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Abstract

This paper is concerned with a multi-domain spectral method, based on an interior
penalty discontinuous Galerkin (IPDG) formulation, for the exterior Helmholtz problem
truncated via an exact circular or spherical Dirichlet-to-Neumann (DtN) boundary con-
dition. An effective iterative approach is proposed to localize the global DtN boundary
condition, which facilitates the implementation of multi-domain methods, and the treat-
ment for complex geometry of the scatterers. Under a discontinuous Galerkin formulation,
the proposed method allows to use polynomial basis functions of different degree on dif-
ferent subdomains, and more importantly, explicit wave number dependence estimates of
the spectral scheme can be derived, which is somehow implausible for a multi-domain
continuous Galerkin formulation.

Mathematics subject classification: 65N35, 65E05, 656M70, 41A05, 41A10, 41A25.
Key words: Helmholtz equation, High wavenumber, Global DtN boundary condition,
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1. Introduction

Time harmonic wave propagations appear in many applications, and a variety of situations
requires to solve the Helmholtz equation exterior to a bounded obstacle (or scatterer):

—Au — k?u = f, in Q. :=R%\ B,
u=g, on I'p:=09B, (1.1)
6,-u—ik:u=o(7“%), as r — 00,

where k > 0 is the wave number, B C RY, d = 2,3 is a scatterer with Lipschitz boundary I'p,
and the far-field boundary condition is known as the Sommerfeld radiation condition. On the
surface of the obstacle B, the Dirichlet boundary condition corresponding to sound soft surface
of B is imposed, while the Neumann or Robin boundary condition relative to sound hard or
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impedance surface, respectively, may also be prescribed in practice. In fact, the method to be
proposed in this paper works for these possible boundary conditions.

Apparent challenges in solving the exterior Helmholtz equation lie in (i) the domain is
unbounded, (ii) the problem is indefinite, and (iii) the solution is highly oscillatory (when the
wave number is large) and decays slowly. There is a vast literature devoted to its numerical
solutions such as boundary element methods [9], infinite element methods [17], Dirichlet-to-
Neumann (DtN) methods [23], perfectly matched layers (PML) [6], among others. In many of
these approaches, it is essential to truncate the unbounded domain to a bounded domain by
imposing an exact or approximate non-reflecting boundary condition at the outer boundary.
Formally, the problem (1.1) reduces to

—Au — k?u = f, in Q:=Qgr\ B,
u=4g, on I'p, (12)
Oru+ Gu =0, on I'g,

where Qg is an artificial domain that encloses the bounded scatterer B and contains the support
of f, and the Robin boundary involving the operator GG describes a typical transparent or non-
reflecting boundary condition on the outer boundary I'p of Qg. For instance, G can be the
Dirichlet-to-Neumann operator, which has a series expansion when 2z is a separable domain,
e.g., disk, ball, ellipse and ellipsoid.

In the past two decades, there has been an intensive research on the finite element dis-
cretization of (1.2) in various situations (see, e.g., [3-5,20-22] and the references therein). It
is known that when the wave number k£ becomes large, the mesh size h should be adapted to
k so as to resolve the waves. In two or higher dimensions, under the “rule of thumb” mesh
constraints kh < 1, the pollution effect exits for all degrees of approximation and deteriorate
the error estimates [20]. Thus, it is important to appreciate how the numerical errors depending
on the wave numbers. Babuska et al. [20-22] conducted a rigorous analysis using the (discrete)
Green’s functions, and Douglas et al. [13] used a different argument due to Schatz [32]. How-
ever, these approaches may not be applicable to (1.2) with a slightly complicated setting of
boundary conditions or scatterers. Recently, some methodology was developed in [11,24] (also
see [7,19,25,34]) for the a prior estimates of the solution of (1.2) in a star-shaped domain €.

The spectral method, which is vitally free of dispersive errors, is well-suited for wave sim-
ulations. With a proper boundary perturbation technique (or the so-called transformed field
expansion) [28], the Helmholtz equation (1.2) with exact DtN boundary condition can be re-
duced to a sequence of Helmholtz equations in a separable domain, e.g., an annulus and a
spherical shell (cf. [14,29,30,33]). Shen and Wang [35] provided a rigorous analysis of the
spectral-Galerkin method with explicit dependence of the errors on the wave number for the
Helmholtz equation in an annulus or spherical shell with exact DtN boundary condition. The
analysis for full coupled spectral-Galerkin and boundary perturbation was conducted in [30].
Indeed, within the domain of applicability of the boundary perturbation method, this approach
has proven to be fast and accurate. However, an element method is more desirable, when the
scatterer is complex with a large deviation from a “simple” domain.

The purpose of this paper is to propose and analyze a multi-domain spectral interior penalty
discontinuous Galerkin (in short, p-IPDG) method, for (1.2) with an exact DtN boundary
condition. We advocate a DG formulation for two reasons:

(i) flexibility for general scatters and benefit of p-adaptivity (different orders of polynomials
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might be used for different elements) by using the discontinuous Galerkin formulation
(see, e.g., [1,2,10,31] and the references therein).

(ii) appreciation of the IPDG methods for indefinite Helmholtz problems with large wave
number and global DtN boundary condition. Indeed, the available argument in [11,24]
does not work for the element method based on a continuous Galerkin formulation (cf.
[15]), but it is plausible for the IPDG approach.

It is important to mention the recent work of Feng and Wu [15], where an interior penalty
DG piecewise linear finite-element method was analyzed for (1.2) with G = ik (a first-order
approximation of the Sommerfeld boundary condition). Our method distinguishes itself from
the existing ones in several aspects. Firstly, to achieve high-order accuracy, we consider the
exact non-reflecting boundary condition with G being the DtN map, and introduce an efficient
iterative approach to treat this global boundary conditions to fully decouple the unknowns in
an element method. Secondly, we find that the penalty along the normal direction is sufficient
in our method, rather than additional penalty in the tangential direction in [15], which is more
convenient for implementation and analysis. Moreover, we characterize the dependence of the
penalty parameter on the edge length of each element (or subdomain), so the penalization could
be very flexible and non-isotropic along each edge.

The rest of the paper is organized as follows. In Section 2, we propose an effective iterative
approach to localize the global DtN boundary condition, and provide sufficient conditions for
its convergence together with some numerical justifications. In Section 3, we formulate the
p-IPDG scheme and analyze its stability. Then, we estimate the convergence of the iterative
multi-domain spectral-IPDG scheme in Section 4. The final section is for some numerical
results.

2. Localization of the DtIN Map: An Iterative Approach

Consider the truncated Helmholtz equation (1.2) with
g = 0, Qr being a disk or ball, and G being the exact
DtN operator. More precisely, the problem of interest
takes the form:

—Au—Ek*u=f, in Q=0x\B,
u=0, on I'p, (21)
Oru+Tu =0, on I'p,

where T is the DtN map to be specified below, and we
refer to Fig. 2.1 the underlying setup. We first review the
expression of the DtN map, and then introduce an itera-
tive approach to localize this global boundary condition.

Fig. 2.1. Truncation via DtN.

2.1. Dirichlet-to-Neumann map

The exact circular or spherical DtN nonreflecting boundary condition can be obtained by
solving the Helmholtz equation exterior to Q with f = 0 and given Dirichlet data u|r, (see,
e.g., [27]). Recall that
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o for d =2,

LOHV(R)
Tu= e Z )ule‘w, (2.2)

” (kR)

07“

where 6 € [0, 27), Hl(l) is the Hankel function of the first kind of order ! (cf. [26]), and
{@;} are the Fourier expansion coefficients of u|,—p;

e for d =3,

l

.0 nV (kR)
Tu=— § 1) > iwum Y™ (0, 6), (2.3)
—~ (kR)

m=—1

where hl(l) (z) is the spherical Hankel function of the first kind of order [, and {Y;"} are the
spherical harmonic function (cf. [26,27]), and {4, } are the spherical harmonic expansion
coefficients of u|,=g.

