oo;meot P (z) by uamg 1,(1;(5) Smoa " e A . | |
P o pP@I>E mo0E ), v HeT - 6.0

the: na:mahzed .veator pi’(z) =p§{_~”‘(ﬂ)/lp ’(z)l is also djﬁ'erenﬁable in ¢ a.nd
infinitely: differentiable in & and £ in O(z, ey). ' 1f 2€ O(z,.81) 1} O(z, 81), then the
veotors-p$ (¢) -and P are both -eigenveciors of @, (2), corresponding to the same
eigenvalue A;(2) and having the same norm equal, to 1, Hence these two veotors are
eg_ual___up;to B cumplax soalar factor having modulus 1 (smce A;.are dmtmct), i. e.

S pd(g) mexp(V 13"%(@)?5’;’(2) S (6 7)
whare 8“’ (ﬁ) 48 a Teal valued funotion. - sl s

. 1f-we denote the é~th cﬂmponent of vector g by fp“’ s 'Ishan E“’-‘ (z) is equal o
the argnment of the oamplex value p¥* () /% 4:9(z) for any ¢ for which pi'® 0, i. e.

52(2) = —~/—1 In [p4*(2) /Pl ¥ ()], (6.8)

Binoa |pP(2) | =1 we can always find the index ¢ such that the absolute value of
pd¥(z) is not smaller than 1/+/n. . Hence B”} 2(2) is also dlﬁ'erentlable in ¢ and
infinitely diﬂ’erentmble in », £ as p¥(2). | - |

’Eﬁ'li . _
P9, @, €) -=P‘”(ﬂ) =Pk ”(ﬂ)ﬂw[ :iE'ﬁu(ﬁ)aE&(Z)] for 2€0(z, 81). (8.9)

It is obvious that p?@(¢, @, £) is the eigenveotor of ao(t, z, £) corresponding 10
M(t w, £); and fp“’ (t, =, &) i8 differentiable in ¢ and infinitely- d:tﬁ'erentiable in @, £.

We have to verify that p‘”(t z, ¢) is single va.lued i. o. for s€0(z, &1) NO0(z, 81),
J pi{}(ﬁ)BXP[J :12;%(%)3(”(5)] = P (#)exp [ﬂﬂdﬁq(ﬁ)ﬁm(z)] (6.10)
(6 10) can beobtamed from (6.7), (6.5), (6 8) ag follows =
' pﬁftz)éxp[ﬁ S @) |- @ x| /T (E%(ﬂ)s ) + 3@

- --;t-?s:f(@exp[ﬁimq(a)(a (a)wez(zn]
=] zlxm(z)ln(p,, ey ﬂ(m] —p%)exp[ﬂ g%@ 7 (z)]

Bl oo o i 7 exfrrd? Yy NG ma
Now we denote the;ne.’snx oonsi; ingf'.gf_mi%gn ‘”(t z, .f) byp(t , ).

It is obvinus that g .1), 18 ‘fgild- Sihce p(i %7 é_)iﬂ d:iferentmble in ¢ and infinitely
differentiahle 11:1. 2T #glﬂ P (f ;‘F{ﬁf ﬁ 'h ;r {f z, §)Ec"'(0(z;, £1)) satisfy
the uplform converganﬁe proyertg_ g o (1 2), it 13 eas:lly venﬁed that

4t ) 2. 5)6@31 Qpnseqpently, aigﬂ

£

9l ) = 241;(:; 2, E)pt, 5, g) €89,

':.



L

No.1 ESTIMATION FOR SOLUTIONS)OF ILL~POSED CAUCHY :.ﬁROB']LEMS.;. - 98

SIS aE are— T —

PP @, @, £)(j=1, 2, +-*, n) are eigenveotors correspondm.g to dlstmct e1genvﬂ1ues
;. Hence p‘” (t, =, £) are llnaarly independent. Oonsequently r
dot. p(t, 2, £)#0, V(, %, &) G {z}. . (6.11)

Since p(3, i, £) € {83}, it is eaﬂlly prﬂved thatllllm 2(E, ®, £)=2;(¢, oo, §) and

lim o(t, @, &) =p(E, oo, §) exist. And p(t co, £) is a matrix congisting of the eigen-

i@ -roe -
veotors of ao(t, @0, £), ﬁorreﬂpondmg to disbinct elgenva.lues A (t, oo, £). Hence

there exists
lim det p(¢, 2, f) dﬂtp(t ©0, 53%0 ‘v’(t E)E([G 1]><(I§|-=1)) (6.12)

@|—seo
F'rom (6.11), (6.12) we oblain immedm'bely §hat there exists a consfant y such that

T . |det.p(s, =, &) |=const y>0, V(¢ 2, g)e{z}_
(ﬁ 2) s ‘Valld Thus we have proved the propomtwn -

: i . ‘.:- r .. : ke “‘.h"-_
L] . L ED 1 - L g
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