Vol. 2 No. 1 JOURNAL OF COMPUTATIONAL MATHEMATICS January 1984

[ ACUNARY SPLINE INTERPOLATION"

Xu Yuan (& #R)
{ Beijing Institule of Aeronautics and Asmuﬁcs. Beijing, China)

Abstraet

' In this paper, some general kinds of lacunary spline interpolations are discussed. Existenos and
Thiguensess are proved. Oxder of convergence and saturation of appm::im&tion are also ubtginqd. The
yesulis generalize pome individual results in Teferences. PR

1. Introdu ction and’ Nntation

A kind of gquintic Jacunary. splines wag gtudied in [1], and some further informa-~
tion was given by [2], [8]. Bince then, waricus lacunary splines with different
degrees bave appeared in this background (e. f. [4], (8], [6]). Among them, a kind
of higher degree lacunary splines discussed in [6] can be considered as an extension
of Meir and_Sharma’s quintic gpline in [1]. By a general method, the existence,
gniqueness and convergence of apother kind of lacunary splines were obtained in
£77. In this paper, we continue the work in this respect and discuss a more general
kind of lacunary splines. The resulis here, In gpecial cases, may reduce 0 the results
~ Through - this paper, we consider interval [0, 1] 'with a partifion of the
form dy: O=me<m< - <a,=1. Let 4, B, C denote the sets of nonnegative
integers and | 4| be the cardinality of A. P, denotes the set of algebraio polynomials
of degree less than or equal 10 n. S,(n, m, 4y)= {s(x) |s(2) € 0™1{0, 1] and s(z) € P,
in the mesh interval [a, @] of Ayt. The norm |- | is due to Tehebycheff. If g 18 a
finotion whose jth derivative exists ab all points of [0, 1] except finite number of
points gy, ga, *» Um o Tegard [¢*] a5 lgl=_sup |'|um- Here and afterwards

1<icm—

we always use g¢'(#) instead of g"’ (z). By saying there exists a relation J1<J 3
botween two sots of nonnegative integers Jy={ 7, e, fnr and Jo={ i, J5s s ks
we mean that ji<47 for all ¢, | | | o

{ ¢

cp B E ) 2. Existence and Uniquen'ess_ |
First we introduce a result on polynomial Hermite-Birkhoff 'intél'Pol.aﬁon ( o.f.
(Y, vk 4 ¢ B e B &
Definition 1. A 2xm matric E=(ey)do "1=5 consisting of zeros and onés s G o~
point poised H—-B mairie, if the only polynemial P of degree m— 1 satisfying R’(ﬁ) =)

 for all_(3, §) such that ey=14s P=0,

Lemmal (o. £. [8]). 42xm matrie B=(ey)te=s consisting of zeros gnd s

' és @ two-point, poised H-B matric if and only if the Plya conditions. _ . ;.. ;.

e e | Wy
- PRI |
PR T o =3
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§=0

§231,=Mg?p+1 o<<p<m-—1 : LM

are satisfied. . 5 |
For the convenienoce of the dlsnusﬂmn below, weo give:

Dofinition 2. A set of nonnegative integers T ={do, 41, ***, -1}, Jo<jr<<
im_1, 98 said to De @ symametric st af order m, mf J mrresponds to a two—point H-B
matrin B=(6y)to ¥%0", with '

{1, jed, 0&@@%1,
8= . ;
"“10, © otherwise,
When the corresponding H-B matris of J is poised, J tsalso ctzﬂr&dpo%sed -
In {7}, the poised symmetric sef i called symmetric Polyz set.
We notice that by this definition, '

E{O: 2 4: ™ 2%—2} (2)

corresponds to & H-B matrlx

E 10101o~
i 101010

Obvmusly it satisfies the Pﬂlj'& oonditions (1), and none of the columns consisting
of ones in E* can movesfrom left to right to maintain Pélya conditions. So we geb
Lemma 2 by .emma 1 at once:
. Temma 2. The symmetric set J={jo, J1, ", j,,._.i} of order m 48 G sgmmotm
Pdlyasemfmdmly@f ~ | y T s