For notational convenience, we use 15, , with & = kR to denote the DtN kernel:

1y B’
T = TT(”) if d=2; T, = TT(“) if d=3. (2.4)
Hy' (k) ho' (K

We summarize some basic properties of Ty, . (cf. [27,35]) to be used in the forthcoming
analysis.

(i) For the 2-D kernel T,, ,, we have Ty, . = T_p, 1, and

1
I T, K 17 __< N S__; 215 2.
0<Im(Tp k) < - Re(Tm,x) 5o M (2.5)
1
Im(To ) >1, k>0, ~ox < Re(Tp,x) < 0. (2.6)
K
(ii) For the 3-D kernel T, ., we have
1 1
B CRe(Tpa) < -, 0<Im(Tm,) <1, m>1, (2.7)
K K
1
Re(Tp,.) = - Im(Tp ) = 1. (2.8)

(iii) The monotonic properties hold for both 2-D and 3-D kernels: (a) for fixed m > 1, Im(T), )
is strictly increasing with respect to x; and (b) for fixed x > 0, we have Im(T,, ) >
Im(Tht1,6),m > 0.

The Dirichlet-to-Neumann map given in the previous section is global in character, so the
naive implementation of a local element method would result in the coupling of unknowns (at
least of those elements along the outer boundary). The crux of the effective method is how to
localize the DtN boundary condition without losing the accuracy.
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2.2. The iterative scheme and its convergence

Hereafter, let Dy be a local operator, which only depends on the wave number k£ and the
radius R. We propose the following iterative scheme to solve (2.1):

— Ayt — 2yt = f, in Q,
untl =0, on Ip, (2.9)
Opun Tt + kDyuntt = (kDy, — T)u™, on Ig,

for n > 0 with given u°. In contrast to (2.1), the Robin boundary condition in (2.9) at the
outer boundary becomes local. Now, the important issue is how to choose Dy, so that (i) (2.9)
is well-posed, and (ii) the sequence {u"} converges fast to the solution u of (2.1).

With regard to the first issue, it suffices to require (cf. [12,18]) that

Re(Dy) >0, Im(Dy) <0, for d=2,3, (2.10)

to ensure the well-posedness of (2.9) as with the original problem (2.1).

Now, we turn to the second issue. Since the analysis for d = 2, 3 is very similar, we restrict
our attention to the 2-D analysis for the sake of clarity.

We first introduce some notation. Let L%(Q) be the Hilbert space of complex-valued func-
tions with inner product and norm, denoted by (-,-) and |lu||z2(q), respectively. In particular,
(-,"Yoq is the L2-inner product on complex-valued L%(9) spaces. Then the Sobolev spaces
H*(Q) (s > 1) can be defined as usual with norms, and seminorms denoted by || - ||+ (q), and
| - |s, @, respectively. We also use the wave number dependent H L_norm:

llullve = (w0 + E2lul3amy) - (211)
The following assumptions and conventions are assumed in the analysis:

(a) the scatterer B is star-shaped, i.e., there exist zp € B and a constant Cg such that

(x—zp) n., >2Cp >0, Vzels, (2.12)
where n;.  is the unit vector outer normal to B.
(b) the wave number satisfies k > kg > 0.
(c) the radius R of the artificial disk or ball satisfies R > Ry > 0, for some constant Ry.
For notational convenience, we denote

Om.kr = Di + T kR, 5517,@ = Re(0m,kr), 57;,“3 = Im(dm,kr), (2.13)

where T}, g is defined in (2.4).
Now, we are ready to present the main result on the convergence of the iterative scheme
(2.9), which provides the sufficient conditions for the choice of Dy.

Theorem 2.1. Let u and u™ be the solutions of (2.1) and (2.9), respectively, and let e" ™1 :=
u—u"t. Assuming that Dy satisfies (2.10) and the assumptions (a)-(c) (with xp = 0 in (2.12))
hold, we have for d = 2,

2
lle™ I o + (RE*Im(Dy)* + kRe(Di) ) lle" 12 r ) + BRIV L 0, +Co | 0ue™ | o
< 81 (k) (REIm(Dy)* + kRe(Dy)) le"[|Z2(r ) + S2(B) R Vre™(|L2(r ), (2.14)
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where
k*W (k) 2
k) = 1)
S1(k) Rk2Im(Dk)2—|—sze(Dk)| o.kr["s
K2 W (k)
k) = S ir)?
Sa(k) 7 lgll‘%{ﬂm kR)’},
with

_ 3R R(Re(Dy)*+1)) | (1-2kRRe(Dy))’

Wik) == Tm(Dy )2 2k2 RIm(Dy,)2

Therefore, by choosing Dy, such that
Sz(k)<1a i:1527

we have the convergence

llu—u™li,0 =0, as n— cc.

Proof. We find from (2.1) and (2.9) that e"*! satisfies

—Ae™ ! — E2entl = 0, in Q,
entl =0, on I'p,
Ore"t + kDpent! = §re™, on Ig,

where 0y, := kDy, — T (cf. (2.9)) and €° = u — u°.

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

Suppose that G C R? is a bounded Lipschitz domain with a boundary OG and that v €
H?(G). Then for every k > 0, set g := Av + k?v and let p be the unit normal vector pointing

out of G. Let Vv be the tangential derivative on 9f). Similar to Lemma

/(|V’u|27k2|v|2+g17)d:c:/ E@ds,
G

aoc Ou
and
/ (2 — d)|Vv|* 4+ dk?|v|* + 2Re(ga - V©))dx
G
_Ov

2.3 in [7], we have

:/ac (ac . u(kz2|v|2 + ‘g—zr - |VTU|2) + 2Re(x : VTUa_u»dS'

Applying the above identities to (2.19), we find that
aenJrl_
[ werstp ety do = [ S,
Q

o O

and

(2= a)|Ve™ 2 4 dk?|e" ! |?) da

S

:/asz {ac . u(kz2|e”+1|2 + ‘62;:1‘2 - |VT6"+1|2> + 2Re(ac . VTWé)e—) }ds.

(2.20)

n+1
o
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Using the homogeneous Dirichlet boundary condition on I', and adding (d — 1) times the real
part of (2.20) to (2.21), we obtain

aenJrl 2
/ (|ven+1|2+k2|en+1|2) dl’zf/ R ‘ ds
Q T's 2l on,

5 (2.22)

2| n+12 demth2 n+1)2 demtt

+ {xu(k e +‘—‘ — Ve ) —l—Re((d—l)—e”“)}ds,
I'n o o
where we have used the facts
Vre"™ =0, on I'p; z-Vyertl =0, on Ig. (2.23)

Since B is a star-shaped scatter (cf. (2.12) with xp = 0), we obtain from (2.22) that

Hent1 2
(Ven+1|2 + k/’2|6n+1|2)dI + CB + RHvTen—i-1H22
L2(Tr)
Q Ou NL2(rp)
2|,n+12 et 2 —1‘9enJr1 224
< k2|en ‘ ‘ d—1)en+ ds.
_/FRR< le"H* + o )+Re(( )e on ) s

Thus, it is enough to bound the term on the right hand side of (2.24). Notice that by the Robin
boundary condition, the right hand side of (2.24) becomes

RHS of (2.24)

:/ R(kj2|en+1|2 + |5ken _ kaen+1|2) + (d _ 1)Re(((5k€n _ k,Dken—H)W)dS
'r
=/ (R(kz2|en"’1|2 + |Ore" — kae"+1|2)
'r
+ (d — 1)Re(Spe"e™ 1) — (d — 1)kRe(Dk)|e”“|2)ds. (2.25)

