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A METHOD FOR CONSTRUCTING A
CONTROLLABLE THIRD ORDER CURVE'

L1 XIN-CAN (Z 3 hh )
 (Beijing Institute of Aeronautics and Astronautics, Beijing, China)

1. Problem Description

There exisis, on the inferval [e, &], a partition
A @m0y Bg< v < Ty=b

and a sot of real numbers 4;, 4}, j=1, 2, ---, n, such that its corresponding piecewise
third order Hermite interpolating function is as follows:

H{z)=y,fo(z, j) + a1 F1(®, 7) +afih; 1100 (2, 5) 4, yahsr191(®, 7, (1)
mjgﬂ?’gﬁ?ﬂ.y hj+1=mj+1‘_$jj j=11 2, “Ei, L — 1
in whioch

; s\ _of 2o L (2% z—x;\° (a:——m;)“
go(, J) (h,+1) 2( hm) (hm ) 9:(2, j)= (h,+1) T—

For many engineering problems, as the derivatives y; at data points P;(w;, 9,),
j=1, 2, «e+, m, are not given™, formula (1) is not directly applicable.

To evaluate 4/, a condition of O°—continuity must be imposed at @, j=2,3, -,
n—1. The resultant system of fridiagonal simultaneous equations(n—2 in number)
plus two end conditions determine uniquely a set of ¢;(j=1, 2, ---, n). This is the
well-known third order gpline funotion in terms of its first derivatives.

This kind of functions has extensive use in engineering, but some deficiencies are
also folt. For instance, without preservation of convexity™, unwanted points of
inflexions would ocour and the local properties would vanish. This will bring forth
some inconvenience in design. The third order B-spline curve has some desirable
properties™® ™ but it does not pass through data points (though we can make a curve
passing through thee points by finding the vertices first), and so the problem remains
inconvenient. Consequently, it is a common desire to develop a sort of curves which
preserves convexity and looal properties, is easy to compute, and is suitable for
interactive design.

This paper starts with formula (1) to define a third order curve and the control
coofficients and then puts forward the mnecessary and sufficient condilions for the
convexity of the curve. The curve is supposed %o be O*-continuous, manageable in
getting straight line segments, cuspidal points and inflexion poinis, and can be
exprossed explicitly in terms of coordinates of data points (and end conditions).

* Received December 8, 1982. The Chinese version was received on June 6, 1980.
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2. Representations of the Curve

Let there be a set of data points P;(ay, ¥, j=1, 2, +»+, n, with two given end
conditions. It ig required to construct a curve satisfying these conditions. As the first
derivatives are not given at these data points, formula (1) is not directly applicable.

To provide additional constraints and to facilitate the adjustment and control of

the shape of the curve, we take

%ﬁ.(l-—h)_ﬂ"}'i_yj_}}‘__yf—_yj =3 y’+1——(1 M) Yisa " Ysu1 o o, ?!5-;;_1%, (2)
1

h3+2

j=1, 2, +--, n—1 and 0<CA<], O<Kp<],

where A and w are control coefficients. We will see later that by the adjustment of
these two coefficients, the shape of a cturve can be manipulated at will and unwanted
points of inflexions can be eliminated.

In formula (2), owing to the presence of the four undefermined quantities g,
UYust, P1, Py, We make exiensions on both ends: Py(zo, %), ®o=21—hy at the left
end and P,.1(Zas1, Unsi), Tast=2Tn~+ bnsy ab the right end, with Ay=hae, hpi1=h,. As
for 4o, ya,1, they are determined as follows:

(1) If the end conditiong are 4}, %, then %o, ¥,.1 should sabisly

R e i T " i ot wa S .

(II) If the end condilions are %7, 4., then 4o, #a,1 shounld satisty

CYa— Y1 Yi—% Ys—Y2  Yo—U T
.'T,f1 — [4;'-.- —2 (1 — ].b):l hg }irl 1‘1\':3 hg »

. Re ha "

~ Yn— Un-1 _'yn—l —Yn—2a -
hn hﬂ-—i
¥ r L
h={—21 4(1—u)] . (4)
Unsi— YUn  Yn— UYn—
— hﬂ+1 hn

i }bﬂ »

L

(1I1) If the end conditions are not specified, 4, ¢a.r should satisfy
Ya—11 31—y0=(§}3—'?@ _‘3}2“?1)2/(134—@!3 ya—yﬂ)
hg hi hg h’ﬂ h-i h’ﬂ ’

Eﬂ+1 il f_yn _?f'ﬂ — Yn—1 e ( Yn = Yn-—1. _’yn—:!. T (yn._g )ﬂ /( yn—:l —Yn2 Y2 YUn-3 ) (5)
hn+1 h’n _ hn hn—i kn—:l. hn—:&' 3

