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INTERPOLATION FORMULAS OF INTERMEDIATE
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¥ 1

The imbedding relations and the inferpolation formulas of Sobolev spaces are
very important and powerful tools in the study of.the-linear and nonlinear theory of
partial differential equations and systems. The ﬁnjte difference method is commonly
used in pratical and theoretical study of various problems of partisl differential
equations and systems of different type. Many authors are atiracted to establish the
imbedding relations and the interpolstion formulas for the discrete functions. These
are undoubtedly important in pratical and theoretical use of finite difference method.
As in [1] the Sobolev {nequalities are given for the discrete funciion on number
axis. In [2] the difference imbedding theorems of the Sobolev space with weight are
considered. In [8—6] for the discrete functions on finite segment the interpolation
formulas are esfablished. These interpolation formmulas can be used to establish the
convergence and stability of the finite difference schemes for the various problems of
the nonlinear partial differential systems of different types. And these can also be
used to consiruct the generalized and weak global solutions for the nonlinear systems
of partial differential equations™~®. Now in the present note we want to consider
the interpolation formulas of intermediate quotients for the discrete functions with
soveral indices.

§ 2

Suppose that the finite m'liarval [0, 7] is dwlded into the small segment grids
by the points @,=4h (j=0, 1, ---, J), where Jh=l, J i an integer and A is the
- stepsize. The discrete function u,,= {w,} (§=0, 1, -++,"J) 18 defined on the grid points
&5 {j=0,1, --- . J). Let us denote A+u,=u;+1—u4, A_tuy=u; —uy_3. For the norms of the
_ discrete function w={w,} (=0, 1, +--, J) and its difference quotionts
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The interpolation formulas of the intermediate quotients for the dlscrete fanctions
defined on finite interval [0, 7] can be stated as follows™®b, |

. Theorem 1. For any discret function un—{w} (=0, 1, ---; J) defined on the
fmtﬂ wnterval [0, U], there is the mterpolatwn formada

H
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where 2<p<ee, O<k<nand K, 48 a constant inderendent of h, b and vy,
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" Let'us introduce some notaﬁlnns for diserete functlons 'w:tth several indices.

Take & m~dimensiona} rectangular domain @~ {m]m=(m1, e, @) | o<a,<l;,
§=1, 2, «-, m} in the m-dimensional Euahdean. space R™, ‘where m=>=>1 and {,>>0,
£=1, 2, ---, m. For the rectangular dom&m Q™ wo deﬁne I== - min {E;}::»O D1v1de

SUSE L PP AR SR
tha rectan.gula + domain Q’“ into Emall gnds by the para.llal hyperplanes m;==asq,(j;
eoe, Jip =1, 2, -+, m) where mq,=3,h, (=0, 1, «, J; ¢=1,2, ---, m) and Jqu—-Z;
_($=1,.2,,_. -, m). The set of the grids points (a;ij,, _ sv,,,_) ( j,--O, 1: ST b=1,
2, +-+, m) ig dengted by Q% = {( @13, ***, Tms,)}. We use the notation ud'= {uy,, .45 10
‘denote the diverete function with m indices defined on the grid domain Q7.

Usually we have the abbreviations A, .., ... = Uty wosetty o g — Uty g i) /s 800
ARy, oo™ (u,,_ csdunitn ™ Wit o _) /. And then furthermora we adopt the

T

ﬂﬁtﬂ'ﬁl(}ﬂﬂ 8“ud= {ml jl=0 1 J.I_ﬂi: .1"=1 2 ;.‘:-;-l. | m}: where o= (air
‘g, ***, Gm) 18 & m—index and then 3*=9f.--0%, A% [ Geee A%, B5 =Rt REm, || =04
»++om>0 and o (4~1, 2, --+, m) are integers. Similarly we have

Sauih wp dp v ={ _Bi; £=3+1: e m}:

where 8=1{(8;:1, -, Bm) E.Ild §= O 1, -
Now we adopt the follomng nuta.tlons of the norms for the discrete functions

and fheir diﬁ‘erenca quotients:
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where 1<p<oo and E?O As p—z we h&ve_'ﬂf“‘}(Q"‘) = H "(QT)
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Now we tum 'lao prove the interpolatiun fnrmula.s ft)r the discrete functions with
. EB?EI‘E]. mdlm ' *.;.rg,'- ; S

Theorem 2. For any d?zscrete fm u,.,-{u,h,.. } mth m—index defined on the

vis yectampular, domuies GF =B, o =0, 1, -, Jg 8=1, 2, -, m),
there q,s f}w Wpozam rdaﬁon %1’"’: ﬁ“’ﬂ -ﬂﬁ%ﬁ#’ﬂ _
Ir{tﬂﬂ

] #gmggmd;ﬁ;i: it -k
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whore oq:agii m;ﬂ. and Ky is a constant in }ﬂw steplengths By (§=1, 2, -

m), the minimain cﬁdﬁhzan" and the ‘dis
~ Proof. When m=1, the theorem’ reduaesito fhhe”‘Theoram 1 for p=2.