Multiplying the first equation of (2.19) by e™*!, integrating the resulted equation over €, and
using the Green’s formula and the boundary conditions, we find that the imaginary part of the
resulted equation is

Im(/ (re™ — kae”H)st) =0, (2.26)
I'r

which implies

k/’|1m(Dk)|||€n+1H%2(rR) = [Im(0re™, "), |-

Thus, by the Cauchy-Schwarz inequality,

lle™* 72 (2.27)

1 2
t0 < (Do 1 2
Notice that

/ R|0re"™ — kDye™ 1 |2ds = / {R|6ke”|2 + RE?| Dy |*e™ T ?
FR FR (2.28)
— 2kR(Re(Dre™ " )Re(6ke™) + Im(Dye™ ) Im(5xe™)) }ds.
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By splitting the second term in the above identity into Rk*Im(Dy)?|e"™t|? and REk*Re(Dy,)?
le" 1|2, and using (2.26), we derive

/ {RkQIm(Dk)2|e"+1|2 - 2kR(Re(Dke"+1)Re(6ke") + Im(Dke”H)Im(aken)) }ds
I'r
_ / { REIn(Dy) (= Tn(e™ Y Re(Be") + Re(e™ ) Tm(5ee") )
I'r
n 2I<:R< — Re(Dy)Re(e" ) Re(0ke™) + Im(Dy,)Im(e™ ) Re(dxe™)
— Im(Dy,)Re(e™™HIm(6pe™) — Re(Dk)Im(e”H)Im(éke")) }ds
:/ { = REPi(Dy)? " 12 — 2k RRe( Dy Re(e™ 1 em) }ds, (2.29)
I'r
where we have used the facts due to (2.26) as follows
/ RE*Tm(Dy)?|e™ ™ 2ds
I'r

= { — RkIm(Dy,)Im(e"T")Re(6re™) + REkIm(Dy)Re(e™ ) Im(6,e™) }ds.
I'r

Inserting (2.29) into (2.28) leads to
/ R|0re™ — kDye™|?ds (2.30)
I'r
:/ {R|5ke”|2 + RE?Re(Dy)?e"1)? — RE*Im(Dy,)?|e" T — 2kRRe(Dk)Re(e"“5ke")}ds.
I'r

So it follows from (2.25) and (2.30) that

RHS of (2.24)

= [ R|ore"|* + (RkQ(Re(Dk)Q +1) — (d — 1)kRe(Dy,) — Rk:QIm(Dk)Q) e T2

T'r

+ (d — 1)Re(dpe"em 1) — 2k RRe(Dy)Re(e™ T oyem)ds. (2.31)

For the last two terms on the right hand side of (2.31), noting that Re(die™e"+1) = Re(e" 1o e™),
we derive from the Cauchy-Schwarz inequality that

/ (d — 1)Re(sge™ent1) — 2kRRe(Dy)Re(e" 1 oen)ds
I'r

=(d—-1- 2k:RRe(Dk))/ Re(dre™ent1)ds
I'r
1 2
SE |5k€n|2d8 1 (d 1 2kRRe(Dk)) / |€n+1|2d5.
2 Jrp 2R -

Then a combination of (2.24), (2.27), and (2.31) leads to

2

6€n+1‘ +R||V en+1H2
Ou |lL2ry) T LA(Ts) (2.32)

+ (RIPI(DW)? + (d = DERe(DY) ) [ 22z, < WGk 21,

lle™ 2 + Cis |
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where W (k) is defined in (2.16).
It remains to bound [|0xe"||z2(r ). Recall that oxe™ = (kDy —T')e™, and by (2.2) and (2.4),

(0pe™)(r,0) = Z k(Dy + Trmxr)er, (r)e™? 6 € [0,27], (2.33)

|m|=0

where {€I'} are the Fourier coefficients. Thus, using the notation in (2.13), we have from the
Parseval’s identity that

oo o0

/ [Ghe"Pds = 2w RE> Y (0f% wp)?|em (R)[” + 27 RE? > (68, i) e (B[
FR — —
|m|=0 |m|=0
2 2| an 2 2 —15R 2 = 2| an 2
< 21 RK?|60 ur|?| €5 (R)|” + 27 R maxo{(|m| SR er)?} D mPlen(R)]
|7 il
+2rRE? max {(Im| 7161, ,n)?} S m2[en(R)|”
|50 ’
|0
< K 60.kr Pl |20,y + K mex {(ml ™ 0m kr)* HIVTE™ 1205y (2.34)

Therefore, the desired estimate (2.14) follows from (2.32) and (2.34).
Finally, by choosing a suitable Dy, satisfying (2.17), we get

IVre™|L2rp) — 0, [le"[L2rg) — 0, ||8Me”"’1||L2 0, asn — oc.

rs)

By (2.14), we also have |[|[e" ||, — 0 (n — 00). a

Remark 2.1. The main argument is essentially the same as in [11,24,25]. Though we just
stated the convergence result for d = 2, the analysis for d = 3 is very similar by using spherical
harmonics in (2.33) and (2.34). Indeed, the situation is reminiscent to the proof of [35, Lemma
3.1], where the case with d = 3 is slightly easier to handle than the case d = 2.

For a better appreciation of the sufficient conditions on Dy, in Theorem 2.1, we provide some
sample selections of Dy, .

2.2.1. Case I

Choose Dy, = —Ty kR, defined by (2.4) with d = 2. We find from (2.6) that Dy meets (2.10).
Moreover, we have dg xr = 0, and S;(k) =0 < 1.
To justify this claim, using the facts Im(7p rr) > 1 and fﬁ < Re(To,xr) < 0, leads to
Wk)< 2R+ —2—. (2.35)
-2 4k2R
Note that

2 1 2
(T = 2 _ . 2.36
m( 0, ) P Jg(’f)+Yo2(’f) 7TK|HO(1)(K)|2 ( )

Since the term x(JZ (k) +Y#(k)) is an increasing function of & (cf. [36, Page 446]), then we have
2
7Tk0RO|Hél) (k‘QRo)P 7

1 < Im(Tp.,) < (2.37)
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where we used the assumption kR > kg Ry.

We estimate the bound of max(|m|_I(an’kR)2 for |m| # 0. We will use the facts that
0 < Im(Tmkr) < 1 (m # 0) and an accurate approximation for Im(T,, xr) is (cf. [35, Page

1962])

2 .
B 1—2 if k>m>1,
m,K

1 .
com™ 3, if kK=m,

where cg =~ 0.7954.
For k > m > 1, by (2.37) and (2.38), we get

IN

2 m2\\ 2
(m=16L  r)? m~! —3/1-—
K (ﬂ'k'QRolHo(l)(k’oRo)P HQ >)

IA
3

1 2 m2\\ 2
(s )
7rk0R0|H0 (kORON2 K
2

—1/( % m 2<4C*
m (C +§)) =2

2
7Tk30R0|Hél)(k'ORO)|2

(
(
(

where

*

For k < m, we derive

2 2
(1) 2)) = ( 2
mhoRo|Hp ' (Ko Ro)| k

(m='6}, kr)? < (m™'Im(Tpk))* < (m_l(

Consequently, we have

- (c*+1)2
‘Iﬁf%ﬂm o kr)” < TRRE
For |m| # 0, by (2.5)-(2.6), we arrive at
—1sR )2 _plm\? 1
(Iml =88 ) < (Im 755 ) = o
Then we estimate the bound of S (k)
k% /5 9 \(c*+1)2+1 5 9 N(cr+1)2+1
k)< —(= <|(= .
S0 < 5 (37+ om) e < (2+4k§R3) R?

