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Abstract

In this paper, anisotropic Crouzeix-Raviart type nonconforming finite element meth-
ods are considered for solving the second order variational inequality with displacement
obstacle. The convergence analysis is presented and the optimal order error estimates are
obtained under the hypothesis of the finite length of the free boundary. Numerical results
are provided to illustrate the correctness of theoretical analysis.
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1. Introduction

The variational inequality problem with displacement obstacle has been a very interesting
subject in many fields, see, e.g., [1,2]. As usual, it reads as: to find u € K, such that

a(u,v —u) > flv—u), YoveK, (1.1)

where
a(u,v) = /QVu-Vvdxdy, flv) = /vadxdy, (1.2a)
K:{ueHg(Q); V> ae inQ; Xgo(ma(z}, (1.2b)

Q C R? is bounded convex domain. f € L>(2) and x € H%(Q) are given functions.

The variational inequality theory was first introduced by Hartman and Stampacchia [3] to
study the partial differential equations, and has been playing more and more important role in
the contact problem, obstacle problem, elasticity problem, traffic problem, and so on.
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As to the problem shown in (1.1), there have been numerous studies with different finite
elements, such as conforming linear triangular element [1,4-6], quadratic element [7], noncon-
forming Crouzeix-Raviart type linear triangular element and rectangular Wilson element [8-10].
Based on the detailed analysis, the error bound of order O(h3/2’5), for any € > 0, was obtained
in [4] for the quadratic finite element under the hypothesis of that the free boundary has finite
length. Further, [7] derived the same error bound as [4] for the same quadratic element with-
out the above hypothesis. In [8], the Crouzeix-Raviart type nonconforming linear triangular
element was used to problem (1.1) and the error bound was estimated with order O(h).

However, to the best knowledge of the authors, all of the above studies on error estimates
depend on the essential condition of the discrete meshes, i.e., regular assumption Z_;: < Cor

h

quasi-uniform assumption e < C,V K € J;, where hg, px denote the diameters of element

K and biggest circle contained in K, respectively, h = Ir(nea}f hx, Jn is a subdivision of ), C' is
a positive constant which is independent of h and the function under consideration.

As we know, the domain considered may be narrow or irregular, and the cost of calculation
will be very expensive if we employ the regular subdivision on the domain. Naturally, it is an
obvious idea to use an anisotropic partition with fewer degrees of freedom for simplicity in the
application. But, in this case, some difficulties will arise in the convergence analysis and error
estimates of interpolation and consistency errors for nonconforming finite element methods. For
example, the Bramble-Hilbert lemma, the traditional interpolation theory in Sobolev spaces,
can not be directly applied to the interpolation error estimates for the meshes are characterized
by Z—I’: — 00, where the limit can be considered as h — 0. On the other hand, when we deal

with the consistency error estimate on the longer or the longest edge F' of the element K, there
Ll
K|’
In order to overcome the above difficulties, some researches have been devoted to the inves-

will appear a factor which may tend to infinity and makes the estimate in vain.

tigation on the narrow and anisotropic finite elements for the practical problems [11-14]. But
there are only a few of articles considering the variational inequality problem with nonconform-
ing finite elements. For example, anisotropic Carey element and Wilson element approximations
to the second order obstacle problem were investigated in [15], in which the proofs of the main
results are simplified greatly comparing with [8] and [9]. But the techniques used in [15] are
only valid to the finite elements when their interpolations can be separated into the conforming
part and nonconforming part. Moreover, a class of Crouzeix-Raviart type finite elements were
applied to the Signorini variational problem in [16], and [17] extended them to the parabolic
variational inequality problem with moving grids.

In [18], a nonconforming rotated Q; element was proposed, of which the degrees of freedom
are function values of the midpoints of four edges of element K, and the shape function space
is spanned by {1,z,y,z? — y?}. However, it has been proved in [14] that this element can not
be applied to anisotropic meshes directly by a counter example. At the same time, [14] also
proposed a kind of modified nonconforming finite element with the degrees of freedom of mean-
values on the four edges of element K , and the shape function space is spanned by {1, x,y, 22}
or {1,z,y,y?}, and proved its convergence for the second order problem on a special anisotropic
meshes, i.e., the longer edges of all the elements should parallel to z-axis or y-axis, respectively.
Obviously, the shape function space of this modification is asymmetrical and the requirement
on meshes is too strong.

