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l leferentlal Equatlon and leference Equatlon

Fora nonhnaa.r wave equa.hon in mseous ﬂow a.nd elasiuc. mechanios, the exigienoe
of its solution has been explored ih [1—4]. In this paper, we consider the finite
difference method for the jnitial~boundary value’ problem of ihis nonlinear wave
equation. We establish prior est imates for the solution of the difference equations
on the bagis of the prior éstimated we prove the convergence and gtability of the
difference solutton and the axzstenee an.d aniqueness of the classical solution of the
differential equahon

We oongider the following initial-boundary problem

Uy —Uee= (0 (%) ) st them—f (W),  0<@<I, 0<t<T, | (1.1)
S - ] 1m0 =0 (), u‘iltﬂ.':ui(m), | : (1.2)
u(0, 1) =u(l, $) = ' p 5 (1.3)

where o(p) and f(u) are given funatmns and uo(z) and u;(z) are known funciions.
On the interval [0, 1], the step size of space is 4, and the points of the net are zo=19,

®y=h, «, ;=1 The step size nf time is k. We use the fn]luwmg gymbols of
difference and norm:

(o=t gamd), W= G1),

" L 1 ‘o
(ﬂJ)3=§E(u?+1"”?—1): ()3 ='"—( ,_,_E""”;__i).-

C@mi—u, @ 0 =h P,
Jeil® =5 28 ()7 fujle.~ sup luil.

In this paper wva use C; and K i 1:0 denote posrtwe oongtants.
For the problem (1. 1)~ (1.8), we give the following implieit soheme

(D a+ @ e (0 (()s s)) + (U m —F (4,

.""'1 2, <, J—1,- n=0,1, ., 1.4)
{1 = o (), ("")f-“;t(ﬂ?j): s, v B (1.6)
u3=u}-'~0 G e L ) T LT e B (1 ﬁ'} :
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where u;* ig solved by the initial GOﬂdltlﬁll (1.5). We add quﬂ.ntmes U2, ' u*; and
u*, o solution o}, 1<j<J —1, a=0, 1, --+. The quantities u;” , 'u_1 and H_z are defined
by the following formulas reslaectwaly -

(W) r— (u,).r-—(a((u?)',))mu,).ﬁ—f(u,) . (1.7)
(B a— @) s = (e ((B)2))s+ (D) wr—F (8*D, (1.8)
(& — (B = (0 (B™D))aa+ B sam—[F@ DT, 1.9)

2. Basic Estimations and Exutence of the Solution
for the leferentla] Equatlon N

Lomma 1. Assume that (i) Q(p) = jcr(q*)dr}(] cr(p)ECf" o (p) >0, pE(—oo,
oo); (H)F(“) j'f(’i')d‘i’?'g f(u)€01 f(u)}() uE (;—m m) (iii) u.u(m) EH
u(@) € Iy fQ(%(w))dam [} 7 (uo(a))da<oo. Then'isé have the estimations

| (u)e] <Oy, Il(u"),lgoi’ o “QOE,
ﬂunll ‘5;01, k EH(M")'IH Qoﬂ’

AE Q0,9 <05, ABF@<0, 0<nb<T,

Proof. Multiplying (1.4) by (ui™); ﬂ.nd 'l;a.ki‘ng the inner product we have

(D a, D) — (D @D
= (e () a))a @)+ (@) m (%'Jﬂ) a) (f (ﬂ" '“) Wiy, 2.1)
We deduoe the terms of the above formula as follows o

(*m, @) >L (@D, — (@D, _,(-'_affi**m) ;a—(ﬁ el

~ ((o((uy™ =)).—=, (u*)y) = (ﬂ’((ﬂ"”f):) @y ﬁ)?-'h ,2:5 [Q (WL Dl '
(@™ e, @)1 =— i (‘h‘»}‘“) ks
(f ™, (u"“) ;) =h Z (F (%}'”) ]i-
Thus it follows from (2.1) that |
--(ﬂ (U?ﬂ)iﬂn)ﬁ'—(ﬂ ().l ﬂ)i""h; [Q((ﬂ"ﬂf)s)]i

+1 ™) .fu=+h""21 [F @) 1:<0,
|6yl ] ) 28 ;}Q () +2k ZMf)ﬂl’Hh 2 P .

