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Wo congider the following problem from the somiconductor device theory:

o0 _, %70 N -RO, V), @ HERXOTI,
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P2 FoF U V-N, (z H)e@x(, 7],
U _F_9_o, (s, nETXO, T],

(1.1)

| 'U(m,lﬂ)%Uu(:n), z & 0,

Vs, 0)=V2), xC 0,
z,), Q@={X|0<z<L, 1<j<n}, 8%
g are positive congtants, N

he boundary of 2, T
is a specified Holder

where z= (%1, %a, ***
ig a specified positive congtant, v, D,

continuous function of #, &, | |
' Uy —1
RU,V) TRk (1.2)

[, Wote) ~Vo(e) N (@))da=0. (1.3)

By a solution, we mean & set of thraa functions u,v,d of (», £) in 2% [0, T, twice
ontinnously differentiable in.2 and coniinuously differentiable in ¢ satistying
1.1)—(1.8), with U and V positive. For uﬂqgﬁnﬂ;ﬁg_rggui;a also

[ #(a, Haa=0, W€, T1.
‘e solution, and

“Mock™ proved that, under the sbove conditions, (1,1) bas 2 nnique £O]
gave & difference scheme for mlving (1.1), but without the proof of convergence.
" Tn:'this paper we give.s scheme for solving (1,1) with a strict proof of iis
B ol PR e g i 5 e |

. convergence. "

~« Rebaved Sgptember 10, 1962.
1) This‘work'is suggested by Profossor B. Glowinski.
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11. Notatlons and Lemmas

Lot & be the mesh gsize In va.nable %, j=1, 2, .- @ denotes & mash point,

and e, 13 a unit vector, 1. e. o
k ﬁjﬂ(O, D, ¥ 0,1, 0, -_--,'U)T_.
5 cp o Rl n—9
, denotes the ﬁet of internal mesh pomts T, is the boundary
TJH"{Q Qell, Q- hey €&},
Lyn=1{Q QEF;, Q-+he; € lht,

I' -=I",H+I’j,,.

T denotes the mesh sgize of variable ¢, A=1h" 4, .
Let n be the- dJscrete funchon n(Q k) denotes the va.lue of n at point @ and

time. t=k7.

of 124,

- I n(?ﬂ)={'n(Q k)/QEQﬁF;}
For slmphmty, we denote fn(Q ]:) by n{Q) or ‘r,'(k) We deﬁne

’?l}(QJ k) =="'_[1?(Q+}wh E) '-'?(Q k):'

»

T (@ D@ B ~n(Qhey, B,
. . _m;.(Q: k): o o QE‘F‘-'HJ
nﬂ(Q: k) {"'??:,(Q k) if Qeriﬂ:

A:;’?(Q k)”'ﬂﬁl:,(Q k) ‘d"?(Q: k)=2‘dﬂ?ﬂl(Q k):
m(Q, fﬂ) —-—-[’n(Q k+1) —0(Q, B)],

and define the following scalar product and norms

(‘*L §)= h"?? (HE(R),
Nilk =f:n,. TR LT ;

I R-——E(Hm,ﬂ“ + {71,

j=1 .

l-ﬂlzj =m&1‘ﬂ(Q)|,

- Q€S

ol # ¥ 170 b= az h"""l“(Q)

Wo will use tha following lemmas.
Lammﬂl 2(n, 1) = (|n|? )t"T“’?tH

5 -'l_;(n,:s;;)ﬂ.:a(fs:a-ﬁs;) a“'ﬁ”ffo}ﬂ_n(Q ~ he)é(@) - hf_-i S n(@4Q+he), (@1
i, By ey =1 3 (@@ he) =R g’_mce+hef>_§(e) @. 2

| Tha pruﬂfs come from A.bel’ 8 fnrmula directly.
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201, 4+ 2 (e, £e)+ e, E2)1
=2h“"1 2 n(Q)f,.(Q) h"?‘_, 78 (Q)En (@),

Pruaf From (2.1), we have
(0, 4e)+ (G ) = 3 0(@—hoe @ — 1 3 ??(Q)Esj(Q+heD

: (2.8)
For Q€ Iy, we have | - | -
Lt (R eh) = — £ (Q),

Hence
(1, 4e) + (Eay 1)) =B FZH‘??(Q—*MJ)&(Q)'H*"-]L 3 @6@. @9
From (2.2), we have ; :
(1, Bef)+ (£e,y ma)) =hA—1 o n(Q)Eu,(Q hﬂ:) h"" 2 ??(Q+h6;)£¢,(Q) (2.5)

and

(1, 8o+ (6 ) =101 ; n(@)e,.(Q)w-i 'g «;(Q+he;)fn(cz‘§j.f:' (2.6)
By summing (2 4) and (2 6) forg=1h 2. n we have | -. | |