Recently, there have appeared a lot of studies focusing on the analysis of convergence,
supercloseness and supercongvergence for some anisotropic finite element methods (cf. [19-23]).
However, the applications of Crouzeix-Raviart type anisotropic nonconforming linear triangular
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element [14] and FQ7°" rectangular element [24] to the variational inequality problem (1.1) have
never been seen, although [25] applied the latter one to a class of nonlinear Sobolev equations
and obtained the optimal error estimates and the supercloseness for both semi-discrete and fully-
discrete approximate schemes, and [26] discussed the supercloseness and superconvergence of
nonconforming rectangular elements for the second order elliptic problems.

In this paper, we will have a try to consider the approximations of Crouzeix-Raviart type
nonconforming linear triangular element [14] and EQ’° rectangular element [24] to problem
(1.1) on anisotropic meshes. With the same hypothesis of finite length of the free boundary
as [1,4], the optimal error estimate of order O(h) is obtained and some numerical results are
provided to illustrate the correctness of our theoretical analysis. Thus the gap on this aspect
is filled.

2. Construction of the Finite Elements and Some Lemmas

Suppose €2 is a bounded convex domain with the boundary 9f) parallel to xz-axis and y-
axis respectively, J;, is a family of triangular or rectangular mesh grading of () satisfying the
maximum angle and coordinate system conditions [13]. But it is not required to satisfy the
regular assumption or quasi-uniform assumption.

For a given rectangle K, by dividing each rectangle diagonally, we obtain triangular mesh.
Without lose of generality, we assume the center point of K is (zx,yx ), the sides of K parallel
to z-axis and y-axis are of lengths 2h g, and 2hg, respectively. In addition, we assume that

hge > h h, = max h h, = max h
Kz Ky, Iz K Kz, by Ked, Ky

eJn
. min . min = =
x T Kz, ly T Ky 7 = ) 7 =~ L,

where C is a positive constant independent of h and Z—;‘, hx = diam(K) be the diameter of

the element K, h = Inax hg. For convenience, hi,, hi, are simply denoted by hy and hg
€Jn

respectively. Obviously, hg < hy < hg < h.
On the other hand, let the vertices of K be d;(x;,y;) for the rectangular or triangular
element, and the corresponding edges be l; = d;d;1(i = 1,2,3,4mod (4) ori = 1,2,3mod (3)).
Let K = [-1,1; —1,1] be the reference element, the middle points of the four edges fl, ig,
I3 and Iy are denoted by a1(0,—1), a2(1,0), as(0,1) and a4(—1,0) respectively. Let K be the
reference element on (A1, A2)-plane with vertices

di = (1,0), d> = (0,1), d3 = (0,0), Iy = dads, Iz = d3dy, I3 = dido.
The corresponding affine mapping Fi : K — K of the rectangular or triangular element is

defined by

{ r=xK + hré, or { = (r1 —x3)M\1 + (22 — 23) A2 + 23,
Yy =y + hsn, y=(y1 —y3)A1 + (Y2 — y3) A2 + ys3.

Now, we define the finite element space (K , P, f]) as

S={;} (i=1,2,3,4,50ri=1,2,3),
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where

1 1
Uy = — /’[}dé (1=1,2,3,40ri=1,2,3) and 05 = — /’[}d{dn.
|| Ji: K| J&

5 1
Moreover, let P = span{1, &, n. ¢(¢), @(n)}, ¢(t) = 5(3*~1), for EQ}"" rectangular element ",

or P = span{l, A1, A2}, for the linear triangular element™),

It can be easily checked that the corresponding interpolation can be expressed as

. N 1, . N . . 1, . . R
119 = 05 + 5(1}2 —04)€+ = (03 — 01)n + 5(1}2 + 04 — 205)p(&)
1, .
+ 5 (03 + 01 = 205)p(n), (2.1)
or
110 = 01 + 09 — 03 + 2(’133 — ’131))\1 + 2(’03 — ﬁg))\g. (2.2)

Then the finite element space is defined as
Vi, = {Uh D0 = Uh|K oFk € P satisfying (2.1) or (2.2), VK € Jy;

/F[Uh]ds =0, VF C aK}, (2.3)

where [v] denotes the jump value of v, crossing the edge F if F' is an interior edge, and it is
equal to vy, if F'is a boundary edge of 0f2.
Let the associated interpolation operator IIj, : H2(2) — V}, be defined by

Hh|K =Ilg, Ilgv= ﬁ’lA) o Fgl, Yv € HQ(K)
Now, we introduce the following two important lemmas which can be found in [14,19].

