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Abstract

In this paper, we introduce an efficient Chebyshev-Gauss spectral collocation method
for initial value problems of ordinary differential equations. We first propose a single
interval method and analyze its convergence. We then develop a multi-interval method.
The suggested algorithms enjoy spectral accuracy and can be implemented in stable and
efficient manners. Some numerical comparisons with some popular methods are given to
demonstrate the effectiveness of this approach.
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1. Introduction

A considerable amount of literature has been devoted to numerical solutions of ordinary dif-
ferential equations (ODEs), see, e.g., [6,8,23-25,29,39]. For Hamiltonian systems, the interested
reader may refer to [12,13,22,36]. Among the existing methods, numerical schemes based on
Taylor’s expansions or quadrature formulas have been frequently used, see, e.g., [7,8,23,24,29],
which can be systematically designed and often provide accurate approximations.

In the past few decades, spectral method has become increasingly popular and been widely
used in spatial discretization of PDEs owing to its spectral accuracy (i.e., the smoother the
exact solutions become, the smaller the numerical errors will be), see, e.g., [4,5,9,14-16,37,38].
Moreover, some spectral methods for time discretization of PDEs have been developed rapidly,
see, e.g., [2,3,11,27,30,31,4043]. Recently, Guo et al. [18,19,45] developed several Legendre-
Gauss-type spectral collocation methods for ODEs. Meanwhile, Guo et al. [20,21] designed
Laguerre-Gauss-type spectral collocation methods for ODEs. Kanyamee and Zhang [28] also
conducted a systematic comparison of a Legendre (Chebyshev)-Gauss-Lobatto spectral collo-
cation method with some symplectic methods in solving Hamiltonian dynamical systems. For
the hp—version of the continuous Galerkin FEM, we refer the reader to [46] and the references
therein for other earlier works.

In this paper, we propose a Chebyshev-Gauss spectral collocation method for ODEs:

d
EU(t)zf(U(t),t), 0<t<T, (1.1)
U(0) = Uy,
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where f is a given function, and Uy is the initial data.

We start with a single interval scheme. We approximate the solution by a finite Chebyshev
series, and collocate the numerical scheme at Chebyshev-Gauss points to determine the coef-
ficients. We introduce two algorithms. Numerical results show that the suggested algorithms
can be implemented efficiently. Particularly, the algorithms are numerically stable and pos-
sess spectral accuracy. It is noted that Vigo-Aguiar and Ramos [44] also constructed a special
family of Runge-Kutta collocation algorithms based on Chebyshev-Gauss-Lobatto points, with
A-stability and stiffly accurate characteristics. The interested reader may also refer to [34, 35]
for additional information.

For a more effective implementation, we also suggest a multi-interval scheme due to the
following considerations:

e The resultant system for the expansion coefficients can be solved more efficiently for a
modest number of unknowns. For large T, it is desirable to partition the solution interval
(0,T) and solve the subsystems successively. Hence, the scheme can be implemented
efficiently and economically.

e For ensuring the convergence of the numerical scheme, the length of 7" is limited some-
times.

e The multi-interval scheme provides us sufficient flexibility to handle ODEs, e.g., we may
use geometrically refined steps and linearly increasing degree vectors to resolve the singular
behavior of the solution.

Numerical illustrations also show that the suggested algorithms are particularly attractive
for ODEs with stiff behaviors, oscillating solutions, steep gradient solutions and long time
calculations.

We highlight the main differences between our strategy and the existing ones as follows.

e We collocate the numerical scheme at Chebyshev-Gauss points, and analyze the conver-
gence of the single interval scheme. The nodes and weights of Chebyshev-Gauss quadra-
tures are given explicitly, avoiding the potential loss of accuracy (compared with Legendre
and Laguerre quadratures). Particularly, the algorithm can be implemented efficiently
by using fast Chebyshev transform. The existing work on spectral collocation meth-
ods [18-21,45] studied the Legendre and Laguerre collocation schemes.

e We use the Chebyshev expansions in each sub-step (known to be much stable than the
usual Lagrange approach [38]), which lead to quite neat implementation through ma-
nipulating the expansion coefficients (see (2.24) below). The existing work on spectral
collocation methods [18-21,45] considered the Legendre and Laguerre expansions in each
sub-step, but did not establish the relationships of the expansion coefficients.

The paper is organized as follows. In the next section, we present and analyze the single
interval Chebyshev-Gauss collocation method, and provide some numerical results to justify our
theoretical analysis. In Section 3, we describe the multi-interval Chebyshev-Gauss collocation
method, the convergence is illustrated numerically. The final section is for some concluding
discussions.

We end this section with some notations to be used throughout the paper:
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e For a given interval A and a certain weight function y, we denote by H} (A), r > 0 the
weighted Sobolev space in the usual way. In particular, H)(A) = L2(A).

e For simplicity, we sometimes denote %v(t) ='(t).

2. Single Interval Chebyshev-Gauss Collocation Method

In this section, we describe and analyze a single interval Chebyshev-Gauss numerical inte-
gration process for the ordinary differential equations. We also present some numerical results
to illustrate the efficiency.

2.1. Preliminaries

Let 7;(z), « € [-1,1] be the standard Chebyshev polynomial of degree {. We recall that
Ti(z) is the eigenfunction of the singular Sturm-Liouville problem

(1 — 2% (x) — xy/(x) + Py(x) =0, 1=0,1,---. (2.1)

We define the shifted Chebyshev polynomials 77 ;(¢) by

’fT,z(t)zﬁ(%—l), tel0,T], 1=0,1---

In particular,

2t 8t 8t
Tro(t) ; Tra(t) T ) Tr2(t) 2T + (2.2)
According to the properties of the standard Chebyshev polynomials, we have
2t
Triaa() -2 = 1))+ T =0, 121, (23)
1 1 4

I+ 17-Tl+1( ) — 17-7“,171@) = fTT,l(t)a 1 >2. (2-4)

Let w(t) = t(T —t). The set of ’TTJ(t) forms a complete L?_, , (0, T)—orthogonal system,

r | 1
| 7Tt 0t = 5 (25)
0

where c¢g = 2, =1 for I > 1 and §;,, is the Kronecker symbol. Thus for any v(t) €
L2 ,,,(0,T), we can write