2(7?; A&) +E[(7?#u fﬂ:;) + ("?3;: gﬂ;)] |
'=h"'1 E{ 2 ['-'?(Q)-l-??(Q kﬂf)]fn(Q)

- $=1

b3 @4n@RI6@), . @D
Since (@ —he;)€a(Q) = — I (@) €4 (Q) +n(@):(Q), Hor QEI‘ w
| and "?(Q‘l‘hej)fn(Q) S _hﬂn(Q)fn(Q) +"?(Q)§n(Q); - fDr_QEijt.
i' (2.7) gives the Gﬂnﬂlﬂﬂlﬁn | -
E' Especially, if Ne=¢, then N ' & B
2r, ) +2lnl=2W 3 A(Q9@ -F T FQ@, @9
2, dme) + 2] e =27 g q,g,(Q) e b gf(Q) o h__:.(z.g)

- Lomma 4. If n.=yg, then
2(n, dn;)+([nlDe—7fnel3 ==2h"'102 n(Q)gf(Q) —~¥ 2 g(Q)yf(Q)

Proof. By putting & =1 in Lemma. 3, we ohtam

2(n, dn) +§1E(mﬂ Tite,) + (m,, w,)] ==2h" 1?‘_. n(Q) yr(Q) h"g 9(@)9: (Q)
From Lemma 1, we have r;,,. At 0 | % |
SO e - (v:r-,, ma,)] =(unﬂ=>f—-r||n,u*
Lemma 6. If gy=g, then '
20, An)+(lnﬂ")f~—-'rﬂmh-=2h" 102;. m(Q)y(Q) > S’(Q)yr(Q)

i.ommaﬁm Iﬂf]’<h"‘lull-ﬂﬂ“ |
Iaomma 7. - Ifl‘ﬁs_ Btabls rsyular s;>bm&huwﬁiwmﬂymﬁ ‘hﬂ"‘

el L -*--‘.-"-i.‘?“;'.’f'f--‘”;f-%f*.'-é:'_i*‘.'
*Qﬁ';‘:?- -:_;,-"::?zﬁaw S, o

= H T Lk 3
e i,
E i
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where Oy s a constant mdependmt of n.
Proof. For simplicity, we suppose
Let @ denote g mesh pomt on I om W1t-h coordinates

24(Q) =ih, 2a(Q) =0,
n(ih, th) denotes the value of n at pomt 2y =1h, pa=Uh. Then

A (ih, 0) =7 (ih, IB) - hz‘(n(m ) -£n(ih, mh+BY)ne,(h, ™)

g_(l_-i-;?ﬁ_}n? (4h, m) +E 7 (ih, 0) +sh ,‘2:3"”" (ih, mh)

n=2, and Mh==1}—-h, M being an integer.

= ;
2 W, mh). 8

Heﬁce | L
(1———)«1" (i, 0)g(1+—_)7f(m h) Hh ini.@}a, mh) J_ri;- él_n’(ih, mh).
By summing the above formula for all I, we ha.ve iy - |
I 1—__)77“(1,&, O)Qh(i ' “25) gaf(m M)+3Lh2%(m ).
- By summing the above formnla for all points bn I‘g,., we gat.

I{1-1) 3 @< 1+"'+25)uni=+sl>l|m.u .

El'sm :

The rest of the proof is clear. .

Remark 1. 'We also bave
n—1 i L n—1 -
ot 33 7 (@—hep) + W 3 (@ + o <eslnlt+0s(1+—- )inl’

Lemma 8. If (1, n) =0, then
'  9?<0s| 0l
whera Cyisa pos'bt%w constant depending on L.

Lemma 9. If O (@, 7)=0,

(2) L is so small that «3/0102 J:g-—i,

(8) Ma=g, for QET,, . |
then fnl2<Os(lglt+[anl®,

wharsﬂawaposmmmtmpada#afn
“Prroo f. From (2.8) and Lemmas 7, 8, we got

 Blnli=—2Cn, )24 5 @9 - h"E;sr"(Q)

i
E,L L PP T T

| 'Q‘Z-'l‘?ﬂ 1+20,| ﬁf!”“+§1ﬂ7}‘ﬂ1+01(1+—-)|a7 “+2Egv|]r,II >

n . ‘_ f; <(—§‘+€1+Oioﬂ(1d' *—))ﬂ?}nrl' WIM’?F""H 911
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-k
=