Lemma 2.1. II has the anisotropic interpolation property, i.e., ¥ o € H2(K), a = (a1, a)
with || =1, there holds
[D%(0 = 118)l[g g < ClD0], -

Consequently, we have

lu—Thulixk <C > hexlOgulik, (2.4)
q€{L,S}

ju—Thulox <C > 2 rldzulo.x (2.5)
QE{L,S}

Lemma 2.2. Let F be any edge of element K, v € HY(K), vy, € Vi,. Then

/ (v — Mpv)(vyp — Mpuy)ds
F

=

1

F 2
<o (X malonla) (X o) .

qe{L,S} q€{L,S}

1
where Mpv = —/ vds.
\F'l S
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As we know, Lemma 2.2 plays a very important role in estimating the consistency error for
nonconforming elements on regular meshes. But for anisotropic meshes, if F' is the longer or
the longest edge of K, the factor % will appear in (2.6), which may tend to infinite when hg
is small enough.

In order to overcome this difficulty, we introduce the following auxiliary space Vj, which is
sufficiently close to V}, as: for EQ'° element,

= { i € Q)5 wnli € spon{Ly ), VK € i [ mlds =0}, (2)
Fr,
or for linear triangular element
Vi = { U € L2(Q) : dp|x € span{l,y}, VK € Ju; / [tUp)ds = 0}, (2.8)
Fr

where Fp, are the two longer sides of K.
For any vj, € Vi, let @, € Vj, and satisfy: for EQ7°t element,

/ Uhds:/ Upds, /Uhdxdyz/ vpdady,
Fr, Fr, K K

or for linear triangular element,

/ vpds =/ Upds, VE;, € OK.
Fr, Fr,

Obviously the above definitions are meaningful since each element K has two longer edges FT..
It is not hard to check that

OyVn = OyVn, Oxlp =0. (2.9)

Then applying Poincaré inequality yields

Hwh - U~}h| 0K < ChLHal-whHo,K, Ywp, € V. (2.10)

Lemma 2.3. For each vy, € V,, if there exists a point (2%, y®) € K such that vy, (2%, y%) =0,
then there holds

[vnllo,x < Chrloni, k. (2.11)

Proof. 1If there exists a point (z%,y%) € K such that vy, (2%, y¥) = 0, then for the linear
triangular element defined above,

lonl xc = /K o, ) — on (& ™) Pdxdy
- /K Bavn (25, 55) (& — 25) + Byun (a5, y) (y — )| Pdady

- /K 1Bavn (1) (@ — ) + 8, 0m (2, 9)(y — y™)|Pdlady

< 21 [|0svn 1§ x + 21§10y vallf k< 4T |vnlE -
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While for FQ'° rectangular element,
’Uh(xay)_vh( Y )
= Qpup (2 v ) (@ —2") +5yvh(chvle)(y —y")
+§azzvh( Y )($ xK)2 + 28yyvh( Ka yK)(y - yK)2
= [Opon (=™, y" ) 52 Uh( K,yK)(fU - IK)](I — )
+§6§xwl(xK’ yK)(x - xK) + 28'3yvfl($Ka yK)(y - yK)2
1
=tz =)+ (e =) = G0n(ane — 2"’
*§3§yvh(x,y)(y —y™)%

Note that

1020 vn (@ )llo.xc < A [0avn (@, ) lo.xc, 105, vn (. 9) 0.5 < g |0y vn(z, y)

we have
nme(/hwamw@K’w%m@
K
< hp[|0: Uh(fv Yok + 5 h 2102 ,0n(z, v)llo.xc + sl Oyvn(, y)|lo.x
Hé) yOn (2, Y)[lo,x < Chrlvnli k.
The proof is completed. O

3. Convergence Analysis and Error Estimates

According to [5], the variational problem of (1.1) is equivalent to:

~Au=f in Qt={zec Q: ulx)>x()},
~Au>f in Q={ze Q: ux)=x()}

3.1
u>yx in €, (3.1)
u=0 on 0.
The closed convex nonempty set K} is defined by
Ky = {vh € Wy / vpds > / xds, l; COK,i=1,2,3,40ri= 1,2,3}.
l; l;
Then the approximation problem of (1.1) reads as: to find uy, € Kp, such that
ah(uh,vh—uh) > f(’uhfuh), V”Uh EKh, (32)
where ap,(u,v) = / Vu - Vudrdy.
KeJy

Now, we will prove the main result of this paper.

