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Supercanvergenﬁe of the denva.twe of ﬁmte elements hag been st"ud_led in many
works, see [1—24], To the anthors’ knowledge no expansion theorem has been proved
for the finite element derivative. The &im of the paper is to show that such an
expansion theorem can be derived by the expansion method in [11—14] for the
finite element solution n.nd gome estimates in [, 16, 17, 22—24] for tha Graen -
function. |

Consider the model problam Flnd = H"(Q) sach that

A finnQ, - ! (1)
where (2 is & convex polygonal domain. We approximate (1) by the linear elemeuts
Flrst we divide Q into several triangular subdomains 9,(¢=1, | '

, M) meeting at a point- 4 (sea Fig. 1) and then divide
ﬁﬂ.ﬁh Q; into a umform trmngu]atwn
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with triengles Q; ( 5==1 2, 4N ) So we ha.ve a8 piecewise
uniform partition. ~
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Let h=1/2%, and lot v* and u’' be the linear finite elament Fig. 1 (9
upproxlmatmn n,n.d tha ]inear mter polatmn of u res;:ect to the parhtmn (2)
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Proof. Let G (z) be the Green function with smgula.mty at 2z and G (z) the
linear finite element approximation to G‘._(z) Then, from [11, 13, 14], ‘!ﬁe have

(U =u) (%)= j V@V (u~ w")de

=2 Pa(2%0) + W Qa () -t-O(LhB) juleelGelie
with the PIBGBWISE} hnenr functions P, and Q; deﬁned b}f

Pn(zo) ““2 G:.Dfudz - |

Q(e0) =] (j GE.D%&—I-_IG‘.&A}D u(A))

where D} denotes some linear combmatmns of aonia order (<] ) derivatives of v,
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| Let ﬂ u.nd 2 be a.ny two vertices a,t a typical tnangla element Q, ,CQD Then
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Sefting |
o Q(zo>=2(j @ Diuazw..wmuw)eHﬂ-v(m

and using the inequalities due to Frehse, Ra.nmhm: and, | Scott®% 24 and Schatz and

Wahlbin=%
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G2 (2) —G(2) | <K hH’ q for z E 3.0;

we obtain -
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hence, for zOEQ;,, o B e
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Let
F(z)=D"w(a) 1f zeﬂi
ond find PE (@) NHY4(@) moh that 57
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Note from (4) that Pa is just the llnaar ﬁmte ﬂ%em; ﬂﬁmﬂﬁﬁﬂﬁnn i P & hﬂve
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1942w (zo) = Vis(0) + O(W-219)

for z, being nodal points of the original A-mesh. Tharefoxe we have
Go:mllary IquH*'ﬂ(Q) then

n ‘?(4::"’ *—u*) (20) — ?u(zo) -=-O(k3"”" “) lvlee,

‘Em"f' “(Zn) Vu (zo) - —v(u"” u") (ﬁo) +O(h'““’ “) ﬂ“lm

for 2o being nodal Pomts of tha orlgmﬂ.l h—mesh RO L g AR

We remark that J. Frehse has proposed a useful estimate
IV(M‘ —u) I '@Tvih+k=ﬁ“

with a good constant &y and & bad constant ks for the usual regularity tnangulamon.

We also remark that the sphtting extrapolation method presented in [15] for
the 5—point difference scheme can be generalized to the case for the bllmenr elements
in a domain with uniform rectangular partition. Leb u(hy, fa)- be.the, bilinear finite
eloment approximstion with mesh sizes ky and hy along:the: dlrectaons oy and o,
Then we have

57 (3 o )+ (B, 23-) =B, )} 20) = V(o) =O(K).

The proof is based on an inequalhty due t0 Zhu Q:—d.lng and wﬂl ‘be published
elsewhere. . | _ .=
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