=S AT, Gi=— [ o) Trtw 0 (2.6)

T Jo

Moreover, by (2.1) we can verify readily that

T
/ T1a (8T (B ()t = ngCz(Sl,m- (2.7)
0

We now deal with the shifted Chebyshev-Gauss interpolation. We denote
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which are the standard Chebyshev-Gauss points on the interval (—1,1), and

T T (2j + D)7
tgjza(xy+1):§(l—cosi

< 3 < N.
IN + 2 =J

Clearly, t7j» 0 <j < N are the zeros of Trn+1(t)

Let Pn(0,T) be the set of polynomials of degree at most N. The standard Chebyshev-Gauss
formula implies that for any ¢ € Pan1(0,7T)
T . Loor \
/ (w2 (t)dt = / ¢(5 @+ 1)1~ 2?)"2dx
0
N

Z ac—i—l

7=0

2

St 1) (2.8)
§=0

Next denote by (u,v)r, and ||v|r. the inner product and norm of the space L
respectively,

(1, 0) 0 = /O w(tyo(tw= ()t

2 12(0,7),

1
| Tw = (U) ’U)%7w'
The discrete inner product and the discrete norm associated with the shifted Chebyshev-Gauss
interpolation points are,

=z

(va TN—

tT] tT]

1
[vllr,n = (v,0)F n-
Thanks to (2.8

), for any ¢np € Pan11(0,T) and ¢ € Py (0,T), we have

(¢7¢)T,w = (¢)¢)T,N7 ||(10||Tw -

w = llellr.n-
The shifted Chebyshev-Gauss interpolation operator Zr yv(t)
that

(2.9)
: C(0,T) — Pn(0,T) is such
(tT_])

ITNU(tTJ) OSJSN
Because of (2.9), we obtain that for any ¢ € Py41(0,T)

(Zr,Nv, @)1 = (Zr,Nv, 9)TN = (V,0)T N (2.10)
We can expand Zp nv(t) as
N
Irno(t) =Y 0Tra(t) (2.11)
Using (2.5) and (2.10) yields
~ 2
U =—ZrNnv, Tr))T0 = — @, T10)7,N, 0<I<N (2.12)
e e
Next, for any ¢ € Pny4+1(0,T), we write

N+1

= Z 12)\17},1(15)
=0

(2.13)
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With the aid of (2.12), (2.9) and (2.6), we deduce that

_ 9 9 -
Y= —W, Tr)r.n = — @, Trp) 1w = Ui, 0<I<N. (2.14)
e} e

The above result, along with (2.5) and (2.10), gives that

N
1 ~,
10175 = 1 ZrnYll7 N = 128l Fe, = Z §7T0ﬂ/)z2
=0
N 1 N N+1 1 N
=Y gmavi < Y grei =Y., Ve € Prya(0,7). (2.15)
=0 =0

2.2. The single interval scheme

The single interval collocation scheme for solving (1.1) is to seek u™ (t) € Pn11(0,T) such
that

d NN NN \ 4N ;
Tur,) = F@N )y, 0SSN, (2.16)
u™N(0) = Uo

The following proposition, proven in Appendix A, shows that if f(z,¢) fulfills the Lipschitz
condition:

|f(217t)_f(227t)| §’7|21_22|7 v >0, (2'17)
then the system (2.16) is uniquely solvable, as long as the time step 7' is sufficiently small.
Proposition 2.1. Assume that f(z,t) fulfills the Lipschitz condition (2.17), and

1

0<7T§ﬂ<1, (2.18)

where 3 is a certain constant. Then the method (2.16) admits a unique solution.

We now describe the numerical implementations and present some algorithms for scheme
(2.16). According to (2.16), we get that

P (t) = Zr.n f(u™ (2), 1). (2.19)
Next, let
N+1
uN () = > R Tr(b), (2.20)
k=0
N o~
e n fu™N (1):8) =Y fiTrw(b). (2.21)
k=0
Due to (2.5) and (2.9), we get that
~ 2 2
fk - a(IT,Nf(U’N7 ')7771—‘,k)T,w = T‘__Ck(IT,Nf(’U/N, '))7—T,k)T,N
9 N (2.22)
= mZf(uN(tZJY,j)atTJY,j)%,k(tTA{j)v V0 <k <N.

Jj=0



64 X. YANG AND Z. WANG

Moreover, by (2.19)-(2.21), (2.4) and (2.2), we derive that

N+1

Zumk mek

N
=fo+ hTra(t)+ > fiTrk(t)

k+1 2
TJ, Tf pN=1 g
N 7 N—1 , 1 )
- Trli) + Trn(t) + 7 Tii(t)
) w 1z b (2.23)
T N—1 =~
-5 2 BRI+ ATra®) + o
k=1
fi £\ N-1 = -
T d TIN-1 . T o /
_4(ij+vl)7}’N+1(t)+ Z(,l%zv(t)—&-z k 1kfk+17_Tk(t)
k=3
Tfs T N
_%7}72(t)_%%1()+f1%1() +Jo
T , TF B
:Wfﬁl)%wmm Itg v+ X ZL;JE’““T”()

Since {77, (t)} are mutually orthogonal with respect to the weight w3 (t) (see (2.7)), we can
compare the expansion coefficients in terms of '7'T' ;:(t) to obtain that

o _ Tfn P Tfn 1
N+1 4(N+1), N AN B
o 72
2y = Lo 1f’“4kl fer) o cp<onot (2.24)

On the other hand, 77.x(0) = (—1)¥. Hence by taking ¢ = 0 in (2.20) and using (2.16), we get
that
N+1

o =Uo+ »_ (~1)F 'y (2.25)

In actual computation, an iterative process can be employed to evaluate the values
{uN (t] )} gor the expansion coefficients {27!, as stated below.

(i). The Newton iterative method. By (2.20), (2.25) and (2.24) we obtain that

N+1 N+1

= > WTra(t) =Uo+ Y G(Trx(t) + (-1
=

k=1
= U+ g (Trvan () + (1)) + R T )+ (DY)

N-1 N n
+> T(ck_lfkizi — e () + (1R, (2.26)
k=1
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A combination of (2.26) and (2.22) yields

ulN(t) = F(uM,1), (2.27)
where
F(uN,t)ZUo+ﬁ(7—T,N+1 )Zf (75, 07 ) T (87 5)
v (T + (- )Zf () ) T ()
+J§1m(%k( )XN:f ) tTj)(ITT,k—l(tJ]Y,j)_7—T,k+1(t7]\[,j))'

Thus, we may evaluate the values {u® (t¥ Y by using the Newton iterative process.