Consequently, if 1
R > max{((g + ﬁ) (¢ +1)*+ 1)) E,RO}7

then Sa(k) < 1.
Here, we provide some reference values of ¢* :

(koRo, c*) = (0.1,0.90098), (0.2,0.48124), (0.3,0.32015), (0.5, 0.18076), (1,0.07298).

Note that ¢* decreases as ko Ry increases.

C* + 1)2

(2.38)

(2.39)

(2.40)
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2.2.2. Case II

Choose Dy, such that Re(Dy) = 0 and Im(Dy) = —1, i.e., the first-order approximation of T
It follows from (2.37) that

*2

60,kr|* = |Re(Tox)|* + [Im(To k) — 117 <

= e e

We have W (k) = 3R + 555, and
W (k)|0.xr|? 5 1 1 2 5 1 1 2
= < — e - < = .
S1(k) =Gt e v = G o) (e + <)
By direct computation, we see that S;(k) < 1 holds if the condition

kR > max { (V2+ (5 - 402)" 454 40) [2(8 - 20¢?), kORO} (2.41)

is satisfied with ¢* < 0.63246 (e.g., koRo > 0.2, inferred from (2.40)). Therefore, S1(k) < 1 if
(2.41) holds.
For m # 0, we have

—1sR 2 _1|m[\2 1
(Im|™ 0,5 kr)” < (|m| E) = R (2.42a)
(Jml =L, kr)® = Im| "2 (1 — Im(Tin k)" (2.42D)

We estimate the bound of max(|m|_15£L7kR)2. For k > m > 1, by (2.38), we get

(0~ I (T))” < (= (1~ 1 - 21_22))2 < (m(1-1+ 7:_22))2 <X

K2

For k < m, it holds that

Consequently, we have

9 1

—151
lg%ﬂm Omir)” < 7o (2.43)
Then
k2 /5 1 2 1 1
B < = (2R+ —— — (5+—=5).
S0 = (37 + 55 ) e < 7 (5 kgRg)

1/2
Therefore, if R > max { (5 + ﬁf) ,RO}, then S (k) < 1.
0~"0

2.2.3. Case III
Choose Dy, such that Re(Dy) = 0 and Im(Dy) = —Im(Tp xr). Similarly, we have

1
2 2
[00,kr|" = |Re(To,kr)|* < 2R
3 R 1 5 1
k=2 SRyt
W) =58+ Tamorm T 2 mmmmem? < 28 2R
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This leads to

5 1 1
(e )L
Sik) < (3 opm ) e
Hence, as k?R? > 1, then S1(k) < 1.
For m # 0, it follows from (2.39) and (2.42) that
_ _1]m]\2 1 _ (c*+1)2
(208 ip)* < (Il 2) = s (Il ™0 ) <

so we have

k% /5 1 \(c*+1)2+1 5 I N(r+1)2+1
<=(= =(= .
Sa(k) < 5 (2R+ 2k2R) 2 R? (2 + 2k3R3) R?

Finally, if )
R > max{((g + ﬁ)((c* +1)% + 1))§,R0}7

then Sa(k) < 1.

2.3. Numerical results

We feel compelled to provide some numerical results to illustrate the convergence of the
proposed iterative scheme. To mimic the continuous setting, we discretize (2.9) with d = 2 and
with the scatterer B being a disk, by a very accurate spectral solver in [35]. More specifically,
we consider the following problem:

—Au"tt — 2yt =0, in Q:= {(:c,y) ral <42 < RQ},
W= =g, (2.44)
(67- + ka)un+1|7-:R = (k‘Dk — T)u”|,-=R,

where R > a > 0 and g,u" are given.
Under the polar coordinates (r, ), we expand the data and solution in Fourier series as

{un+1(r,9),g(9)} = Z {a?n+1(r)7§m}eim9.

|m|=0

Notice that T is given by (2.2). Then, the problem (2.44) reduces to a sequence of 1-D equations:

1d/ d it

— () T =0, € (o R), [m| >0,

Ut (a) = gim, (2.45)
d . o

(% + KDy )i (R) = k(D + T )i (R),

Thus, at each iteration, we use the spectral-Galerkin solver (cf. [35]) to update u"*! from u™.
Using the method of separation of variables, we find that (2.1) admits the solution:

= HY(kr) . |
u(r,6) = Z o gne™ . r>a, e [0, 2], (2.46)
m|=0 HY (ka)
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-2 \rcwircilei—:kgiio{) j\

I square--k=150!

i oo
star----k=200,

T circle——k=40 1
: square”kzsq
LStar-—-k=150,

Iogm(Lz-errar)

30 40 50 60 70 80 90 20 30 40 50 60 70 80

Fig. 2.2. Convergence of of the iterative scheme (2.44): L?-errors against N. Left: Example 1 with
k =100, 150, 200. Right: Example 2 with k = 40, 90, 140.

which implies

() (.
Mgm; a<r<R,

W (ka)

satisfies the reduced one-dimensional problem.

U (1) =

In the following computations, we measure the errors: EY = maxn|<so ||ty — Uy, x|l
where 4y, y is the numerical solution obtained by the spectral-Galerkin scheme in [35] (with
N + 1 modes). We truncate up to |m| < 50 in @ direction, so that the truncation error is
negligible. We take g(f) = exp(sin(f)), and test two examples with the following setup:

o Ezample 1. Take a =1.4,R = 3,Re(Dy) =0 and Im(Dy) = —Im(To xr)-
o Example 2. Takea =25,R =4 and Dy = —Tp xr.

In Table 2.1 (resp. 2.2), we tabulate E% and the number of iterations for various choices of k
and N for Example 1 (resp. Example 2). The iteration is terminated when max|,,|<so ||1111L+ ]1, -

Wl nlloo < 10712, We observe a fast convergence of the iterative scheme and spectral accuracy
as NN increases.

Table 2.1: Convergence of the iterative scheme (2.44) for Example 1.

k=100 k =150 k=200
N | n EyN N n Ey N n EY
20 | 14 | 3.63e — 02 | 40 17 1.0le — 02 50 18 1.88e — 02
30 | 15 | 4.37e—08 | 50 | 16 | 8.48e¢ — 07 60 | 12 | 6.25e — 06
50 | 14 | 1.87e —12 | 60 14 | 3.48e — 12 90 13 3.51le — 12

Table 2.2: Convergence of the iterative scheme (2.44) for Example 2.

k=40 k=90 k =140
N | n EY N n EY N n EY
20 | 20 | 3.86e — 04 30 | 16 | 4.30e — 02 45 | 17 | 1.76e — 02
30 | 21 | 1.69e — 10 40 | 20 | 2.55e — 06 55 | 18 | 2.64e — 06
50 | 17 | 1.71e — 12 60 | 24 | 8.67e —13 70 | 14 | 4.40e — 12
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In Fig. 2.2, we plot the log,, of L2-errors versus N for a wide range of k, and the stopping
criterion is the same as before. We visualize a spectral accuracy even for large wave numbers.
Indeed, these results verify the effectiveness of the localization technique.

3. The Multi-domain Spectral IPDG Method

In this section, we describe the multi-domain spectral interior penalty discontinuous Galerkin
method for solving (2.9) with a general scatterer.