By putting ;= «/ 010s , We get the conclusion.
Lemma 10/, If the following conditions hold:

(1) 5(k) és @ nonnegative mesh function, 7, My, M, and. p are po.mwe comtmts
(2) M(z), f*(z) are such mesh functions that if zEMlh’“ then

7 (z)<0, M(z}éMt}z, |

® (k) QP-H'E LM (??(.?)) +.f (ﬂ(.?)) for i’ﬂ:‘*"l

@ 'n(0) <p,
(b) t'I'QM 1h™, k‘l” {tm

then !n(k)ﬁpﬂ""" N |
lll. lefemnca Scheme

We rewrite (1.1) as

R A 1 gL e B
Wy 325 —5 V- OV —5 (VU-VH)+RlU, V) =R, V),

i‘-’i=rE’:-a—”’-;+-;—v-(vv¢)+%wavuﬁ>+ﬂs(ﬁ, VY-RU, V), (1)

where RI(U V)-——-—-——(U V N) Rg(U V)==———(U —V—-N), In order to
appmxnnate (8.1), we deﬁne the difference operators o
J("L ) =_ 2((’?‘;}1{)&—!— (rl?ﬁ) #¢+ 113, f;+ ??;'?’;‘)

and

A(n, €, o -2 3 3 @) +E@n@-Te)2u @

+§"§i :1 Q;} («;(Q)&(Q +he) +& (Q)ﬂ(Q+ﬁ6¢))% (Q)

We have 3 | ;
(J (n, sv), IRACAT @), m) = A7, 2 N ¢ X-)

Pmof From (2.1) and (2.2), we have

((Wi‘; £ g) -+ (W?u g’i) T
_t 3 Qe @E@Q—he) bt 3 £(@0aQthe)n(QFhe),

Ged'iu

and
((”'}‘Pﬁ i!,, g)"'(“?*ptu Et:)

T Lt 3 EQQ R @)~ 2 € (Q+he) (@)= Q).
((5#’%,?:., n) + (Epais ‘t}ﬁ) T

hga gh;-i. sqqm(a)n@ fwa ,,...1 R IC) ?a(;@frifwc)ﬁ(QMﬁD '
@% (E0ng e S .
2 7t @ whﬂm@ lﬁl = %.‘v( Ao §lDea(Q)a L v
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By summing the above four formulas and nutmmg the definition of Pa, WO get (3.2).
If pa=g then from (3.2) we have - _

W (n, $), >_=—2-,4@,_a,”,g). - (3.3)

Egpecially, if g=0, we obatain O nay

(J (n, @), _'n)==0 . (3.4)

Now we denote the approximate solution of U,V and i, by ©, v a.nd cp We congtruct
the following scheme for solving (3.1) -

[u:(Q k) —vA(u-+ory) (€, k)+J(u+8m, ?)(Q, k)
— Ry (x, 9)(Q, B)+R(y, v)(Q, ¥)=0,

‘ 2(Q, k) —vA(v+ozv) (Q,; %) =J (9487w, 2)(Q, F)
—Ra(u, 0)(Q, k) +R(y, v)(Q, H)=0,

pdp(Q, &) — u(Q B+, k)+N(Q )=—-0, |

(1; P(R))=0,"" L L o

| un(@, ) =0, forQel, ...

10,0, %) =0, forQers;

Puld, k) =0, for Qe l’,

(u(@, 0)=u(Q), v(Q, 0)=u(Q),

where OQSQZ& o<o<l. If a'=8 0, then (3 5) i$ an ﬁxphmt scheme, Otherwise it

is an implicit scheme. i B b .

'(3.5)

IV. Error Estimation

Let u=U+u o=V +0, p=1f @, a.nd f, a.nd g; be truncation errors. Then we
obtain the followmg error equations - - wo
u,=vd(u+a'w,) ~J (u, Yt+@) — — &vJ (uy, l,b—[—a;'ﬁ) —J(U-I-S'rU,, tp)

 +Ri{(U+v, V+2)=By(U, V) =R +x, ‘1:V+5)+R(U V) —Fa,

Be=vd(2+av9) +J (@, P+§) +8¢J (B, Y+¢) +J (V+&V,, @)

+Ro(U+%, V+3) =R (U, V) R(U-Hi V+fu)+R(U 1’9 —}'g,
plp=1—1—Fs,
(1¢)0-. . N |
ﬂu’ﬂi; 'tln gﬂ Esj ' fﬂI‘ Q E I‘i; s i _1 el
‘.-u.(O) =g, w((]) = o, - -