Next, for any 0 <1 < N, we have u™ (t)T7,,(t) € Pan+1(0,T). Therefore, multiplying (2.20)
by w2 (t)T7.(t), integrating the result over the interval (0,7), and using (2.5) and (2.9), we
verify readily that

~ 2 2

i = — W™, Tr)rw = — W™, Tr) 1N
e} iy}
9 N
N /N N
= to - tp 0<I[<N. 2.28
a(N +1) j=0u ( T’J)TT’I( TJ)’ - ( )

On the other hand, 77,;(0) = (—1)'. Hence by taking ¢ = 0 in (2.20), we obtain from (2.28) that

N
N1 (71)N+1U + Z( 1)N+lal
1=0
5 N N
= (-)NU, + N S DN T aN () Tty ). (2.29)
1=0 3=0
Finally, by using (2.20), (2.28), (2.29), we obtain
N+1
uN(T) ="
1=0
9 N N
=TT S A+ (DN S T uN @Y ) Tra () + ()N, (2.30)
=0 7=0

(ii). The simple iterative method. We may use a simple iterative algorithm (also called
successive substitution method) presented in Algorithm (2.1) to evaluate the expansion coeffi-
cients {a } oL
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Algorithm 2.1: The simple iterative algorithm.

Step 1. Provide the initial guess of 4™ (¢) at the collocation points {t%j Fo0;

Step 2. Evaluate the values of f(uN(tgj),tgj), 0<j<N;

Step 3. Compute the coefficients {ﬁg}szo by (2.22);

Step 4. Compute the coefficients {ay} 1y by (2.24) and (2.25);

Step 5. Update the data of u” (¢) at the collocation points {tﬁj };V:O by (2.20);

Step 6. Repeat Steps 2-5 until the maximum of the absolute difference between

N

two consecutive values of {u’V (t¥ ;)}i=o is less than the desired tolerance;

Step 7. Compute u™ (T) = ]1€V:01 Uy, by (2.20).

The simple iterative algorithm has the following attractive advantages:

e It is much simpler and easier to design codes;

e We do not require to solve in each iteration a linear system of equations;

e The discrete Chebyshev transform (treated as a Fourier-cosine transform) can be per-

formed.

2.3. Error analysis

In this subsection, we shall analyze the numerical error of the single interval scheme (2.16).
As usual, we first compare u () with the interpolation Zr yU (t). For this purpose, let

d d

GY1(t) = Irn—U(t) — —Ir NU(t).
T,l( ) Tath ( ) dt T,N ( )
Then we have from (1.1) that
d
EIT,NU(t%k) = f(U(tTA{k)a tTZYk) - G%l(té\“],k)v 0<Ek<N. (2.31)

Further, let EV(t) = u™N(t) — Zr nU(t). Subtracting (2.31) from (2.16) yields

d
%EN(tTJY,k) = G¥,1(t¥,k) + GZJY,Q(téV’,k)v 0<k<N,

) = (2.32)
E (0)—U0 IT,NU(O)a

where

G%Q(tév’,k) = f(uN(t%k), tTZYk) - f(IT,NU(t%k)a tjl\{k)'

For simplicity, we denote Ry (t) = t~1(EN(t) — EN(0)). Clearly Ry(t) € Pn(0,T). Hence
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by integrating by parts, we deduce that
(T
T

2(T —
., —t r d

ZQA Rﬁﬂvi?f§ﬁ+24 R (1) 5 By (8) /AT — D)

:2/0 R%(t)

) 1
:Ammyﬁﬁ:§

On the other hand, by virtue of (2.32), we get that

DR, 5 Ry = 2(T = )Ry, 5 (R

Tl i R )T = t)‘T - /T R (1)
0

VHT — 1)

3 T
(§T—t)dt > 5|\RN||2TM. (2.33)

d d
2((T - t)Rn, %(tRN))T,N =2((T - t)Rn, E(EN — EN(0)r.n
=2((T = t)Rn,GY 1 + GPo)rn = AT, + AR, (2.34)

where
AN =2((T —t)Rn, G} 1N, AP, =2((T —t)Rn,GY5)rN

Moreover, due to (2.15), we obtain that for any € > 0,

AT, < 2)(T

(T
e —
< ST =R, + e TIGT 7

< eTtHEY = EY(0)|170 + e TIGT 17 (2.35)

Therefore, we derive from (2.33)-(2.35) that

(5 )Tl (B ~ B )., <<

We next estimate ||G¥71||T,w. Let x(z) = 1 — 2% and Zy be the standard Chebyshev-Gauss
interpolation on the interval (—1,1). Denote by ¢ a generic positive constant independent of
T, N and any function. According to (4.24) of [17] with o = f = v = § = —%, for any
v E H;P% (—=1,1) and integer 1 <r < N +1,

+AY (2.36)

=

1 2
d/"
1 Znv _'UH%2 L1 <eN™? X~ (I)(dm’“v(x)) dx. (2.37)
—1

Moreover, by (4.25) of [17] with & = 8 = —1, for any v € H" _,(—1,1) and integer 2 < r <
X 2
N+1,

d 2 L dr 2
H—(INU —0) < cN4_27'/ X’“_i(ac)( T’U(I)) dx. (2.38)
dx L2 (-11) 1 dx
x 2
Accordingly,
T (d ?
v = ol < N [Tt (G00) at (2.39)
0
2 T 3 dr 2
H— (Zr,nv — ) < cN4*2’”/ w’”z(t)(—u(t)) dt. (2.40)
Tw 0 dtr
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d
Hence by (2.39) with d_(t] and r — 1, instead of v and r, we have that for integer 2 <r < N + 2,

The above with (2.40) gives that for integer 2 <r < N 41,

2

Trndu - Ly ’ <cN22T/T 10 ﬁU(t) th (2.41)
SAFTRTA o dtr ' '