3.1. Notation and setup

We start with introducing the conventional notation and setup (see, e.g., [8,15,31]) for the
discontinuous Galerkin method.

e Define the broken Sobolev space
S = H HTYEK), ¢>1, (3.1)
keQp

where Qp, is a partition of the computational domain 2, and A is the discretization pa-
rameter for the mesh. In this context, each element K € Qj, is a quadrilateral. For each
edge/face e of an element K € Qj, we denote |e| := diam(e) and hi := diam(K). It is
clear that

le| < hx. (3.2)

e We also use the following notation:

E,Il := set of all interior edges/faces of Qp,
EF(EP) := set of all boundary edges/faces of Qj, on T'r(T'p),

EIB .= &l UEPset of all edges/faces of Q, except those on I'g.
e Define the jump [v] and average {v} of v on an interior edges/face e = OK; N 0K as
vk, — v|k;, if the global label i > j,

[v]]e = (3-3)
v|x; — v|Kk,, otherwise.

If e € EP, we set [v]|e = v|.. The average is defined as follows

(vlg, +vlk,), ife=0K;NIK;. (3.4)

N =

{vHe =

If e € EF or e € EF, set {v}|e = v|. For every e = OK; N OK; € &L, let n. be the unit
normal on edge/face e pointing from K; to K if i > j and from K to K; otherwise. For
every e € EFUEP, let n. = ng be the unit outer normal of 9.

e Define the sesquilinear form

a(w,v) = b(w,v) — i(Jo(w,U) + Z Jj(w,v)>, Vw,v eS8, (3.5)

Jj=1
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where
swne) = 32 = 3 ({goht), + o (G }iel),)
KeQn ec€lB ¢ ¢
)= 35 ol o)
celB
0= 5 (i) (125 (25,
where o is a real number; Y9 ¢, Y1,e, * -, Vg,e ‘9“}’ denotes

the jth order normal derivative of w on e, and N, is the largest degree of polyriomial on
the elements associated with e.

e Introduce the semi-norms on the space S7 :

whow = (2 IVolau) s (3.6)

KeQy

70,e le| \27— IH v ‘2 B
v + + md ’

| (| |1 o, XS;B B | ||L2(e) ;egl'h ( ) [anﬂj L2(e)>
(3.7)

ov Y112 3

I (o ) i
ollvg = (103 g Z ool U e (38)

It is easy to check that for any v € 89,

Re(a(v,v)) = |v|igh — 2Re Z <{ dv }, [v]>, (3.9)

on
ec&lB €

Im(a(v,v)) = = (Jo(v,v) + Ji(v,v) + - - - + Jg(v,0)). (3.10)

The IPDG weak formulation for (2.9) is to find u"*! € §7 such that
a(u" T v) — B2 (w1 0) + kD (™ o), = (f,0) + (0pu”, v)r,, Vv € S, (3.11)

where 6, = kDj — T as before. The parameter o in a(-,-) may take the value —1, 0 or
1. Correspondingly, the formulation (3.11) is referred to as the symmetric interior penalty
Galerkin (SIPG) scheme if o = 1; the nonsymmetric interior penalty Galerkin scheme (NIPG)
if 0 = —1; or the incomplete interior penalty Galerkin scheme (ITPG) if o = 0, see [31]. Here,
we restrict our attention to the SIPG case, i.e., o0 = 1.

For any K € Qy, let P,(K) be the set of all polynomials of degree at most p on K. We
introduce the (IPDG) approximation space Vi as

Vn = {v € L*(Q) : vk, € Py, (Ki)}, (3.12)

where N = max{p; > 1: 1 < i < N} and N}, is the element number of the partition Q.
Suppose that the p-quasi-uniformity assumption holds, that is, the degree p; on any element

K; satisfies
max p;

- <Cq, 1<i¢< Np,
min p;
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where the positive constant Cg is independent of |e| and N.
The multi-domain spectral IPDG method is to find u}@“ € Vi such that

an (Ut o) — B2 (U un) + EDp (T on)rs = (f, on) + (Skul, on)TR,  Yon € Vi,
(3.13)
where ay(ulyy"",vn) = a(u?VH,UN) and the choice of Dy and R is strictly satisfying the con-
vergence of the iterative scheme (2.9).

n+1
N

We state the following continuity and coercivity properties for the sesquilinear form af(-,-),
which follows from (3.5)-(3.10). For any w, v € §%, the sesquilinear form a(-,-) satisfies

la(v, w)l, la(w,v)| S [[v]lnqlllwlli~.g: (3.14)

Here and in the remainder of this work A < B and A 2 B is used instead of A < CB and
A > CB, respectively, for some positive generic constant C independent of N and ¢q. And
A ~ B is a shorthand notation for the statement A < B and B < A.

For any 0 < € < 1, there exists a positive constant C¢ depending on € and independent of
k, N and the penalty parameters such that Voy € Vi,

C.N
Re(an(on,on)) = (1 €+ T)Im(aN(vN, o) 2 (L= Olonling  (315)

where 79 = miPB {70,e}. Indeed, one just needs to prove
ecé

h

i, ~ e Y ({22 o) )+ S om0

ec&lB

which follows from the Cauchy-Schwarz inequality applied to the second term of the above
inequality.

Taking v, = u%“ in (3.13), and taking real part and imaginary part of the resulted equation,
we obtain the following lemma.

Lemma 3.1. Let uly' € Viy be a solution to (3.13). Then we have

‘“Nﬂﬁ,gh _2Re( > <{ on }’[“NHD) K ||“NH||2L2<Q)
ccelB ¢ (3.16)

+ RRODL) it e, < [Re((F 0l + e e

)

and

’YO,eN +171(2 4102

Z le] [y ]HLz(e) + k[T (Dy )| [July HL2(FR)

ec&lB (3 n
q i i, n+l .

le|\2-1 1 2 B .
* Z:l ZI %’e(ﬁ) H[ 37]:; ” L2(e) = ‘Im((f’ uy™) + <5’“UR”“NH>FR> :
j=1leecg]l €

The following local Rellich lemma in [15] will be used in our analysis.
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Lemma 3.2. Let a(z) ==z —xzp,v € SL,K,K' € Qp, and e € E,ILB. Then there hold

d||v|\%z(K) + 2Re(v, - Vo) g = / a-n,,|v|*ds, (3.18)
0K
(d— 2)[Vo]20) + 2Re(Vo, V(a - o))k :/ a-n,, [Vol’ds, (3.19)
0K

<{ dv }, [a- Vv]>e - <a ‘ne{Vu}, [Vv]>e

on,
d—1

=3 [ {2} - n ) [ as 50)

=1

where d = 2,3, {7}}¢=! is an orthogonal coordinate frame on the edge/face e € E; an

Vv - 7l is tangential derivative of v in the direction ..

00 .
d ot

We will also use the following discrete trace and inverse inequalities. In view of (3.2), for any
K € Qp and z € P,(K), the following results hold:

Il z2om) S phi 2Nzl oy S plel ™21l agaer, (3.21)
IVzllL2 ey S PR 2l oy S PPlel™ 2l Lo (3.22)
4. Stability Analysis and Error Estimates

This section is devoted to the stability analysis of the IPDG scheme (3.13) at each iteration,
and error estimates of the full scheme.

Theorem 4.1. Let u’]i;rl € Vn solve (3.13) and suppose the penalty parameters ;. > 0, for
any 0 <i<gq. Then

1 1/2
i ey + 7 15 o + 3 (Con 3 1903 22
668,13
" /2 1 " 1 1112 1/2
(B2 S e, V(0 D (R i gy + 5 9 ) )
eEE 668,?
5 CstabM(f7 6ku?\[)a (41)

where M(f, 5uuy) = | fl 2 + 106y o rpy - and

Clstap = ! ! 1+ N + N+,/—N+N2+N5
stab *k.'Im(Dk)' k’2 1<]<q Yo, Y0,e Y0,e Yo.e
b (TN 4 N ). g

+

N Yi.e .
7 ax (\/WLE + N) ; if ¢>N.