J -(J" - : .t "-_ (3)*
When J is a symmetric Pélya set of order n-+1, there exists a unique pE Pﬂ.ﬂ‘

such that p(§) =ay, jE€J, §=0, 1, for given arbitrary real data {&y: j€J,4=0, 1}, 3
Obviously it follows that DEJ by Lemma 2 and there are umque polynomla.ls-

4 Py € Pany1 satisfying |
_ (0) =K (1) =B SO =0, & ied, @
with J a symmetrio Polya set, and any p€ Pas,y has the unique expansmn

p(@) =AY (O)QJ(E) +p' (1) Ay ()}

jeJ

In general for a,ny mtawal [@:, %is1], With h4+1=m;+1—m;>0 we have |

7 () = Z i P @i (5 "’*)+p'<m¢+1>h,(‘” o)) ®

jed

The expressions of g;() and A,(2) can be ﬂbta.lned from (4) for some sl)eclal cagos,
this hag been done (0. f.: [9] for J=J%, ~
Now, let Ay be a gwan p&l“lil'lil{}n of [a b], a.nd A B 0’ aTe tha aets of
nonnegatiye integers satisfying conditions: o 5 i g, i Gen  f 0 B
(i) 4, Band@mdmpmtfromwchother |

‘Al-'ru-l'? lBIﬂﬁ To 101“21-3[:

(i) AUB is'a symﬁ:leiﬂﬂ I’él_ya ga of order n-l—] | |
(i) AUO={0,"T, YN Bgn pe—1}, BC {2n—1o, 20 .,~,,11 s, O},
We consider the m'herpolatmg lacunary spline s=S(f, 4, B, 0, Ay) satisfyings
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(1) © . sE€S,(nH1, In—ro, Ao, AN _
(ii)  #@) =), jE4, 0<i<N, L ®
(iif) - #(0) =f1(0), jEO, -

where f is a given smooth function. We also denote s(z)=2(f; ) to emphasize that

s(2) is an interpolation function of f(z),
But 7, and n cannot be arbitrary nonnegamve integers. As AU B is a symmstrio

Pélya set, by Lemma 2 we have" |

| CAUB<JI - (1)

Beﬁause ANB=9, (7) 18 equwalent 10 & - - |
CA<JI=10, 2, 4, -, 2('5"0‘4‘1)}: .B-(ng{Z(-ru—l—fZ) 2(0’0"‘4):_ .y 20}

and also B={41, ja, *=*, Gn-re—1y {2n—10, 2n— ro+1, 2n} .
E’O, t0 maintain (7), we must have 2#—%%‘11@2(9"0-[—2) th&t is
n%’%m+2 o ! B (8)

Furthermore, when. |B| =0, |O]|=0, we have n—or.,-l—i s€8,(2n+1, nt+1, 4y), and
‘the gpline (6) is exactly Hermite 1nterp01atmn function. This is well known (t%f
[10]) So we ﬂD]lEldEI‘ only |B|{ >0, |0]>0, This Means -

“ ol  onre¥l, o _ | (9)
To sum up (8), (9), we get the relation between fn and n:
ot 1<n< S rot2, (10)

Let J=AUB in (6), From (8) we pa.ve .
¢() = e a0 g1 ( 52 )+ (522

Risa
+ 3t o )g; (S 2) +o/ () hi (G ] S €5

8o we need only determine s'(z+), jEB, 0<i<<N, to get s(«) uniquely, and this
can be done according %o continuous properties and boundary conditions. In the
following, we conocentirate our attention on the existence and uniqueness of this kind
of splines. Assume that dx is & nniform parlutmn with 21— z=h,

By virtue of (4), we have

. | 9/@) = (~ D12,
4 GO =(— R, gi(L) = (—1)*R;(0), (12)
and then from (11), s"(m;+') Esf(m,'—r--), 1<é<N-1, :rC0, yields the following
equation:

;;h”"{[( 1)'""’s’(m: ) s‘(m.-._1+)]g,(1)+[( 1)f+fsf(m +) = 3’(@:‘-)}];’(1)}

bl '“;E W {F o) gy (D) + [1-—( 1>*+'1f’(mi)hf<1) (-—Df“ff(m) % @ ke
| | (13)’
ik ‘NOW‘ let rc O be n.lways even Or alwaya odd (ﬂinoa andet Gﬂlldl‘ﬁlﬂﬂf’ (103’55‘}01 -

3“*35' ﬂ"“‘g'qfu'l'a {A[ s there is no guestion abon‘h this asaumptmn . gg _-
41Li| &0 1,“2 Za—rn-a-l}) For each. 4, (13) gan ke regardedEag;g;mﬁam

—.'|.-
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o

ot [ D)5 (g =) — (@ t)] 2md (D" (@) =@ =)], jEB, whoro
g=0or1, LetB=(, I, * L), O=(r1, T3, ***, rx), 'The coefficient matrix of (13)

18 : |
Ta@® O @@ O e g AD]
e B @@ O e w® WO s

---------------------------------------

M=

- g B g R e gir@d) A (1) ;

- . Temma$8. Let A, B, O, g;, h; be defined as above. Then M is o nonsinguler
matriz whose elements do not depend on h, ¢ E ¢ .

" Proof. Let {¢a}seo denoto the row veotors of M, Tt suffices to show that {Pe}sco
are linéarly independent. Assume X ¢,h,=0, This can be written as = = 8

. a€U

26,95 (1)_&0, ;ﬂﬁﬁi il) =0, tiZEBJ.

C aEd’

and this is equivalent t0

Ll I

; g | 2‘6!‘.@!(1) mo: : ; ;
‘:’EI‘E F (’m')1== Eﬂ (g (@) + Btﬁl_(ﬁ)j and {c}ice, 1Bi}icn axo :ﬂil‘biﬁl‘ﬂ.ff.:l'eé-l' da;ba._. So it
‘Mhoes to prove that there exisis a polynomial P.(x) of degree 2n+i guch that
Pt (1) =84m, k€0, for each m€U, But P, relates to {g;, M} only, By (4) and
ANB=d¢, one can easily s_how_thajs Cww
PL(1) =0, PL(0)=0, 4€EA4,
So the H-B matrix E= (ey)lo 723" satisfies
{1.. jEA {1, je4Auo,
~ 0, otherwise, " 0, otherwise. o
Trom the restrictions put on A4, B and O, we can easily verify that PSlya conditions
(1) hold for 0<p<2n+t1, Therefore, there is a P,, having the desired properties
by Lemma 1. The proof is completed. . Q. E. D. I
By virtue of Lemma 3, we can golve from (13) the unknowns
[(—1)*Hs (@2~ ) — 8 (Bat)], - U 48)
[(._ 1)$+§35-($;+)*—3-’(¢r‘—)], 'f,===1, '2, -'--.:" N—"l_, jGB’ g B :
and then put boundary conditions (6iif) into (11). It follows that B s =
L CRRPIORERDLIO) S
e - £ (@)~ B @) 5 O)+F @A O}, 7 EO.
| Ndﬂﬁiﬁg‘f(ﬂ)', by virtue of Lemms 8, we obtain from (16)' T ok
TR | 81(%4_) a.nd._s"(cv:t‘%), jGB_. g B B o s
. Then for each §EB, we can easily solve every § (&+) a.nd"é’(w‘—),"{)‘é@gﬂ','fmm.
(16). 8o we have determjned:spline (11) uniquely, a nd got the informaiion about
the algorithm. Thus, we bave proved | i
. Theorem 1., :Let rot L Ses ro+2, and et dy bo a wniform. portétion of
5] Tt A, B i O b it Witd vch thast | 4] =y +2, | Bl =n=wi=1, 10| ~