2

d d d
IGNL 12, < 2| =TrnU -U)||  +2|Trn=U— =U
o dt T dt at |
’ ’ (2.42)
o [t (4 U(t th
< eN*= - "2 ()| — )
<o [Lorto(400)
Substituting (2.42) into (2.36), we obtain that
1
(5 E)T”t_l(ENEN(O))IQT,w
T s dar 2
< [t () o
0

Theorem 2.1. Assume that f(z,t) fulfills the Lipschitz condition (2.17), and (2.18) holds.
Then for any U € H"P% (0,T) with integers 2 <r < N + 1, we have

T 2
r r—3 d’
10~ 0¥ o) < 10~ 0 < TN [t Fr00) @ 24
T s (A ?
|U(T) —u™(T)|* < C5T2N4*2T/0 wri(t)<%U(t)) dt, (2.45)
where cg is a positive constant depending only on 3.
Proof. By (2.17) and (2.15), we deduce that
HGZJY,QH%“,N = Z |f tT_] tT]) f(IT,N(U(tZJY,j)a tjj\“],j)|2

N 1
(2.46)

< NHD WN () — IraU )P = 7w = Zra Ul

<V = Zr UGy = 72 IEY 7.
The above with (2.15) gives that
AT s <YIT = RN |7y + 77 IGT ol N
<AIT = RN I + AN EVIF (2.47)
< AT BN = BN (O)|7 e + BV

Substituting (2.47) into (2.43), we derive that

(% e 7T)T|t1(EN — EN(0)|7.0.

T
. d""
<A+ e [ wé(t)(—
0

= U(t)) dt. (2.48)
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Moreover, a direct calculation shows that

IEN 7w < @+l EY = E¥(0)[17, + (1+ e DI EY(0)I[F,

69

< (1 +e)T?t (BN — EN(0)|IF., + (1 +eHIEN(0)]2 (2.49)
Therefore, by (2.48) and (2.49) we get
1 N2
(5-=—7)TIEN I,
N 2
<(1+4¢)17? (7|EN|%M + e TN / w2 (t)(%U(t» dt) (2.50)
0
—1y( L N (|2
+a(l+e7)(5 e —T)TIEV O,
2
or equivalently,
1
(5-e-2T - eaT)IEY I3,
< e I T2NA Tw’”*%(t)(ﬂU(t)fdt Fr(l+ 571)(l o T)|EN(0)|2 (2.51)
= o dtr 2 K ' '
On the other hand, for any v € H! , (0,7 (see Appendix B of this paper),
w 2
ma o) < T (|oll3, + 72 23, (2:52)
te[0,1] ~ 4 Tw dt ") ’
A combination of (2.39), (2.40) and (2.52) leads to
N (|2 2 T 2 2 d 2
ENO)F = ZraU(0) = UO)P < 7 (IZraU = Ul + T2 Zeal = U)l},)
T T
1 dr 2 3 d’ 2
< —2r r—3 - 2 n74—2r r—3 -
<eN [ 2(t)(dtrU(t)) dt + ¢T2N /O w 2(t)(dtrU(t)) dt
Toe d 2 T d 2
< ¢(TAN-? w“i(t)(—_U(t)) dt+cT2N4’2T/ w“i(t)(—_U(t)) dt
0 dtr 0 dtr
T .
d’ 2
< T2 NA2r r—32 & ) .
< TN /O w 2(t)(dtTU(t)> dt (2.53)
Substituting (2.53) into (2.51), we observe that
1 N2 — 12 pT4—2 oy d 2
e — _ < r r - . 2.54
(2 e— 29T EVT)HE o < cent TN [ (dtrU(t)> dt (2.54)
Take € = i:;y; Then by (2.18) we obtain that for certain constant cg > 0,
r 3 dr 2
IEN|2. < cgT2N-2r / w0 (S u) dt (2.55)
’ 0 dtT
The above with (2.39) gives that
U = a7 < 20U = ZrnUllge + 21Tz U — o™ |17,
T r T T
—2r r—1 d 2 2 nrd—2r r—2 d 2
<en [T o (S 0) dt+ e N /O AW (U0) A gz

_ T s d" 2
< ¢sT2N* 2T/ W (¢ U®)) dt.
<cp R (uw)
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In particular,

/OT (v - uN(t))th < g /OT (v - uN(t))Qw*% (t)dt = %HU —uNZ,.  (257)

A combination of the previous two inequalities leads to (2.44). It remains to estimate (2.45).
Clearly,
U(T) = u(T)? < 2U(T) = IrnU(D)P + 2/ZrnU(T) = u™ (1), (2:58)

According to (2.52), we have

™
UT) ~ ZrnUMP < (10 = Te Ul + T2 5% (0~ a0l (2.59)
The above with (2.39) and (2.40) gives that
T
. dr 2
U(T) - Zr N U(T)? < cT2N4—2’“/ w’_%(t)(%U(tD dt. (2.60)
0

We next estimate |Zy yU(T) — u™ (T)|?. By (2.52) we obtain that

e U(T) —u (TP < (||ITNU—uNHTw FT2 8 (T U ) )

= T (IEY B + TSV ). (2.61)

Moreover, by (2.9) and (2.32) we derive that

d d d d
IG " e = (GBS B ) (GT@ RN )T,N
d
< ( NI B |l
(& )H (2.62)
or equivalently,
Il ENHTw <NGE 7w + IGF o7 N (2.63)
Substituting (2.42), (2.46) and (2.55) into (2.63), we get that
d n|? P dr 2
_ < T T
el ents [T
T .
d’ 2
+cm2T2N4—2’“/ w’“_%(t)(—TU(t)> dt. (2.64)
Since 0 < 4T < B < 1, we have from (2.61), (2.64) and (2.55) that
e 3 d’ 2
Zr N U(T) — uN(T)? < cBT2N4_2’/ w’“_i(t)(%U(t)) dt. (2.65)
0
Finally, a combination of (2.58), (2.60) and (2.65) leads to
N ~ T ~ 3 d/’. 2
U(T) — u™(T)|? §c5T2N4_2’/ w’_i(t)(%U(t)) dt. (2.66)
0

This leads to (2.45). O
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2.4. Numerical results

In this subsection, we present some numerical results to illustrate the efficiency of the
aforementioned single interval algorithm. Throughout this paper, we take, for simplicity, the
initial guess of the numerical solutions at the collocation points to be a zero vector.