Proof. Following the argument used in Theorem 3.1 in [16] and Lemma 3.1 in [35], we sketch
the derivation of this estimate in Appendix A. O
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Remark 4.1. Under the assumption of quasi-uniformity of the mesh, we can write v;. =
75, 0 < j < g on all edges. Based on the estimates, we may analyze the choice of penalty
parameters. To minimize the stability constant Cszap, we may choose vo = N2, v; = N~71727
for 1 < j < ¢, so that

N3 N2

1
Cstab ~ 7= + =5 +

klIm(Dy)| k2 k2 (42)

With the aid of a priori error estimates, we analyze the convergence of the full scheme.
Define the error function eyt := u"+! — %t where u"+! and u);t! are the solutions of (2.9)
and (3.13), respectively. Assuming that u™*! € H*(Q) with s > ¢ + 1, the variational formula
(3.11) holds for vy € V. Subtracting (3.13) from (3.11) yields the error equation:

an (et on) — B2 (et un) + kDt on)rs = (Okeh, )R, Vo € V. (4.3)

We also suppose that the following Poisson problem is H?2-regular in the sense that for any
1 € L2() there is a unique ¢ € H?(2) such that

N )
(b = 0; on FB; (44)
¢r +kDpp=0, on Iy

and
1Bl m2) S FllYlL2(0)- (4.5)

Theorem 4.2. Suppose that yo = N?, v; = N71723 for 1 < j < ¢ < p := min{N + 1, s}.
Assume that the problem (2.9) is H*-reqular and u™ € H*(2) for 0 < m < n+ 1. Let u™*!

and ulytt be the solutions of (2.9) and (3.13), respectively. Then the following error estimate
holds
1 3 Re(Dx )y &
+1 +1 Q +1 K +1
it oy + 7 €3 gn + =22 19eR e + (o) R ey
< BuwNe™*, (4.6)
where
5 3 3 3 1 1 s
By i= (k% + k3N 4 KENZ 414 8 4+ CEL R V) D (lu e -
m=0

Proof. Let f/]i,*l be the elliptic projection of 4! such that
aN(unJrl,UN)+ka<Un+1,’UN>FR :aN(ﬁ?v+1,UN)+ka<ﬁ?v+1,UN>FR, Vony € V. (47)
We write eft! =yt — ¢nF1 with

n+1 ~n—+1 n+1 n+1 ~n+1
— N & — Uy .

X =u = Uy

Without loss of generality, we assume that £€° = 0 and VE° = 0 on I'g. It follows from (4.3)
and (4.7) that

an (€™ on) = B2 (€T on) + kDR (€ on)r, = =K (X" on) = (Okel, on)rg,  (4.8)
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which implies that £t € Vi is the solution of the IPDG scheme (3.13) with f = —k?x"*!
and druR; replaced by —dre%. Under the assumptions (4.4)-(4.5), analogously to Lemma 4.4
in [16], we have

1\s—1
I g+ VEID I oy S Cra(55) 0 ey (4.9)
1\s5-2
HVXnHHLN,q + k| Dg| ||VXn+1HL2(FR) < CLQ<N) ||un+1||HS(Q) 7 (4.10)
1\s-1
I 20 S Coa(5) I e, (4.11)

where

N N N\ kDl 12
Crg zkl/Q((l—f— %) (1_‘_% +jz=;N2J 1%‘) + (1-1-%) N ) )
2,9 — ,YON N F b

Then applying Theorem 4.1 and (4.11) to (4.8) yields

1
€7y + & 1671, g, + iz v+ (B2 ens

1\s—1
SCotar(Coak®() 0" ey + 108K oy )-

We now estimate ||xeR || 2(r ). Similar to the estimate (2.34), [[dkeR[| 2 (r-,,) can be bounded
by

(4.12)

10keR | r2rp) < Kldokr| l€X L2 + klgll% {Im| ™ 6mr} VreX |l L2
< ko, krl (1€ 22 rpy + IX N2 rn) )
+k max {Im| ™ 6mr } (IVE | Lorny + VX" L20p) )
S kldokr| 1€ L2 (rpy + K lgllgz% {Im|" 6 kr} IVE [ L2rp)
+ |Go,krlk? [ Dy| 72 Cy N " |7+ )
+ k2 |Dy| "2 max {Im| ™ 6 kr }C1aN?~* ™| o 3y » (4.13)

where in the last step, we used the estimates (4.9)-(4.10).
On the one hand, by (4.12) and (4.13), it holds that

1
1 o] Re(Dk)\ 2
6™ oy + 5 167 10y + S22 196" ey + (F522) 1€ e

5 Cstabk|5O,kR| ||€n||L2(FR) + Cstabk |£In1\a::§) {|m|716m,kR} ||V§n||L2(FR)

+ CstapCa gk* N1 ~* ||u"+1||HS + Cstab|50,kR|k7% |Dk|_%01,qN1_s ™[ g7+ ()

()
+ Cytapk? |Di| 2 max {Im| ™ Omkr } CLaN* 7 (U] 112 ) - (4.14)
m

Note that
Crq SKNTF, Cog SKENTF Cuap SE'+ N3%~2 + N2k2,
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It follows from the previous three cases of Dy that
Gorrl < —. max {im| ™ 6muir} < L
TN ERT [ml#£0 m ~ kR’

We give a preasymptotic error estimate for a fixed Dy, with an appropriate choice of R

1

H‘E +1HL2(Q) + P ‘5 +1|1,gh + ZR va +1HL2(FR) + (

Re(Dk)\% | on
TK)2 H‘E +1HL2(FR)

1
Cca Re(Dg)\ 2 Iardkos
S kR V€ N p2rpy + (T) 1€ L2(rp) + Cstark> NZ ||un+1HHS(Q)
1_g T 1.3 4
N2 " o) + O3 k2 N> 72 [u”]] g - (4.15)

By deduction and the assumption of €2 and V& on I'g, (4.15) becomes

1
1 ce Re(Dk)\ 2
I+ iz + 7 (€74, g, + 2 IVE 2y + () I 2y
7 fasy
SE RN+ N2 RN [[u™ ey
m=1
1 1 1_ o =
+ (1+CSR’€_§N)NT6 7™l - (4.16)

m=0

On the other hand, combining (4.11) with (4.10) leads to

1 C% Re(D ) 3
I ey * 3 I s+ 2 19X gy + (o) I sy

1
S(FT1C1GNY" 4 Cp g N5 4 GG kg2 ) [

S(1+kE 40 kN NE (4.17)

(DN

Notice that [y" 1|, o, < X, & .- Adding (4.16)-(4.17) results in (4.6). O

Remark 4.2. Notice that the first three terms in By y indicate the “pollution errors” of the
full DG iterative scheme.

Finally, by recalling Theorems 2.14 and 4.2, we have the DG approximation error bounds
in the wave number dependent H'-norm for the multi-domain spectral IPDG scheme (3.13) as
a numerical approximation to the original problem (2.1).

Theorem 4.3. Under the conditions of Theorems 2.14 and 4.2, we have the estimate

= w12 0 + FRe(Di) [ — w |2 2y + min{ o, RYIV(u — )22y
S(S1(k)" (RR*Im(Dy)? + kRe(Di) )16 3 r,
+ (S2(k)"RIVTE [2a(rg) + BE yk2N'2, (4.18)

where Dy, is appropriately chosen such that S;(k) < 1,i=1,2.
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5. Numerical Results

We now present numerical results to demonstrate the convergence of the scheme (3.13). Let
the scatterer B be an octagon with the length of each side being 2rsin(7/8) (cf. Fig. 5.1 (b)
for the definition of r). We plot in Fig. 5.1 (b) the partition of the computational domain €,
and depict the grids on one element in Fig. 5.1(a).