‘2|B|, AU OG={0;12, R Oh i1} B {2n—ro, 20 —ro H1; », 20} Let AUB
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Sl e 2
o P o i

-

be @ symmetric Plya set and assume.-thit there are only- &vén; Or: 0dd nwmbefrsm 0.
Then, given arbitrary real data {fi:j€ A, 0<i<N}, {g, _?EO}, therre ts G mgw
glement SC S, (2n+1 2n — 70, A satesfnymy |

‘ Sj(ﬂf;) '-'-_-fu, .?EA OQ'@ ‘QN
§ (mﬂ) =gf.l' j E Gi N

3. Order of Convergence and Saturatlon ef Approxlmatmn

Let Sﬂ (.v) _-S,.i( f; a.:) denete the Herm1te mterpelatmn funetmn ef degree 2n+1

on Ay, whioh satisfies . : -
(bl i) Sm(zx) 8 & polynomlal uf degree not exeeedmg 2rn+1 when restricted on

[mh m‘+1]:
(i) 8h{m)=F" (=), p=0, 1, 2,
Theorem 2°°. Let f(s) €C°[0, 1}(necis2n 1), Thon forg<s, -

1 D =P @ =0 W),
If f(2) CO™2[0, 1], then -
(@)~ 8%:(f; _m)=h""‘+“'“f"‘+”(e)R“(“’ 2 OR300 (5 1)), (1)

where R(&) =a™* (x— D/ (2n+2)1,
From this theorem, we can derive a result ebout the H=-B interpolation spline

H(f; #), with P T s | |
H(f;o)= 3 hf[ff(mi)g;(m;“’* Fean(55)],  a®)

JeAuB

T LTS L1, OISN 1, y,(a:) end h,(a:) as ebove The symbol max B denotes the

maximum element in B,
Lemma 4. et f(z) €00, 1], max B<s<2n+1  Then for q<s, ..

VH(f; @) —f@) | =0k (F% k). (19)

when s—2ﬂ.+2 _ e
(o) —HA s ) =W QBB @) +OUM (A ), (20)
where Q) =R@) - T [R*(O)yj(w)wf(l) r(@)IB, -

Proof.” From the obvious equahty ey, . i
H(f o) =8ulf; ) +,3 h‘{[.f’(e) St o *7)

¥ o) — S (s )Jh,(”“m*)},' S e

ueing Theorem 2, we get
| H(f; @) —f “(ﬂ*)lﬂﬂﬁ‘fh(f, z) —ﬂ(ﬂ)|+0(h"“m(f', .h))=0(h"”m(f', h))
for ma.x B-Qsﬁzn—l-l When s=2n+2 it is enlj neeessary to put (17) into (21) to
waé (90) - Q. E.D.- ‘
1o Eivednem, 3. - LatA B, O and. s(m) -=s(f, :t:) be t}w same. a8 in Theomm 1; If
=G0 11, . maxBQs{%i 1, then .. o Soems ol 5
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p—

P .

- - fei(f3 2) "r'f“(m)ﬂ-‘-‘()(h"“'“ﬂ}(f’ h)), g<s. L (22)
If f(=) €0**?[0, 17 -then there ewists a polynomial O(x) of degre-e on+1 mh that

fo(a) =8 (F; @) +OU(ZZ 2 ) LF () —F™* (wa) Jh+1
FO(R 0w (% 1) , (28)

fOr ﬂ?e [fﬁ;, wi+1]
Proof. By-virtue of (18), it follows that
3 D )~ ) = () — e

+ [(—1)’“(3" (@) —f (@) ) — (' —) —f (m;))]h,(l)}
 WE(f; w-)—H(f; w1, r€O0, i=1,2;8, -, N-1, (29
Under the restriotion on r, we can solve
(=) [ (@1 ) —F (@] — [ @st) —F (54-1)] “O(h“’&I(f‘ h)),
D™ ) —f @) = )~ @] =OGa (s 1), (25)
jEB, 1=1, 2, o N1 | |
from (13) by Lemma 3 as above. And it fr.:-llows from (16) that
P WL (@o+) —F (20)195(0) + [ (@1~ ) — F(21) 115 (0)}