Consider the following problem:

d 1
_ = B <
ZU(t) = exp (5 sm(U(t))) + £, 0<t<T, (267
U0) =1,
where
3 1
F() = 5(t+1)% +10cos2t — exp (g sin((t +1)% + 5sin 2t)). (2.68)
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Fig. 2.3. The simple iterative algorithm Fig. 2.4. The simple iterative algorithm vs.
vs. the N + 1 stage implicit Legendre-Gauss the N + 1 stage implicit Legendre-Gauss-
Runge-Kutta method at T' = 0.5, 0.8. Radau Runge-Kutta methods at T" = 0.5.

The exact solution of (2.67) is given by U(t) = (t + 1) + 5sin2t, which oscillates and
grows to infinity as ¢ — co. Eq. (2.67) fulfills the Lipschitz condition (2.17) with v = %exp(%).
Therefore, as predicted by (2.44) and (2.45), for any T < % = Sexp(—1), the point-wise
absolute errors |U(T) — u” (T)| and the L2?(0,T)—errors decay exponentially as N — oo.
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Fig. 2.7. The simple iterative algorithm vs.  Fig. 2.8. The point-wise absolute errors and
the N + 1 stage implicit Legendre-Gauss-  the discrete L2—errors at T = 10.
Lobatto Runge-Kutta methods at 7" = 0.8.

We use the simple iterative algorithm described in Table 2.1 of Subsection 2.2 to resolve
the problem (2.67). For description of numerical errors, we denote by EXN(T) and E} the
point-wise absolute errors and the discrete L% —errors, respectively, i.e.,

E)(T) = |U(T) = u™(T)], By = U —u"|rN.

In Figs. 2.1 and 2.2, we plot the point-wise absolute errors log;, EI])V (T') and the discrete
L?—errors log o EX at T = 0.5, 0.8 with various values of N. Clearly, the numerical errors
decay exponentially as N increases. This coincides very well with theoretical analysis.

In Fig. 2.3, we compare the simple iterative algorithm described in Table (2.1) with the
N + 1 stage implicit Legendre-Gauss Runge-Kutta method. In Figs. 2.4 and 2.5, we compare
the simple iterative algorithm with the N + 1 stage implicit Legendre-Gauss-Radau Runge-
Kutta methods (Radau TA and Radau ITA) as presented in [1,10,13,24,29] at T = 0.5, 0.8,
respectively. In Figs. 2.6 and 2.7, we compare the simple iterative algorithm with the N + 1
stage implicit Legendre-Gauss-Lobatto Runge-Kutta methods (Lobatto ITTA, Lobatto ITIB and
Lobatto IIIC) as presented in [1,10,13,24,29] at T' = 0.5, 0.8, respectively. We find that the
simple iterative algorithm is accurate and stable. We also see the instability of some high-order
Runge-Kutta methods.

It is pointed out that our algorithms often work very well even for large T In Fig. 2.8, we
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plot the point-wise absolute errors log;, EZ],V (T) and the discrete L?2—errors log;, EX at T = 10
with various values of N, using the simple iterative algorithm. Clearly, the numerical errors
decay exponentially as N increases. However, if we use Legendre-Gauss-type Runge-Kutta
methods with T" = 10, the numerical solution will not converge to the correct value.

3. A Multi-interval Chebyshev-Gauss Collocation method

In the previous section, we investigated the single interval Chebyshev-Gauss collocation
method. The numerical errors decay very rapidly as N and r increase. However, in actual
computation, it is not effective to resolve (2.16) with very large mode N. On the other hand,
for ensuring the convergence of scheme (2.16), the length of T' is limited sometimes, such as the
condition (2.18). To remedy these deficiencies, it is advisable to partition the interval (0,T)
into a finite number of subintervals and solve the equations subsequently on each subinterval,
using the suggested algorithms in Subsection 2.2 with moderate mode N. This technique
simplifies computation, saves work, and still keeps the spectral accuracy. Moreover, it also
provides us sufficient flexibility to adapt to the evolutionary process of solutions, e.g., we may
use geometrically refined steps and linearly increasing degree vectors to resolve the singular
behavior of the solution.

3.1. The multi-interval scheme

Let M be any positive integer and 7 = % Replacing T by 7 in (2.16) and all formulas in
Section 2, we can derive an alternative algorithm, with which we obtain the numerical solution
ulV(t) for 0 < t < 7. In particular, u¥(0) = Up. Next, we evaluate the numerical solutions

ull (t) € Pn11(0,7), 2 < m < M, such that

d
—u%(tﬁ{k):f(u%(tﬁ{k),mTfTthﬁfk), 0<E<N, 2<m< M,

(3.1)
“%(O):U%A(T)a 2<m< M.
Finally, the global numerical solution of (2.16) is given by
uN (t+mT — 1) = Ul (1), 0<t<T, 1<m< M. (3.2)

According to Proposition 2.1, the method (3.1) also admits a unique solution, provided that
0<yT<B< %.
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Fig. 3.1. The multi-interval method (3.1) vs. the N + 1 stage implicit Legendre-Gauss Runge-Kutta
method with (a) 7 = 0.5 and (b) 7 = 0.8.
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Fig. 3.2. The multi-interval method (3.1) vs. the N + 1 stage implicit Legendre-Gauss-Radau ITA
Runge-Kutta method with (a) 7 = 0.5 and (b) 7 = 0.8.
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Fig. 3.3. The multi-interval method (3.1) vs. the N + 1 stage implicit Legendre-Gauss-Lobatto IITA
Runge-Kutta method with (a) 7 = 0.5 and (b) 7 = 0.8.

3.2. Numerical results

In this subsection, we present some numerical results to illustrate the efficiency of the multi-
interval method.

3.2.1. Nonlinear problems

We first consider the problem (2.67), and resolve it numerically, using the multi-interval
scheme (3.1), combined with the simple iterative algorithm described in Table 2.1 of Subsection
2.2 at each time step.