=2 1= -n+Za+O1-m)
Re(€, w3, 24)
20/c2(&, x5, 24) + d2(€, 73, 14)
y=21-90-n+ 21+ -n)
Rd(§,y3, y4)
20/c2(&,y3,ya) + (€, Y3, ya)

(1+n),

(5.1)

(1+m),

where
e(asze) = T+ FA+6), dEysu)=21-+501+6).

1

0.5

0

-0.5

Fig. 5.1. (a): grids on the reference square (left), and the curved element (right); (b): partition of the
computational domain.

We first test the iterative p-IPDG solver (3.13) on a problem with exact solution. More
precisely, we consider
— Au—k*u = f, in Q,
u =g, on I'p, (5.2)
(0r + kDg)u = (kDy, — T)u+h, on Tg,

with the exact solution
u = cos(v/ a2 +y?) + isin(v/x2 + y?),
where Dy, and T are the same as before, and f,g and h are determined by exact solution.
In the computation, we evaluate the DtN operator T' by a suitable truncation:

Mo 0.HV(kR)

TMu::f Z k

(R)e", (5.3)
T HV(RR)
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and adopt the stopping rule for the iteration: Huﬁ;r1 —u||oo < 10719 We choose M = 50, Dy, =
—To,xr and the penalization parameters are y9 = N 2and y; =1 /N.

In Table 5.1, we tabulate the number of iterations n, which is taken to meet the stopping
rule, and the numerical errors: En , = ||u — u% || for various k and N, and two pairs of r and
R. We see that as N increases, the errors decay very fast with a small amount of iterations.

Table 5.1: Convergence of the p-IPDG scheme.

r=03,R=3 r=02,R=5
k N | n Enn k N n Enn
100 7 | 44 | 2.82E — 04 70 7 18 1.87E — 02
120 9 54 | 1.25FE — 05 100 9 21 | 4.32FE — 04
200 | 12 | 57 | 8.08E — 07 120 | 12 | 34 | 1.20F — 06
300 | 16 | 45 | 8.48FE — 09 200 | 16 | 33 | 4.98FE — 09

=}

[
N

T
—s—casel| |
—e—case 2

| | !
A& wooN

Iogm(max|u—uN\)
|
o

-6

Iogm(max|u—uN\)

Fig. 5.2. Convergence of the p-IPDG scheme. Left: log,,(En,,) against n for cases 1-2. Right:
log,o(En,n) against N, where r = 0.2, R = 0.5, k = 200.

To examine the history of convergence of the iterative scheme, we fix N and k, and record
in Fig. 5.2 (left) log,,(En,,) against n for the following two cases:

e Casel. r=0.3,R=3,k=300,N = 16,70 = N? and 7; = 1/N.
e Case2. r=02,R=5k=200,N = 18,799 = N? and 7; = 1/N.

To check the convergence with respect to N, we plot in Fig. 5.2 (right) the error log;,(En »),
at the iterative step n such that ||uy"" — u% || < 10710, against various N.

We observe from Fig. 5.2 that the iterative scheme converges fast in both n and N, and the
scheme produces spectral accurate numerical results.

Finally, we consider the algorithm to solve the scattering problem (2.1) with the compu-
tational domain as in Fig. 5.1 (b), and with g = 1/2. Here, we choose the local operator
Dy, = —Tp pr and evaluate the DtN operator in the same way as before. In this case we don’t
have an exact solution.

In Fig. 5.3, we plot numerical solutions for the following setup:

e Case3. r=0.3,R=4,k=240,N = 12,99 = N? and 7; = 1/N.
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e Case 4. r=02,R=5k=200,N = 16,70 = N? and 71 = 1/N.

We visualize from Fig. 5.3 that the waves (of ring-pattern in radial direction) propagate
smoothly through the truncated boundary. We also compare the solution with the “reference
solution” obtained by very fine mesh, and find that the accuracy is as expected.

4

-4 -2 0 2 4 5 -4 -3 -2 -1 0 1 2 3 4 5

Fig. 5.3. Numerical solutions of the Helmholtz equation. Left: Case 3. Right: Case 4.

A. Proof of Theorem 4.1

Proof. For clarity, we separate the proof into several steps.

n+1

Stepl: Derivation for HuN ||L2(Q) . On the one hand, taking vy = u?{,ﬂ in (3.13), we get the

real part of the resulted equation as follows:

, 2
— K HUIC—HHL%Q)
= Re((f7 u?{ﬂ'l) + (Opup, uN )T — aN(uK,H,u'K,H) — kJDk<u§{,+1,u§if+1)pR). (A.1)

On the other hand, we first define vy by vn|x = - Vuli |k = (v — ) - Vuit |k on every
element K € Qp, where xp € B. It is obvious that vy € V. Using vy as a test function in
(3.13) and taking the real part of the resulted equation, we get

— 2k2Re(u§i,+1,vN)
= 2Re((f, ’UN) + <5ku§{,, ’UN>FR - (IN(’U,?]JFI, ’UN) - ka<u7]i[+1,UN>FR). (AQ)
By adding k? times (3.18) with vn|x = a - VuiT |k to (A.2) we have

2 2y =2 D /M o -ny, [ ds + 2Re((f, o)

KeQy (Ag)

+ <5ku7]i,,vN>pR - aN(u;i,H,vN) - ka<u7]i[+1,UN>FR).
Therefore, adding § times (A.1) to (A.3) gives
15 511 np1y2 iz, 1 P
SN e = D0 [ ey Ui | ds — ShRe(Dy) (i wi )y
] L2() Koo, Jox 8
€Cn

1 n n n m m
+ gRe((ful™) + (Gru i rg — an(ui™ uiy™))

+ 2Re((f7 oN) + (S, vN)rR — an (Ui un) — kD (uitt, UN>FR)~
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By (3.13) we get

e e e
2 Y / o, [l 2 ds + Re((f, W) (S, ul e,
KeQy

— kDR (uit i ) rg) 4 2Re((f, on) + (Skuf, vn)rg) — 2kRe(Dy (ul™ v )ry)

- 5 IV gy + 2R, Vo)

KeQp
b2 Y (e {25 )+ e {250 o)
ecElB ¢ e
+Re({ SR 1) ) — 2l o) + S o) (A1)

j=1

Using the identity |a|?> — |b|?> = Re(a + b)(a — b), we have

> / o ui s = 2 37 Refa - e {ufyt b iy e + (o e, [ui Pons (4 5)
KeQy ectl

Note that

o — n. , on I'p, n. = -n., forany e€lp,
oK Ny, On Ir, n. = N, for any e € TI'g.

From (3.19) and (A.5), we get

Z 2Re(Vun™, Vo) = Z / a-naK‘Vu"H‘ ds

KeQy KeQy
=2 Z Re(a - n AVul Y [Vay™))e + Z - ne, | Vuyt?),
ec&lB ec&f
= > o me, VU P (A.6)
ecEP

Plugging (A.5) and (A.6) into (A.4) gives

kQH U Ga ey = TRE((F o) + (Gru, ul ™ e, — KRe(Dg) (uie, ul ey
+2Re((f, uN) + <5kUNavN>FR)
+ 2k Z Re(a - ne {u™'}, [uy™ e + (o ne, |un+1 )oq

ec&}
e D IV gy + 3 e [T A+ A
KGQh ecEp
ou" 9 ou
-2 3 Re({ T i) + 1 2 ({Ga b )
ccElE € cc€lB e e

+2 3 Re({EX Ouw } uy 1) = 2m(Jo(ui on) + D0 SR o)), (AD)

ecElB Jj=1
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where

Al = —2kRe(Dy{u "H,UN)FR) — Z (- ne,|wn+1| Yes

ecEf

A2 =2 Z Re( - <a “n VUit [Vu?\,+1]>e + <{agz\£+1 }, [’UN]>6).