=-k"{ fria)— 2 WL (20)d] 1(0) +f (w) R (0)]}

JEALR
— K (o) — H'(f; ma+)] =O(Ra(f 1),

We can. obtain as above

[t e =0 (5 B, ot
$(w—) —f (@) =0F o (f* k),
From (26), (28), it is easy to get
#(mt) — (@) =0(R " a(f h))
for all ¢. Then by
(s o) —fU@<|s*(/f; =) —He(f; o) |+ | H(f; @) = f1 (2],
wo can show that the conclusion holds for max B<{s<<2n--1 from Lemmsa 4. When
f(w) €O™*[0, 1], putting (20) of Lemma 4 into (24) yields
E W{[(~1) (g (@wa—) — ! (@iu1)) — (8 (@1t ) —F' (@i1) )1 95 (1)

+ (L™ @+) ~f (@) — & (@—) —f(@))] By
e h”'"”f""” () [Qr(]_) —Qr(0)] +0 (B2 (F542 h)),
$=1, 2, .., N=-1,7r€0, | (27)
a.nd :I.’rom tha boundary oonditions we hav'e & ¥, e B -
E W @) =1/ (0) 197 (0) + [ (22 - -f’(aa)]h" (0)}

:H"" u;; "t*'E

T S (0) 4 (wo) FOUF (R, . . (28)
We can find from (27);: (»28) a8 a.bova that there exlat two ﬁonﬂt&nts G?,, 6‘; for every
<, Euﬁhtha.t | —— |
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[~ @s1~) = F (@ )) — (¢ @ia+ ) —f(20))]
. e GPJ fﬂn+ﬂ (m‘) pEnt3-is ) ( han+3—,, ( fﬂn+5; h) ),
[(=D)* (s (@) —f1(2)) — (8 (@— ) — fH(@))]
- O‘lj f2n+ﬂ (m{) pAnta—1 4 O( hﬂnw—:‘m( fau+a; h)) ;
{ ¢ (2o+) — f(wo) = O, F*+2 (@) + O (A2 (£2%42; 1)),
(21— ) — (@) = 08, F™* (1) + 0 (B~ (f***2; h)).

Subtracting a certain polynomial of degres 2n+1, we can suppose that f#+2(0) =0.
So there are proper constants Oy, C’,,, such that

si(ﬁrl") _,f!(m‘) i 0}0 hﬂn+ﬂ-—f 2 f£n+l(%) +O(hh+1—fm(fﬂn+s h))
- 05‘0 hﬂ"'!'ft_'j J f9n+ﬂ (m)dm_l_o(hh+1—-jm(fﬂn+ﬂ h))

=Ll AL — P () | O oY Y,
$'(@— ) = (@0) = O™ 444 (@) — F242(20) ] +- O (B (f+9; b)),
Notioing that
@)= f; 2) = f¥(@) ~ Ho(f; 2)+ HI(f; 8)—1(f; o)

s h"""'"l“qfﬂ""'s(ﬂ?;)Qq (ﬂi h:v; ) 1 pantl—g [fsnﬂ(mi)-__fﬂﬂ.,.l(%)]
~ (;EEB Jud] (ﬂ:}&ﬁ)) + B[ fIt (g, ) — 2 (20)]

*(,3, 0 (252)) +00mrsa =2 1),

using Lemma 4 once more we find that there exisis a polynomial O(x) of degree
2n+1 such that (28) holds. Q. E. D.
Remark. The general method in [6] is used in the prnﬂf of Theorem 3.