In Fig. 3.1, we compare the multi-interval method (3.1) with the usual N + 1 stage implicit
Legendre-Gauss Runge-Kutta method, by taking 7 = 0.5, 0.8 and N = 6, 20, respectively.
In Fig. 3.2, we compare the multi-interval method (3.1) with the usual N + 1 stage implicit
Legendre-Gauss-Radau ITA Runge-Kutta method, by taking 7 = 0.5, 0.8 and N = 6, 40,
respectively. In Fig. 3.3, we compare the multi-interval method (3.1) with the usual N + 1
stage implicit Legendre-Gauss-Lobatto IIIA Runge-Kutta method, by taking 7 = 0.5, 0.8 and
N = 6, 40, respectively. We find that our method provides more accurate numerical results,

especially for large N.
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We next consider another nonlinear problem (cf. [26]):

{ y'(t)=—ey* 1) —g°(®) +¢'(t),  te(0,T], (33)

y(0) =1,

with g(t) = cos(t) and the exact solution given by y(t) = cos(t).
Denoted by y~ (t) the global numerical solutions, and Err the maximum of the absolute
errors:

Err = max |y(jr) — yN (GT). (3.4)

We use the multi-interval scheme (3.1) to resolve (3.3) numerically. In Figs. 3.4, we plot
the absolute errors Err of this algorithm, by using the Newton iterative method (NIM) and the
simple iterative method (SIM) with € = 1 and 7" = 1000. In Table 3.1, we list the CPU time
consumption between NIM and SIM. We observe that the simple iterative method takes less
computation time (due to lower cost at each iteration) and achieves the same level of accuracy.
But the convergence behaviors of two iterative methods are different. In Fig. 3.5, we also take
e = 1073 and plot the absolute errors at 7' = 1, using the Newton iterative method. Clearly, the
numerical errors decay exponentially as N increases. However, in this case the simple iterative
method does not converge to the solution.

Table 3.1: The comparison of CPU time consumption between NIM and SIM.

T=1 7=0.5 7=0.1 7=0.05
NIM | SIM | NIM SIM NIM SIM NIM SIM
8.72 3.52 | 17.56 7.58 | 87.60 | 37.46 | 175.92 | 74.70
14.10 | 3.94 | 28.80 | 8.98 | 141.01 | 43.67 | 287.81 | 88.02
21.65 | 4.55 | 44.03 | 10.15 | 218.03 | 50.52 | 411.71 | 101.77
31.38 | 548 | 64.92 | 11.43 | 316.88 | 56.27 | 595.71 | 115.08
43.27 | 5.77 | 89.89 | 13.68 | 434.30 | 63.68
58.39 | 6.49 | 117.92 | 14.05 | 585.12 | 70.48
75.72 | 6.91 | 153.91 | 15.76
96.56 | 7.47 | 195.55 | 16.97

121.69 | 8.09

5 © 000 ot w2

Fig. 3.4. The maximum of the absolute errors of (3.3) by (a) the Newton iterative method and (b) the
simple iterative method with ¢ =1 and 7" = 1000.
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of (3.3) by the Newton iterative method with  of scheme (3.6) with moderate 7 and N.
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Fig. 3.7. Numerical errors of (3.10) with « =  Fig. 3.8. Numerical errors of (3.10) with a =
b=1and 7 =0.1. b=1and 7 = 0.05.

3.2.2. Stiff problems

We consider two linear stiff problems in this subsection. The first one is the Prothero-
Robinson equation (cf. [33]):

Y(8) = Au(t) — g(1)) + g'(8), 1€ [0,10],
{ y(0) =0, (3:5)

with A = —10%, g(t) = sin(¢) and the exact solution given by y(t) = sin(t).
We use the multi-interval scheme (3.1) to resolve (3.5) numerically. At each time step, we
use the algorithm described in Subsection 2.2. More precisely, we use the following scheme:

d N (N \ _ N (+N N
VNN = Mu () — glmr — 7+ 12,)

+g'(m7 — 7 +t8,), 0<k<N,1<m<M, (3:6)

yn]\i(o):y%—l(T)a 2§m§M7
0

10

where 7 = 1%, and y2 (t) is the numerical solutions of y(¢) at the interval (mr — 7, m7).
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For clarity, we next describe the numerical implementation. Let

yN(t) = Y Tr4(t), Vte(0,7). (3.7)

7=0
Hence, by (2.24) we obtain that
T T
YN = m()\m —Aaf +OR), YN = o (Ao — Aoy HOR), 53
3.8
.
m

Yi = 4_3-(03‘—1()‘@?11 - )‘aﬁl +b?11) - ()‘Nﬂl - )‘aﬂl +bﬁ1))’ l<jsN-1

where a}' and b}" are the expansion coefficients of Z. yg(mT — 7 +t) and Z yg'(m7 — 7 + 1),
respectively. Due to (3.7), we have

N+1 ' N+1 '
um(©) =Y (1YF" = G =ym(0) = D (-1 (3.9)
Jj=0 j=1

From (3.8) and (3.9), we further derive a system of N + 1 linear algebraic equations in N + 1

unknowns {7} ;V: t

Next denoted by y” (t) the global numerical solutions, and Err the maximum of the absolute

which can be solved efficiently.

errors as in (3.4).

In Fig. 3.6, we present the absolute errors Err of this algorithm, with moderate 7 and N.
They show that for stiff problem (3.5), our method provides accurate numerical results.

We next consider another stiff system (cf. [29]):

d
—P(t) = —2P(t) + Q(t) + 2sint, 0<t<,
cgt (3.10)
EQ(t) = 998P(t) — 999Q(¢t) + 999(cost — sint), 0<t<I.
The eigenvalues of coefficient matrix are Ay = —1000 and Ay = —1. It is easy to verify that
P(t) = ae™" + be 109 4 gint, Q(t) = ae™" — 998be 1909 4 cost, (3.11)

where a and b are arbitrary real numbers.
We use the multi-interval scheme (3.1) to resolve (3.10) numerically. For convenience, we
introduce some notations:

e CGC: The multi-interval Chebyshev-Gauss collocation scheme (3.1), combined with the
algorithm in Subsection 2.2 at each time step, (also cf. (3.8) for a similar process);

e LGRK: N + 1 stage Legendre-Gauss Runge-Kutta method;
e LGRRK: N + 1 stage Legendre-Gauss-Radau ITA Runge-Kutta method;

e LGLRK: N + 1 stage Legendre-Gauss-Lobatto ITTA Runge-Kutta method.
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Let M be a positive integer and 7 = ;. Denoted by p™ (¢) and ¢"(¢) the global numerical
solutions. We measure the numerical errors by the maximum norm:

— ; _ Ny . _ _Ny/:
Buw = max(IP(7) =V (7)1, 1QG7) — ¥ (7).