Theorem 3.1. Let u,uy be the solutions of (1.1) and (3.2) respectively, u—x € W>>(Q), f €
L (Q). With the hypothesis of finite length of the free boundary, we have for anisotropic meshes
that

||u_uhHh = é(u7f7x)ha (33)



92 D.Y.SHI, C.X.WANG AND QILI TANG

where || - ||ln =2 |- %’K)%, C denotes a positive constant which depends on u, f and x, but is
K

independent of h and hi /pK.

Proof. Here, we only give the proof for the linear triangular element, and the FQ7° rect-
angular element can be treated similarly. Because

lu = unlln < llu—=Tpulln + [Taw — unl|n, (3.4)
by Lemma 2.1 and (2.4), the first term on the right hand of (3.4) can be estimated as
[lw — Mpullp < Chlu|z.q. (3.5)

The main difficulty is the estimate of |IIpu — up ||, the second term on the right hand of (3.4).
For the method employed in [9] is not valid for anisotropic meshes, we should develop new
techniques to deal with this term. Notice that

ITThu — un||? =an(Tpu — up, Tpu — up)
=ap(Mpu — u, Tpu — up) + ap(u, pu — up) — ap(up, pu — up)
<C|Tpu — u||p||TTpu — wp|ln + an(u, Tpu — up) — ap(u, Tpu — up)
<Chlulz,ol|Hrw — up|ln + En(u, Dpu — up), (3.6)

where Ep,(u, wn) = an(u, wn) — f(wn), wp = pu — up.
Then by Green’s formula and (2.9), we have

En(u,wp) = ap(u,wp) — f(wp) = Z /K(Vu -Vwy, — fwp)dzdy

KeJ,

Z / ((%Ué)zwh + Oyudywy, — fwh>dxdy
K

KelJy,
— Z / (&Duazwh + Oyudywy, — fwh>dxdy
KeJ, 'K
= — Z / <8§muwh + 8§yuu~1h + fwh>d:cdy + Z / <8xuwhnx + 8yuﬁ)hny> ds
KeJy, K KeJy oK
=— Z / (92, u+ f)(wy — wp)dady — Z / (Au + f)wpdzdy (3.7)
KeJg, VK Ke J, 7K
+ Z / (Qnuwhnx—i—ayuu?;my)ds
Kedy, 9K
= Il + I2 + I?n

where

h== Y [ @t N —adsdy, == 3 [ (Gut ooy

KeJ, Ke J,

I; = Z /8[( (chwhnx + ayuu?hny)ds.

KeJy,
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Now, we start to estimate each term I; (i = 1,2, 3). Firstly, I; can be estimated by (2.10) that

inj<c ) oz,

KeJy,
KeJy,
< Ch(

o)llwnln- (3-8)

Secondly, thanks to Lemma 2.3 and the fact that na% is for all faces of order h;l or even

zero, we have

Z / (Ozu)wpn ds = Z Z / (Ozu)wpnyds

KeJy, KeJ, FCOK
Z Z nm/ (Ozu — Mpdyu)(w, — Mpwy)ds
KeJ, FCOK
|F| : :
0% S (X maddaulc) (X Hadowlx)
KeJ, FCOK ge{L,S} qe{L,S}

<C Y ( > h%K|a§qu|3,K) lwnlln- (3.9)

KeJn “qe{L,S}

Similarly, by (2.9) we have

Z /aK —whnyds

KeJdy
3

D T |( > ol unaK) ( > wahnw)

KelJ, FCOK qe{L,S} qe{L,S}

3

0¥ S X maldul) nslosinlon

KeJ, FCOK qe{L,5}

3

<C ) ( > haxloy “|3,K) [[wn |- (3.10)

KeJ, ~qe{L,S}

Thus combining (3.9) and (3.10) yields
|I3] < Chlu|z.al|lws||n- (3.11)
In order to estimate the term I, let

w=—(Au+f), J={K¢cJ,; KnQ =0},
T ={KcJy; KnQ" =0}, J}={K € Jy; K<cJ,—J} —J}.