Taking the scalar product of tha first fﬂrmula 0{{4 1) mth 9%, from Lemmas
1—4 and (3.2), (8.8), we have |

|| —'rﬂﬂ-;|"+2vﬂu[|1+vw(\|uﬂz),—m"r’ﬂu,ﬂl

.—zzgh'f };. u(Q) gl(Q) ~ vk 02 72(Q) -;!—204»11;"102 u(Q)yu(Q)

-o-;whné T Q@ — AG, i -p.+‘éf.>+2ar<m, F @ 6

-251.-A(u,,_ ) ¢.+qa,.) (2u, J(w-l-arU,, @) —~R(U+4,. V-Ha)
- 4Re(U, V’)+R(U+~u V+D)=ROVIHF). (4.2)

(1)
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Let m be a positive constant 1o be chosen later. By taking. the scalar pfoduct of
the first formula of (4.1) with -m.w,, from Lemmas 3—5 and (3 2) W6 ha.ve

m |2+ ([ '_”m” Jfali+ovmet |l

ema S G (@QF(@) - ”"’”"’"’  EROTAC)

+'~"W‘72h" 62 ‘”’t(Q)gu(Q) v?w'v% 2 glt(Q)
Bm'r’

-A(ﬂ'n 1y, lﬁ',—l—-gﬂ,)—m(ﬁn J (4, ‘I’"“‘F))
: & "'(Wf: J(U—i—éﬂ?h EJ') Ri(U—H& V+5)+R1(U V)

+RU+5, V+e)-R(U V)+}’1) " | (43)
By combining (4.2) with (4.3), we golive o & . | ey, =
%12 +r(m—1)]]u,!’+2vﬂuﬂ1+vr( +-)(||u 1),+wﬂ om; a)ﬂmn*
dmr®

=T‘(23—‘ﬂ‘h) gtfte J(“:‘!""'?’)) -—A(H lpn+¢’n)_ 9 A(uh Uy, ¢-+¢’-)

— 237 A(t, %, Patpu) +B(x, g1) — (2u+mw,, J (U—I-B'rUt, @) ;
— Ry(U +14, v+@>+elcu V>+R(U+u V+w) ~RU, M+F), (.9

where

B(3, G0 =2 3 w(Q)gic@ ) 1@+ 20wt 3 HQFu(@)
+vmeht 3 B,@F(Q) —wh-(—+ ¢) 3 @@

..._;'_ pvmo T ht 2 g'lt(Q)—l—Pm'ﬂ'Tghn-i E ﬁt(Q)git(Q)

Qci'y

In this section, M, denotes a constant dependent on U V end . From Lemma 6, we
obtain - |

v (25 —m) (e, TG, b4+ | <Belil + T G, 4D

<el@l? + e (g il A LA IR,

Smee pﬁhpn —f; an.d (1 {u') =0, irem Lemma 9, the above term is not larger
than W _

_ erﬂu,ﬂ ﬂ-wM;(|]u|’+|[u[|“)(l+h"‘(|] [|+|=uﬂ +ﬂfai’+‘lynﬂn  (4.5)
From Lemma 7 WE have £ “ s

4G, a’¢.+¢.)lemclgalr.+|m. {uul +@--12 3. 7@ )

=1 EI’:.:
P E “(Q-i-?w:) }-@‘M;(Iga r.+|ya|r.)(ﬂltﬁﬂ”+ﬂuﬂ”) {4.6)
Blmﬂaﬂy WEE;{*: SN N TG A E 8 R B et T
. e A‘%u'h .u'h an"'!"@"p) QL:fﬁ(Jg-'ﬂli"m-{"Igal.l"':.:.)(“3‘”2“!“'!!'1"1""'211'“!#'2).# .
: hi"‘- a}@ﬁ; P ool o oo i 50 ©

_' \ ?:E: t!aﬁgﬂ: ?-) | ‘QM g (] g nl ritgsl e':) (e ]l i1 40) !hl ’r’i’ %ﬂﬂ it i “Aﬂ ‘.? ___j-' L 3
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From Lemma 7, we have .~ - fo ol T
|B(H gi)lﬂ;isl] ﬁl*‘m'g"“t“ -+ Mo (ju ﬂ+1;’[|u,||ﬂ+ﬁgiﬂp.—l-'o'”ﬂgullm | (4-9)
From Lemma 9, we have
|(2u+mw,, J(U+87U,, @)) lgsflutﬁﬂ-i-ﬂa(“‘d?“ﬂ’*‘w’“ H 1>
<er|u]*+ Mo(|u Ll“+|lﬁ|l“+lfaﬂ“+llgallr.) | | (4.10)
From Lemma 6 we have
| (2 -+meits, Ry(U+, V+55 “R(T, V)|
<sz]wd i+ Mio]u* (W% ﬂuiﬂ—t—h““ﬂq}ﬂ“—}-l) (4.11)
We suppose that U+V:>ru':>0 and G'(u, v) *«,; uch, fanction that if (2] <N k2,

|5{<N:i*2, Ny is a suitably small positive cons ”’"ﬁ t 'hhan ]'a(ﬁ, )| is bounded. Weo
then have < AELR