Co:mlla.ry Let J(z)eOo™*30, 11, If
5 79z —( f; 2)| =o(R*"*177)
holds for some g, then f(&) ig a polynomial of degree not exceeding 2n-+1,
The resulis of Theorem 1 can be exiended 1o interpolation of less smooth
functions with the method used in [2]. Firgtly we introduce a conclusion of [11].
- Theorem 4%, Given f(z) CO*[0, 1], 0<s<2n+2, let Ay bo @ uniform partition
on [a, b]. Then theq-e exists & unigue element g(z) € 8, (2 (2n+2)+1 2n+2, Ay)

satusfying
(1) ¢#(m) =f’(m;) qugs 0<i<N,
(i) ¢(%) =0, s<i<2:n+2, O<i<<N.
Furthermore, there exists a constant K mdapamimt of f and N such that -

gl O
Hg’ﬂ | s<5<2n+2
Thﬂorem 5. Lst f(m) EG‘[O 1] 2n—'rn€s€2fn.+1 and Zet s(x) be theswm&ﬂa
0. beorm 1. Then |
L Pavig o18 o - s‘ﬂnﬂ(k'"i"ﬂm(f' h)) Oﬁqﬁs . .
me Lot g be the same as in Theorem 4. By ths triangle inequality = o

~

L
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U e P =

L qpesisifegltle-sl - ,
the order of the first term on the right side of the above inequality i O(R (% h)
by Theorem 4. The order of the second -term.on the right can be given from
Theorom 3 a8 | v A ' -

y - jg— ] =0 (g™ ).
Again with tbe h’elp of Theorem 4, We have 2™ o B
pr s (g RO e (R
So (91—t OG- (f5 R, QB D

Mo sum up, We- have complétely .solved ‘$he  problem  of exigtence, uniqueness,

order of convergenoce ond saturation of approximation of this kind of lacunary
splines. Y My S meemmo s w7 oo _

© .. ‘4..Special Cases

For speoial cases of the lacunary splines just disoussed, first lot ro=0." We geot
{<n<2 from (10). So n=2 and s€8,(6, 4, 4v) and also |A|=2,.1B|=1; AYO=
{0, 1, 2, 3}, Bm={4}. Bnt by Lemma 2 and the agsumption that O congists of only
oven or only odd ndmbers, we have | |

4 A= {0, 2}, O={1, 8}, B=1{4}.
Therefors it is the quintio lacunary s line disoussed by A. Meir and A. Sharma in
[1] ; : - - 2 . = ) . ] | ‘1-
"t Next, et "né% (ﬁ%—'l) and AUB=J". We -_ﬁnﬂ' that we haf'g the lacunary
gplined in [B],. ,[ﬁ]_;..but.nsithax of the works fggt' the existence and "quHénéss for the

general case. ; _ o
Let ro=n—Fk. Then F>1, a=>8k—4 from (10). We list some lacunary splines
disoussed for smaller n in Table 1, and use symbol (%, v) instead of Sy(%, 7, Aw).

g7 e gl Tew 0 ~ Table 1
gl"'
(19, Hyee
(19, 12) -
(19, 13) -

'l;'..' L

It should be pointed out that there is nob only one spline

| ir one kind of lacunary

spline listed above. For example, for k=8, n>>b, lesn="T. We have s €5,(15, 10, 4x),

ond | 4| =6,|B| =2, 0] =4, 4U0=10, 1, 2,8, & D, © 7, 8, 9}, BS{10, 11,12

13, 14} ‘hen, if 0 Eon.sisﬁof any four eloments *of {1; 3 b; 79} 'ﬁr‘gﬁ' {2, 4, 6,
g}, and if B=1{0s, bot « {12, 14}, then all conditions in Theotem - 1-are satisfied.
Thus we have a U 'quﬁﬁ_ﬁiil-ﬁié -and the order of ognyergenoe, which are given by
Theore:n&&,ﬁ_ {:1';,.‘;,[‘15;5'.‘13 GanE 6 T Gl mp s e e

-
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Remark. We have prwad corresponding resulis about splmes of even arder
which we will disouss in another paper,
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