In Figs. 3.7-3.9, we plot the values of log;y Fmax of our methods (CGC) and various N + 1

stage Runge-Kutta methods for problem (3.10) with @ = b = 1 and 7 = 0.1, 0.05, 0.01,

respectively.
In Figs. 3.10-3.12, we also plot the values of log;; Emax of our methods and various NV + 1

stage Runge-Kutta methods for problem (3.10) with a = — i, b = g&5 and 7 = 0.1, 0.05, 0.01,

respectively.
We observe again that for stiff system (3.10), the multi-interval scheme (3.1) also provides
more accurate and stable numerical results, especially for large 7 and N.

3.2.3. Oscillating solution

We consider the second order ODE (cf. [32]):
y"(t) + N2y(t) = asin(At), 0<t<1,
y(0) =1, (3.12)
y'(0) = —2x-
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Fig. 3.13. The numerical errors of problem Fig. 3.14. The maximum of the absolute errors
(3.13) with moderate 7 and N. of problem (3.15) with moderate 7 and N.
It can be converted to a system of the first order equations
y1(t) = Aya (), 0<t<1,
yh(t) = —)\yl( ) + & sin(At), 0<t<1, (3.13)
y1(0) =
y2(0) =
The exact solutions are
{ A A (3.14)
y2(t) = —(1 — 2£) sin(At) — 5%z cos(At).

We take a = 100 and A = 1000 as in [32]. Clearly, the solutions are highly oscillating,.
We resolve (3.13) using the multi-interval scheme (3.1). In Fig. 3.13, we plot the numerical
errors Fnax of this algorithm, with moderate 7 and N. They indicate that our algorithm is
very effective for highly oscillating solutions. It is noted that Petzold [32] also provided some
numerical results with the error of order 1073 ~ 1075,

3.2.4. Steep gradient solution

We consider the nonlinear ODE:

iy U@
VO =t 41
_exp(=50(t — 5)%)

exp(—100(t — 5)2) + 1’

+ (~100¢ + 500) exp(—50(t — 5)°)

€ [0,10]. (3.15)

The exact solution U(t) = exp(—50(t — 5)?) is a Gaussian function, which has extremely steep
gradients near ¢ = 5.

We resolve (3.15) numerically using the multi-interval scheme (3.1), combined with the
simple iterative algorithm described in Table 2.1. In Fig. 3.14, we plot the absolute errors Err
of this algorithm, with moderate 7 and N. They indicate that our algorithm is also valid even
for steep gradient solutions.
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3.2.5. Long time calculation

We consider the simple hamiltonian system:

P(t) = —4Q(t), 0<t<T,
Q'(t) = P(t), 0<t<T, (3.16)
PO)=1, Q(0)=0.

Obviously, P(t) = cos(2t) and Q(t) = 3 sin(2t).

We resolve (3.16) using the multi-interval scheme (3.1). More precisely, we use the following
scheme:

d

@pﬁ(tivk) = —4gh (tN)), 0<k<N, 1<m<M,

Eqm(tN ) =y (tNy), 0<Kk<N, 1<m<M, (3.17)
pm(o) = pm—l(T)a qn]\i(o) = Qn]\i—l(’r)v 2<m<M

pY(0) =1, ¢'(0)=0,

where 7 = L, and p2\(t) and ¢} (t) are the numerical solutions of P(t) and Q(t) at the interval
(mT — 7, mT).

For clarity, we describe the numerical implementation. Let

N+1 N+1
o) =D BT am(®) = > @ Tos(t), Vi€ (0,7 (3.18)
j=0 j=0

Then, by (2.13) and (2.14) we get that
N N
-erm Z p; 7;'] IT,qu(t) :Zﬁznﬁ,](t)
7=0

Hence, by (2.24) we obtain that

TaN ~m TqN_1 o T(ej—1q" — qjiq) ,
m+1:* ) PN =~ p; = - - , 1<j<N-—-1,
N+1 N i J
@y ) - @“:Tﬁﬁ” W:T(%lml*%l) 1<j<N-1.
NFELT 4N +1) N 4N J 4j ’ -7 =
(3.19)
Due to (3.18), we have
N+1 N+1
ph(0) = > (1Y, g (0)= > (-1)g" (3.20)
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Thus, by eliminating the variables p7*, 0 < j < N + 1 and g in (3.19), we derive that

5 4
(1+ gTQ)q - gT %" _‘13 +T2Z jH - ‘/IZW + (DN
.
= 5]7%(0) - T2qm(0)a
72 N4 2 2 2
T T T
T O Rl = T
L"m +(1 L)"m_i_i"m =0 3<i<N 92 (321)
145G -1 h2 27 -0 TgGanh T TS =TS
i Qs+ (1 - - )q 0
4(N —1)(N —2)"N-3 2N(N —2)/*N=1 ™
T2 ~m T2 ~m
S — 1-—— ge=0
Ny D W2t = gy =y ) =0
T2 -m -m
m(m—1 +aqn41 = 0.

In actual computation, we first compute the coefficients {(i}“}jv:tl by (3.21), and then com-
pute the coefficients ¢f* and {@”}y:"(’)l by (3.20) and (3.19).

Next let p™(¢) and ¢ (¢) be the global numerical solutions of P(t) and Q(t), and denote
the point-wise absolute error by

)= /I (8) — P2 + gV (1) — Q).
For convenience, we also introduce some notations:
e CGC: Chebyshev-Gauss collocation method presented in this subsection;
e LGC: Legendre-Gauss collocation method presented in [18];
e LGRC: Legendre-Gauss-Radau collocation method presented in [45];

e LGLC: Legendre-Gauss-Lobatto collocation method presented in [19].

In Tables 3.2 and 3.3, we list the point-wise errors EV(t) and the corresponding CPU time
(CPUT) of various numerical methods at ¢ = 107, with moderate 7 and N. They show that our
method costs less computational time and provides more accurate and stable numerical results.