(95 +mriiy, RO+, V+5) —RO; V)1

<ez|t >+ G (G, 2 (12 + 134D gh‘f‘ﬂu “-?_—I;:"tﬁfvﬂ’+1), - (4.12)
G].EE:T]-YJ .. . ‘. : ,. ;. | o
[(3ﬁ+mﬁt;'ﬁ)|QETW:HQFME(HEH’"FHfiﬂ"). -7 (4.18)
Now we chooce . }f o> é, we put ‘ a
m>>max 22'i1, 1+‘Tﬂ{}) mo:::-O

Then

z(m—1) [ u|*+»7*(om E; ﬂf)ﬂﬁ;ﬁ?mﬁﬂﬁtﬂ“—ﬂuﬁ%ﬂﬂﬂ?1.. (4.14)

Ifcr=-=—:é- we put m>1+2 n?w+mo Because . A .
v} Hlﬂmﬂmﬂ"ﬂhﬂguﬂ P (4.15)

1 1
(4.14) holds Btlll If o<= 5 A< C— 20_) then we put
— 1+4nlva‘+m-n

1+4ndvo—2nhy " .

Because of (4.15), we have (4.14) still. Su'bshtut:mg (4 5)-— (4 15) into (4. 4) we
- obtain the follwing error estimation for {#f® . - 5 .= L. T

|27 4% (mo— M1 (8+7) — M14(5+7)([93|r.+lyalr.))ﬂ“tuﬂ'*"”“aﬂ%
+::1r(¢:r+—)( u[h),*ﬁf(u )] uH1+(Mu+G(“ "))(E”F’*“"-’uﬂ)

X (Buf?+ h"“ﬂ““”'i'fﬁ'“(ﬂyaﬂn-l-ﬁfﬂ@“) ﬂya|n+|§q|r.+1) .
+Mm(|l}'1ﬂ +||}'a ﬂ“‘“ﬂﬂi“ +?Ig¥ﬂn+ﬂyaﬂ (4.16)
‘where - doe R veiss SEE T s
5‘(6 -‘i?)={—v+mn[1+h"'(ﬂul’+ﬂwl“+!fsiﬂfglguln);

0 +BM‘1(|93|P;+I93|_ +-M:HS}

| We can geta, s:u:n:lla.resamatmn for ]2, Henﬁe if [_yﬂlr."f:Nn, gﬁ, a.nd 8 a.nd T are
guitably small, then weitalt ﬁndﬁﬁuchaconsthﬂtpo:*ﬂthaﬁ” du Sl s JAF

,~J'

e ]
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(G124 151+ B3k por (il -+ 151 + oo+ 3 ) (GR+ IFID:
<G, B)+FE D+ M BAEP G, @D
where £1@, ©=F@, D (uli+ 121D, |

B, )= (M+G@E, 2 (Jal+ 131D) G lul*+2 o)
+7h (| gsl bt [Fs]?) + 1 gsnt+ | ga2t1).

' By summing the above formula for ¢=0, 7, -, (k—1), and letiing

5= M (5O |+ 15O P+ 2 [BUFD P +IEDIR |

=0 =1
B =[G ® P+ 1B oo’ 2 (E@ P+ RN
+ve 33 LR 11+ 151D,

then we obtain

By <p+Marr 2 L G(), 5G)) +RBED, 51, (4.18)

Finally, using Lemma 10, with
n(k)y=E &),

P=EJ ™m=n,
) =f*u®), »(k)),
M(n(®)) =B (u k), v(k),

we get the following result.
Theorem 1. If the following conditions hold.

| 1 1
(1) 0?*27 o WS o (1 —20)’

(2) U+V}fu}0,

(4) Ns, Ny, Ns are switably small positive constants, and

o|Fa|? <N h",
v|gs| 3 < N,
|§ B|r.“\:~N B
thom there eaist such constanis My, M and N that for all p<Nk, bv<To, we have
B (k) < Mpe™*, |

éhem T is @ suitably small positive constant dependent on p.
Remark 2. If 5—0 as h—>0, the scheme (3.5) ig convergent.
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