WL J=1

<@+ +20 S Q@ 'l)a)a-zh;ﬁw)t ey @.2)
From (2.2) and the'conditions of thé lémma ‘we obtain | |

i | Gyl + ) @af R EY)
By Sobolev’s embedding theorem, the following mequa]ihé}halds B
)il <Cy 1@D.<0s, |wl<Cy [8la<Ou: .-
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In view of the above estimations, (2. 2) implies

h"'EQ((’“"* ) +b E | ) ael® EF(H"*"‘) %Kg,

i. e, hqu(( ;i+ )5) 'E;Oﬂ: hEF(ﬂ?+1) =lQ{-}ﬂﬂ J k E “ (ua)ﬂ“ ‘QG;_

Lemma 2. Assume the conditions of Lemma 1 are satisfied. Suppose uo(z) € H*

and us(2) € H*. Then we have estimations
| [ D) el <05, [ el 2.<05, o<nh<T,

Proof. Multiplying (1.4) by (uitY) % and teking the inner produﬁt W6 obta.ﬁ
(™), (ﬂ’}""")ﬂ)-‘ﬂ(u’}”) i (o ((@De))s @) es)

| (i, @) — (FQT), ) ). - (2.3)
The terms of the above formula are dedtlﬁﬁd as follows

(@ () ))s=0" €0 @ ez, (2.4)
Where §1 is looated between (u“"’ﬁ)-— and (u“j;);. o i | |

(™) ety (u}"“)ﬂ)?——(ﬂ APl g

(e Dm, @) = — (@D, G,
Thus it follows from (2.3) ﬂlﬂ-‘li | -
Ll (e @< W) 2+ K.

Summing over n from 0 to ¥, we obiain “
Ly al+b 2 (@5 @)

-g-gﬂ(uﬂ').aﬁﬂ + kK, 2 | (") ezl *+ K ao T (2.5)
In addition, as - |
IR NI COPEECARE @) = (@D @) a)
=53 (), (u;*ﬂ).a),
(2.D0) implies
L] @)l <F @+ n='+-—|| () el +H] el +5 1Dl

+—— 762 (GO 241 (D el ) +5 £ 5| (¥ ).aﬂ” + MLE H(w’;“) "+K.T,
Using '|i]16 oonolusions of Lemma 1 and Gronwa]l’ 8 mequahty, we obtain

: | ()] <0s. Fieh TRET A

In view of Sobolav ] mequa.h’oy VPR QE'“ﬂu,ﬂ+E'1¢| (u");ﬂ, we have .
' - _ H(‘l&“);l{, g, - i M B by el fantu Tl

I.emmaS Underfhscandmtamsoflmmmazmm e

' 3 H
SRR ()} <04, 0<;n.k<.;
Lok : ; : o i B e e ey :
sl B A L TR . o i R S e - A e
WS ety '- +1 St e ] : b e P Ry e
=1 . . . r . +
P 7 % t:lp ying 34) by (Ui )= and: CE WO OUS .
e i At 2L . : ..'_- T ;.,_.\_.n'_,'. :- L peE e i .:-rld-:‘: .-1\' e
- e . e L - S by e e . = 'r'-l-_|'_'__l;h.-rL::'r._: g pH f-_,._.r_... Hory
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(a7 )a— (& 1)ﬂ—(a((u(yh (n+1)k)) )) _(u-((u,ﬂ) )) | |

+ (85 e —f (u( jh, (n+1)k))+f(u"+1)+R"+1r (3.1)

| &9=0, (&7):=AHj, . ¥ g (3.2)
sg=¢er=0, | o . (3.3)

where |R"l€.kg(k+kﬂ), n={), 1’, 2}";..'

we have

(cr((u(jh (n+1)k)):))e — (o (D))

LGB i)y «,-.—)h )