We can thuos express piecewisely, in explicit form, the interpolating functions
passing through the dafa points P,(w,, v,), =1, 2, <, n
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y=L(x) =L(2) =y;fo(, §)+9Y1fils, 7)

_a\ Y1 Y Y —Yia -
+((U—2) Yt g B=biet Yoo, hyrs

+((1 - py ¥ty Sir— Y, )y:.(m, LI
1+1 i+1

= [zi(m: j; }') Eﬂ(mj jr )': ﬁ') 33({51 j: }“: Au') zi(m: j; H’)] [%—1 Y Ui yf-!-ﬂ]!'
_T(o—a\* (2—o)\? (o—2 T

[( hj+1 ) ( hﬂ.:l, ) ( hj+1 ) 1]M§(3‘J ru") ["yi—l Yi Yis1 yi+ﬂ:| s (6)
TySESTiy1, Bpa=21—%, J=1, 2, -, n—1, O<A<I, O<p<1

in which
e, 4, 2 =2 e (- () r2(58) - (574),

(2, 4, A w)=(1+2 h;;i : a.—p)(fﬂ—w;)‘“

J +(—1—~2?&.—2IL %:—1- + p)(‘i;f;)” —|-(?\. -2 hj}:i 1)1:,.::’ 1, -

-_ h h —x,;\°
ls(@, j, A, ;w)=-(n = h;’:: 1+ p— )(a;&jj’)

h b r— ;2 T— @
e i} = 2 L) +(1-A L
( Wi T ¥ )( ) (1=2) figsn

o £ b= T D
Myh, w)

A h h h Bies ]
l_ WL 149 it 4 oa i+1 il 1 'y { — 441
by ¥ # K Riva  Pyia H et By

22 h;:’“ — 2A -@f—"‘}——l—mu-l—p 1+ g1 H,___’;"Hi —u+24 (u—1) el
= ] Fos Poipa Fossa Pyya

h.'f+1 3 h:f+1 o
A 'y A+A hs 1 L—A 0

0 1 0 0
It is easy to verify that:

bz, j, M) +(a, j, A, p)+lh(z, §, &, p)+hi(s, j, w)=1, (8)
ba(@y, §, &, p) =1, liay, j, M) =ls(ay, 4, A, w)=Ulz;, j, u) =0 for =g,

ba(@ap, J, A, ) =1, L®sa, 4, A) =la(@s, §, A, p) =l(@p1, §, 1) =0 for =24,
y'=L'(@)=Li(#)=[Gi(e, j, \) Gilz, j, », p) Gsla, §, )]

. [_'Q:F — Y5 Yied — Y1 Yyra— Y1 ]T

h.i hj+1 hﬁ-ﬂ
(2= 2= g S[Y—Y-1 Ys1—Y Yua—Ypa]
[( Pyst ) Pzt 1] (A, *“')[ hs B Pres ] 9)

in which
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(Gy(w, j, A)=8h (‘“““’f)ﬂ g (mh::f) A,

1 G, j, A, p)=3(—1+p ?h)(m_mj)g+2(1—ﬁb+2?u)rmh;fj F(1—A), (10)

hi+1
| Gs(a, j gy o
s(%, 7, p:)=3(1—aw)( e ) + 2(pw —1) T
" 8h 8(—1+ux—2) 8{@—p)
M, p)=| —4 2(1—p+20)  2w-1)|
B o [P 0

We can also verify that |
Gi(m: j.r ?“)+Gﬂ(m: jl Z‘: Lb)+G3(=TF, j: p.a)Ej., (11)
y"=L'" (@) = Lj(=)

- Y1 —Y Yi—Yi-a Yira—Yier Ysra ™Y Ap
—[Ha(z, §, 2) Halo, §, p)]| —2ist "* g2 et
1 h;f+1 h:i+1 §
where
Hy(z, j, M) =—6A =2+ 4n, Hy(w, §, p)=6(1—p) 5—2L~2(1—p), (12)
hj+1 h!'+1

Note that (6) and (9) in form, and (8) and (11) in nature, bear striking
resemblanoce to their counterparis of Bézier—Bernstein curves and B-gpline curves.
Furthermore, as A #0 and p+1, M,(A, ) and M;(A, p) are all non—singular.

3. The Geometrical Properties of Curve (6)

For ocase of manipulating the curve in CAGD, we now show how to produce
varieties of ourves from (8) by selecting proper control coefficients A and w. (In the
following cases, curves pass through all the data points P; (s, ¥), j=1, 2, ==+, n.)

(1) If the curve derived from (6) is U'-continuous, set A= .