€
IB
e€&;

Step 2: Let us estimate each term on the right-hand side of (A.7). Setting M (f,doru®) =
[ fllL20) + 16kuR [ p2r ) » We derive the following estimates:

C
A < Ck2||un+1|\L2(rR) QR Z Hv“nHHLQ(eV

ecEf
C
2Re((f7UN) <5kuNaUN>FR) < CM(f7 5k“N ‘ n+1‘17Qh + n Z ||vu’r]i]+1||iz(e)7
ecEf
2k Y " Rela - ne{uy™}, [up e < CK* Y N [lupt] . [ e (A.8)
ec&} ec&}
NK?|
< & Wy + 0 X AT ey (49)
ecEf
(o - n., ‘uN | 90 < Ok? HU”HHL?(FR Z (o - n., ‘u”“ ..
ecEp

For any e € E}ILB, let 2. be the set of elements in I'j, containing e. Then by (3.20),

aurﬁ;rl 8u§i]+1 811’;,“
AQQSEXS;B;RQ/( e{ on. }704'716{ ot} }){ orl }ds
outt

Z ZN|6| 1/2 Z HVun-i-lHL2(K) H[ 8]7\'[l :HLQ(E)

eESIBl 1 ‘
S N Y [P g 5

eegIB KeQ,

1 N° 70N 2
<jhfare B i,

((/'IB ,YO |€

Thanks to the trace and inverse inequalities (3.21)-(3.22), we have

2 Z Re(<{am}’[“%“]>e> S D Nel™ 2w Mo 2o IVow Iz

ec&lB KeQp
Z Nle|~ 3/2” o HL2(e) Z ||Vun+1||L2(K)
ec&lB KeQp
1) 2 Z N°  qpeN nt
Sg‘“N ‘1,9"'066813 Yoelel? el H HL2(e
h

0 5 n(({U ) < e B 20N g,

0
ec&lB ecelB 70,e
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Recall that vy|x = a - Vu%“h( with a = z — zp for each K € Q. Noting that

oy Ou! ountt
ort — orl Fa-v ol
outt ountt = o (ountt
= 1<i<d-1.
ol T 81(8ne)+ @ Te &m(&gz)’ slsd

By direct calculations we get that on each edge/face e of K € Qp,, taking vy = « - Vu?i,“

Y

ovn 61/;,“ n vau?ﬁl
= a .
on, on, on,
_ dutt fan %t N § 0. 0 (821&?\[“)
one ¢ On? corm\ omZ /)’
m=1
52 921 93yntt d-1 o 02yt
1)]2\1: Uj\g Jra,neui]\ng Oz~7';n—( u]\g )
on? on? on = aorm\ On?
By induction, it follows that
j i, n+1 j n+1 d—1 i, n+1
Doy _jaJuN+ I A DN (MN+ ) 1<j<N—1 (A.10)
— = - e 11 i ) =J = . .
oni onl onltt = C 0T\ Oml
Specially, if 7 = N, then we have
aN,UN 0Nu’]i,+1 A
onN U om) (4.11)
e e

For j =1,2,---,g— 1, in view of (A.10), we get

- 2Im(Jj (Wt UN))

— _ 9Im Z ,y]e(|e )2_] 1<a ne<[ajux;r1]7 [@jﬂy%ﬂbe

on? onitt

ees,{ ¢ ¢
+Za (2] [ (55))),)
n+1 j+1, n+1
SPIEA ('e I = | N ([

onl
ecé } €

ST O () [

P (A.12)
|e| H {8;“72 ] ‘ L2(e)) N

f}/]Jrle 8n]e L2(€)
el\ 25+ r@itlyntlq 2 elN2i—1 @ uttq)2
— [ PED SR~ L C oM [ = 98
N onl L(e) le| onl 1l

If ¢ < N, then from the inverse inequality it follows

ot (0, ) = 2t zf e (Y [T [ D)

onl

_ n+1 2
e 5 22 (55
A, o X B (Y2
ece,,
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If ¢ > N, (A.11) and the definition of J,(-,-) immediately imply that 2Im(J,(u%", vn)) = 0.
The term —2Im(Jo(u™,vn)) can be treated as

Ourt! d—1 Hunt
—oIm(Jo(ut un)) = —2I q0,e < W), o - N i ]—N>
m (Jo (uy m 628;3 o me on. ;a T orl ] e
_ Y0,e N n+1 8u§§,+1> N? Y0,e N n+1 2
< —2Im EXS:B €] <a Ny on. e-l-C 251:3 le| el H HL2(6)
e h
Yo, (V0,eN w2 ’Yl,e|e|H[auR[+1H2 )
o gs: Je] 71,e< lel R one 12/
h
We also need the following estimate
n+1
Z ((a ne,‘Vu"H Yo + k% ne,‘u”Jr1 Ve N <a neu%Jrl,auN >)
ecEp | | One /e
<—Cp Y (K flui e + ||V W e ) +C ( ) i I zeqe)
ecEp ecEP
(A.13)

where we have used the inverse inequality and the assumption that D is a star-shape domain.

Step 3: Substituting (A.8)-(A.13) into (A.7), and using (A.13) we obtain

k2 ([

k
< _Re((f, ) + <5kuN,u7V+1>FR) — SRe(D R Uy )y + CM(f, 5uR)?

C
\ ity g, + H“"“”L%ﬂ) == 3 VR g + O i e
ecEf

S R gy 2 3 el {2 ),

KeQn ceelB
N® N N? Y0,eN 2
+C (7 + + —) st
5 (o * 5 o) S
h
— i— n+1
N Vj.e |€| 2i=110u 2
+C ( ( [ 5, +N)7_7e<_) H[ N ”
;; el AV e TN One Iz
ecep
n N [ie (|e|)2j+1H [ajﬂu%ﬂ] ‘ 9 )
e[\ vjsre TN s || PP
n+1
Yq,e N29+3 (|e|)2q71H[8(1uN+ ”2 N [oc0.eN n+1 )
C R = C -
* ZI le|? Tae\N ond 1lir2(e ZI e\ el el [lul HL2(e
eegh egh
’70 e 71 e|e| au?;r 9 1
02 [y~ X (8
Zf |e| 1,e on, (e) B ;3 || HL2(e)
‘ ecey

1 o eN’y eN 2
+3 Hvun+1HL2(e)) +C Z 0| | 0 [l ||L2(e).
ecEP
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Therefore, it follows from Lemma 3.1, the bound (3.16) of the real part of ax (v, u%™), and
definition of Cyqp that

n n C n 2
kQHU W iy + 3 [ 0, 2 S VR

ecEf
1 2
+Co Y (Rt gy + 5 1905 ey )
ecEP
<CM?*(f,8rufy) 4 2 H ”+1||L2(Q) 8sze(Dk)< i u ey
+ Ck’ Cstab |(f, u?\,ﬂ) <5kuN,u?v+ FR‘ , (A14)

where we derive the inequality by also using a consequence of (3.17):

Ck? ||u n+1HL2(FR) < C|Im o |(f, ™) + (O, uit g -
From Lemma 3.1, it follows
CR*Citan |(foul™) + (Gpuly, uipt e, | < CE2C20, M2 (f, Spuly) L H ”“HLQ(Q)’

then (A.14) can be written as

n n C n
k2 [ e | o T D DN AT
ecef
+3 ’fRe (D8) D2 (k™ ey + € 2 (K it [y + I\W"“Hme))
ecER ecEp
< Ck2cstabM2(f7 5kuT]{l)a
which completes the proof. O
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