-——-—[«:ﬂ’((%"””l )s) —F(('u 1)3)]

j 4GC ((j+—)h (n+1F), )+(1_.,,.)( ((3-._)5, (n+1)k)), )fir

x @(gh, (a-+ Dm0’ (r @t L—1) (5T Adr )z

= (s7ae | 0 ( (o (3+5) (n+1)k)) +(1—q-)( ((j———-—)h (n+1)k)) Yor
(= fo ((o( 3+-—)h (n+DF)), . -

+ = (a(3- 1), @t DR)), oG a W) ) o

_ HCON [ o (r((5+5) (-n.+1)k)) +(1- r)(u((j——)h (n-i—l)}c)) )dq'

(s [ 0 €D [r(eprs+ =) (e]elar,
where £, is located between r( (( j+—é-—)h,(n+1)b))i + (1—fl(u((j —-%)h,(ﬂ'l' 1)7‘))5
wnd @+ (=) (s |

|f w(jh, (n+1)%)) —F (Y| QKmlﬁﬁ”
Tet K= max (o (9?)| |‘T (’?)D

g emax(Ce )

| Mulhplylng (3 1) by (g7*1); and taking the 1111191' produat we obfain
4 -_ _(ﬂ (31+1)!uﬂ)i + -—(“ (8™, ]|’)i+ﬂ(31ﬂ)ﬂ|= ,

-a]((s +1), _[ ((u((er—)h (m;—i)k))
+(1~7) (u((j ——)h (1) k))?) dr; (s"ﬂ)

-1-0'11'{11(&(5:*1) ﬂﬂ+||(ﬂ:+1)f[|’) f..a -
tEE (s +1(s5u + 5 (IR'“I’+I(B;“)rB H. @D
. Wemakafurthareshmaﬁon T - fotaseigy |
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M

el (- i), wa-o(s-B)m o)y
;:11 j (( (g+—)h (n+1)k)) +(1- r)( ((?——)h (ﬂ+1)k)) di |
B e D)
+(1_,_.-)( ((j-—--—)h (n—i-l)k))
e w8, =00 ) L
i Y (u((g—l-—)h (n+1)k)) EX rr)(u( 3——-—-)h (n+1)k)) ]

where £5 is located between r( (( g )h (n+1)7‘)) +(1 "‘ﬂ( ((3 ""')h (“'l'l)k))i

and +(u((4— g_), (n+1)E)). +@—r)(w{(J '__-3'5) h, (ntDB))

Thus it follows from (3 7) that
-—(“(5 bt ﬂn)‘r}' (" (7 V) [+ L (87

<|(stpefoe ((G+ ) 7)),
e (W(i=3)h @r0R),)en @)

+ 0 Ks| (672, (650 | +0eKua (7™l 1 (671

4 L Kol 1) + S AR 1)

< L (R (Dl + [ (65l +20:K s (5ol + 170D

+-;— K10(} 3?“"“"' | (3}'”) 7)) "-%-(HR?HF'*‘ | (8570,
i.e.
(el + 1 (el < Ieiel LHEDE SR

+ Kok 2 (1Dl + [ (el + 8717

Using Gronwall’s inequality and the estimations for K}, we have -
ll (&7 + | (7™ s <Kus(B+57). |

(1 6) is stable. B o, | |

. Proof. Suppose there exmii soluh ons of the differonce equations uj and v3,
k- - whioh satisfy the difference equations (1.4) and boundary condition (1.8). Bus their
o mlhal mnﬁlhona are diﬂ'eren’ﬁ Let &} =uj—}; then we obtain the equa.hona satlsﬁeii |

T a -"‘
g, :

e ‘*1)ﬂw_{v((w+13f)>a- (o ;))s+ (9"+1)-ﬂ—f(u?+1) +f(v?“>-

" e '”_ n..-
T f.- .3:-.*.-}9-'_'- .r_,-'_-_.'_;' .
o __._ ". B T . - 1.
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5??“?‘_‘”1 );—(u");-— (ﬂ’?)h
| £0= 3.; = 0 ST .
Sﬁmilai;ly t0 the proof of Theorem 3, it is eagy 10 prove

| (5Dl (a7 e <K (| (s;)zll“—l-ﬂ(&?) 1)y
i.e. the difference scheme (1.4)— (1. 6) is sta'ble. %

: l'.. t
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