(II) If the curve derived from (6) is O*—continuous and singly convex, set A=
satisfying

” Aj-l-i ;———-——2” } = ses — 1
2(1-.@{ A "1’ j=1, 2, =, n—1, O<p<l,

where A= Yivi—Y _ Yi— % , §j=2 8, -, n—1,
}"J+1 h;

Substitute w thus obtained into (8) or (4) to evaluate Py(@o, %), Far1(@ns1, Ynsr)
and finally ‘4, 4,. If 4, A, satisfy the following inequalifies respectively

z As o 2p o1q o Ay _ 2w

| SA-p) A 1—p G Ry R M B
then the curve derived from (6) is a smooth curve with single oconvexibty. and
("—continuity, which passes through all the data points and satisfies the end
conditions.

If the end conditions are not given, Po(@o, %) and FPai(Zas1, Yssr), and
consequently A, and A4, can be evalnated from (b).

(III) If we need a O*-continuous curve with a straight line segment between

P;t and P],-,.,_j_ {Flg. 1), let




332 ~ JOURNAL OF COMPUTATIONAL MATHEMATICS Vol. 1

A=0, u=1" in Mi(A, p),
=0, A=p  in M, (A, w),
A=1, p=p  in My (A, w),
B—1.
A=pe=py with §=4 %,
41,

(IV) If we want the curve to have a cusp at Py,; and is O'-continuous on
[21, Tus1), (Tres, 28] (Fig. 2), we should take A==y on [&y, 2p,1) and A== tgz.4
on (;’1?1_,_1., m,.] with FF > 3“#},.,.1.

(V) To require straight line segments between P;, Py, and between Py.y, Py,
a cusp at Py, and O'—continuity on (z1, 24,1) and (x4, z,) (Fig. 8), we take

A=0, p=1  in M (A, u), My.a(A, p),

p=0, p=p  in My ;(}, ),

A=1l, p=T  in My..(d, p),

My(A, p)=M,(u, p) with j<k—1,

M;(A, w)=My(@E, p) with j>k+2
and 0<p<1, 0<E<1,

(VI) To require a O'-continuous curve with an inflexion on [#, zx,;1] (Fig. 4),
we take

}\'=ﬁ: j.bﬂl in Mﬁ(}‘: au’):
A=1, p=p  in My,(}, pu),

—ie— et
L
=z
;;U
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s i
A==y a8 'aé{ i

The above six cagses can be justified by substituting proper A, p into (6). Figs.
1—4 are plotted out by an automatic drafiing maochine,

There is no difficulty in extending the freatment to the cases of several straight
line segments, cusps and poinis of inflexion.

4. Extension to Surfaces

If a set of points in space ig given by Py(%, z;, ¥y), ¢=1, 2,+, m; j=1,2,++, 1,
oxtengions can be made on the curves fo produce a surface in product form

y=38(z, ) =[li(z, i, a) UL(z 4, a, B) L ¢ a B) ULz i B)l4
(a(w, j, &) (=, 4, &, p) Wiz, 4, & p) UWls, 4, 1)]° (13)
By, =1, 2, v m—1; o, <rLy,1, =1, 2, +, n—1,
where
T Yi-t-1 Y-t Yi-tiger Yi-t448 T

A. e y"i §—1 yi!f y“: J41 'yh §+2

Yigt,i—1 Yivt,s Yigt. 441 Yitd, s42

~ Yisa,i—1 Yisz,s Yieni+1 Yira,943 -
‘ k 22 A8 2—2; \* 2—2

! —a ) +e( ) )

i e P (k-i+1 T (km

(2, ¢, a 19)=(1 ot k“:“ -l-a—ﬁ)(z“ﬂc )3

Ris1

+(—1—2a:—-2ﬂ. k}zi l ,3)(2_2{ ﬂ

i":l-l-:l.

i1 )ﬁ—zi .
+Hata S —1) 3R,

Is (2, 7, a, ‘8)=(B biys _ Kuiga 1+B+ﬂ)(g_z‘ )a

Bipa  Kiga Fipa

k k z2—z \? 22— %
1 e i+1 = i+1 2a 1 i
X +( )8 qu.ﬂ ki..;.ﬂ B + )( ki.;.:l, ) + ( ﬂ) El+1 3

(s, 4, B=@-BE((52) -(52)):

ki+1 ki+1

bij1=241—%, ¢=1,2, -, m—1;

where a, B8 are also control coeflicients satisfying O<a<C1, 0< 8«1, while l3(z, 4, A),
i2(2, j, &, p), Ws(®, j, A, p), U=z, j, p) remain unchanged as in (7).

Obviously, surfaces with corresponding characieristics can be readily developed,
as in § 8, by giving A, u, a, 8 their proper values.

Fig. b shows a surface paich obtained by formula (13) and drawn by a NC
drafting machine,
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