‘Suppose that the theorem if 15!11.].1c1 fﬂI‘ the digé’féte fﬂnetmns with niot more than

“(m—1) ‘indices, Where,an?z R 5
Let B-(ﬁg ---, B...) be a (m-—l)--mdax {-m;a-z) a.nél IBI =Bﬂ+* -+B,,,=-Ic — =0,
'l"'han WE! hlwa WLy . S ﬂ
- B AL . ‘__3* . |
"J" |}6155m L.{m""lz hhlhﬁ = ""' fhkz'--h : (8)

‘Regarding J J h':’;;g' ~dm g5 the dmcrete functmn mth (m-—l) mdmes Fa, ***, . Gm, WO
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Substituting (10) and '(11) mto- (9), we obtain by direct calculation
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Then we get the egtimatbe., woorgs =7 707 - 7 oo
n JIL:WT} }
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where Inmin{ti, I} and: 61 dﬂ & conata.nt T,hw provas the mterpolahon formula (7).
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Theorem 3 Fﬂfr my dmm'ets g"mmthn u4={tb, -iat With m indices defined  on
)} (§i=0, 1, =, J 6=1,2, - m) therewsthe imgerpolation q*alﬁﬁwn

Q7 == {(le::- k+ 3
..rx e D SR 1HA[|L.»:QTJ}-"i, | | (12)

il ] {1

where nzzk+m, m?lm@ﬂguacmmmwdafh; (=1, 2

Proof. When m=1, (12) becomes (2) as p==o°.
Suppose that (12) is valid for the discrete functions with (-m-l) indices, where

m>>2. Similarly denote B-(Bg, Bz, _3,.) and IBI =-ﬁg+---+B,..=k-—:r?0
Let us consider e p | |
J“ ﬂﬁlﬁﬂudll max ES%.’.HL.(@’.’.‘*’-}-
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G ! I A3y, . l N ,
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On the other hand we also have . ©. . ... .. &
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where Csisa comata.nt mdependent of ws.
Substituting. (14) a.nd (15) 111130 the rlgh‘l? hand pa.rt of (13) we have the
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From the theorems obta.med in tha prevmus seetlons, twe ca.n verify immedmtely |

the following theorems. .
Theorem 4. For any dmf&te ﬁmctrum u,;-——-{u,h,,, '_,»__} deﬁmd on R?={(2y,,, se,
Cms) )5 (F _71, vor, Gu=0, 1, £2, <) for m?l there are mtwrpolmtmn fomwlas

k

I"*’ﬂmﬁmﬂgﬁﬂ*ﬂuﬂﬂb R. I

v Bk L‘"’tﬂ’}.‘l
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g e ﬂu,,ﬂm_}-gg ﬂudﬂz’ m,m . |ud||mm ?‘;k@n_m’ (17)
-,.f A _f: , 5'\__{ j L | 3 i _.

whe-re K P cmd K 5. am omstmts lend af hg (@=1 vos m) and w,. R '
- Theorem B.. .For any discrete fmwm ud={u,,,,,,..,,_} deﬁmd on Qﬁ‘ (ar ﬁ"'), _then
farw s‘}*rﬁ there%aomt K {(&)such that- '+ . )

fa Hiufdﬂqu) Gﬂfwdﬂ.wtq?’ +K(E) nudl Uj‘ﬁﬁ-{ﬂ i .‘-ﬁ | (18)

ﬁ#llzﬂall W+K<> u-uaub,w,.,, ...-..Qausan.-—.m,):g S e
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In fact we hﬂ.‘Ve
2

[Iu‘dn[;mm] [lu‘dﬂ_uﬂ{qm} gudﬂ L.”(QTJ' .
'I‘hen (20) fﬁllows 1mmed1&tely b}r substltutlng ('i') and (12) into the r1gh1: hand
part of tha above 1nequa11ty F |
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