4. Concluding Discussions

In this paper, we proposed the single interval and multi-interval Chebyshev-Gauss collo-
cation methods for ODEs. We also suggested two algorithms, which can be implemented
efficiently. These approaches have several fascinating features:

e The single interval Chebyshev-Gauss collocation method is easy to implement, and enjoys
computational efficiency, accuracy and stability over some popular numerical approaches.
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Table 3.2: Comparison of various numerical methods for problem (3.16).

CGC LGRK LGRRK LCLRK
r | N| EN@) | cpuT | EN@®) | cPUT | EN@®) | cPUT | EN(t) | CPUT
0.1 | 7 [ 6.62e-10 | 1.84e3 | 1.45¢-7 | 1.65e3 | 1.27e-8 | 1.68e3 | 2.13¢-9 | 1.65¢3
025 | 9 | 2.19e-10 | 7.52¢2 | 1.38e-5 | 7.12¢2 | 9.13e-9 | 7.20e2 | 1.47e-8 | 6.86¢2
0.5 | 11 | 7.00e-11 | 3.90e2 | 2.36e-4 | 3.64¢2 | 5.16e-9 | 3.70e2 | 1.50e-9 | 3.49¢2
1 | 13 | 2.89¢-10 | 2.00e2 | 6.46e-2 | 1.89¢2 | 1.66e-9 | 1.97e2 | 5.00e-9 | 1.82¢2
2 | 16 | 7.31e-10 | 1.03¢2 | 7.5le-1 | 1.00e2 | 3.81e-9 | 1.04e2 | 2.61e-9 | 95.82
4 | 21| 1.70e-9 | 55.31 | 7.5le-1 | 6.59¢2 | 1.17e-7 | 1.02¢2 | 1.09¢-7 | 97.38
8 | 33 | 1.83e-10 | 41.47 - - 7.36e-2 | 1.86e2 | 1.18e-1 | 1.78¢2
16 | 44 | 1.35e-9 | 24.40 - - - - - -
32 | 70 | 4.64e-10 | 16.26 - - - - - -

Table 3.3: Comparison of various numerical methods for problem (3.16).

CGC LGC LGRC LGLC

r | N| EN®t) | cpuT | EN@®) | cPUT | EN(t) | CPUT | EN(t) | CPUT
0.1 | 7 | 6.62e-10 | 1.84e3 | 2.73¢-8 | 2.83e3 | 1.28e-6 | 2.58e3 | 2.53¢-6 | 2.37e3
0.25 | 9 | 2.19e-10 | 7.52e2 | 1.68¢-8 | 1.21e3 | 2.87e-7 | 1.17e3 | 1.94e-7 | 1.01e3
0.5 | 11 | 7.00e-11 | 3.90e2 | 1.32¢-8 | 6.64e2 | 9.38¢-8 | 6.26e2 | 1.51e-7 | 5.37e2
1 | 13 | 2.89e-10 | 2.00e2 | 2.25¢-8 | 3.47¢2 | 1.20e-7 | 3.33e2 | 1.85¢-7 | 2..84¢2
2 | 16 | 7.31e-10 | 1.03¢2 | 1.58¢-9 | 1.87e2 | 4.14e-7 | 1.78¢2 | 3.41e-7 | 1.66¢2
4 |21 | 1.70e-9 | 55.31 | 2.31e-8 | 1.13e2 | 2.04e-7 | 1.05e2 | 1.60e-7 | 95.27
8 | 33| 1.83e-10 | 41.47 | 2.32e-9 | 80.40 | 8.68¢-8 | 77.38 | 1.70e-7 | 67.91
16 | 44 | 1.35e-9 | 24.40 | 1.71e-8 | 53.13 | 7.09e-8 | 50.30 | 3.07e-7 | 45.82
32 | 70 | 4.64e-10 | 16.26 | 1.44e-9 | 44.61 | 6.84e-8 | 42.02 | 1.09e-7 | 39.81

e The multi-interval Chebyshev-Gauss collocation method can not only help us to solve the
resultant system more efficiently and economically, but also provide us sufficient flexibility
to adapt to the evolutionary process of solutions. Moreover, the numerical results indi-
cate that the convergence can be obtained by refining the time steps (h-method) and/or
increasing the order of trial functions (p-method).

e The suggested approaches often work very well even for large step-size 7.

Numerical illustrations also show that the suggested algorithms are particularly attractive
for ODEs with stiff behaviors, oscillating solutions, steep gradient solutions and long time
calculations.

Appendix

A. Proof of Proposition 2.1.
As usual, we consider the following iteration process:

d
NN = PN ), o ), 0<E<N, m=>1, (4.1)
uNm(0) = Uy, m > 0.
Denote u™V™(t) = u™N>™(t) — uN'™~1(¢). Then we have from (4.1) that, for m> 2,
d__n, , ,
G ) = LTI, ) — ST ) ), 0SKSN. (42)

dt
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In addition, u™™(0) = 0.
We next show the contraction property of u™'™(t). Obviously, by (2.33) we have

T - - d
ST g < 2((T =t~ at ", Sy
On the other hand, by (4.2), (2.17), (2.9) and (2.15), we get that

1~ d -
2((T = )t ")y < 29|(T = 1" o [

< 29Tt~ | [T |y < 2’7T|\1ﬁ_1ﬂ1\[’m||T,w||ﬂN’m_1||T,w-
A combination of (4.3) and (4.3) leads to

[T |7 < TN e < 49T 7.
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(4.3)

It follows that, if 0 < 49T < 8 < 1, then [|a™"™| 1, — 0 as m — oo, and thus, the proof is

complete.

B. Proof of (2.52).
For any v € HY(0,T) and 0 < t; <ty < T, we have that

")) o VerT
v(te) —v(t1)] < )|dt < / t)dt dt
[o(ts) <1>|_/tl (0 VAT m) 7
Next let |v(t*)| = H[lél% | |v(t)]. Then, by the previous inequality, we get that
te(o,
N N V2rT
@] = ()] < Jo(t) = v(t)] < == [v'll7-
Moreover
1 3 2m
t* )|dt < = —t)dt <
o)< 3 [ o< ([ vim=mu [T ) <

Therefore
V2
) < S5 (Iolze + T )

[oll7 -

— ' ll7-
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