Then I5 can be rewritten as

I = (w,wp,) = (w,Mpu — up)

= (w, Ip(u —x) = (u—x)) + (w,u — x) + (0, Hpx — up) (3.12)
=: I + Ipo + Ia3,
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where

Iy = (w,p(u—x) = (u—x)), lo2=(w,u—x), Il2z=(w,Ilpx—upn)
By virtue of the boundness of hy/ﬁy and hx/ﬁx, I>; can be estimated as

I < Z lwlo,x [ TIn (v — x) — (v — x)l0,x

KeJy,
<C 37 Jwllosse (T (= ) = T = X)llo,ic + 1T (= X) = (1 = X)llox )
KeJdy
9*(u — x)
2
<C 3 Mwlloe (el =0k + 3 A= o)
KeJy qG{L,S}
<C 3 Nwlox (haTn(u = x) = (= Xk + hrlu = Xl + b= xl2.x)
KeJdy
<C Z hrhphs||wllo,c, ik [t = X[1,00,5 + Ch*|lw]lo,0lu — X|2,0
KeJy,
< CR|wlo.c.0lu = X000 + CH[wlolu - X2 (3.13)

From [5] we know that
Iy = (w,u — x) = 0. (3.14)

As to I3, we have

Inz = (w, I x — up — (X — un)) + (w, Ipx — up)

<C Z hrllwllo, x| Hax — unl1,x + (w, px — up)
KeJdy,

<C Z hrllwllo,x|Tnx — unl1,x + (w, Iy x — up)
KeJdy,

<C Z hLHw||0,K<|HhX =Xl +x— Uh|1,K) + (w, Hpx — up)
KeJy

=: Cly; + I3, (3.15)

where

L= hifu|

KeJ,

0,K(|HhX —Xli,x +|x — uh|1,K), 135 = (w, Iy — up).

When the element K lies in the contact part Q°, we have u = x, w > 0. In this situation
(I x —un)|x <0, then IZ; < 0. Otherwise, there exists a point X& = (2, y%) € K satisfying
(I}, x — up)(XK) = 0. Therefore, by Lemma 2.3

IInx — unllo,x < Chr|lpx — unl1, k- (3.16)

Thus, we have

I3 <C Y wlow|Tax —unlloe < Y Chllwlox Mau — unli,x
KeJy, KeJdy,

1
< CR?wllgq + glIThu — w7 (3.17)
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On the other hand, we can see from (3.1) that for K € Jﬁ, w =0, and for K € Jfb, u = x. So,

Iy=> " hrlwlox (Max—xl1.x+u—unli)+ Y hrlwllox (Tax—xlx+Ix — unlyx|)

KeJ? KeJ;
<> hLlleo,K(thx = X[, + [u = Hpuly,x + Mhu = usly k) (3.18)
KelJ?

+ Z hLHw”O,KOHhX — x|,k +Ix —uli,x + Ju—pulr,x + T — uh|1,K)
KeJ}

< cr?lwloa(lxlza + I/

1
00+ lwllo) + 51 —wnllf +C D7 hrfwlo.xlx = b

KeJ}

Notice that the hypothesis of the free boundary length is finite implies the total number of
K € J} is no more than O(h,'). Hence

> hrlwloxlx —uhx < Y hihuylwlosonlx =t
KeJ} KeJ}
Ch2h
<" |w]
Yy

0.00,2X = Ul1,00,0 < CB?|wllo,00,2/X — ul1,00,0

and

Lz < Ch*(Julo.q + || f]

0.2)(lwllo,e + Ixl20) + il\ﬂhu = unlli, + Ch? [wllo,cc.0lX — 1000
< Cu, £ + Ty = . (3.19)
Collecting (3.7), (3.8), and (3.11)-(3.19), yields
1By wn)] < Cla, £, 20K + 71T = . (320)
Substituting (3.20) into (3.6), we have
[un — Tpullf, < Clu, f,x)h*. (3.21)
Then the desired result follows from (3.5) and (3.21). O

Remark 3.1. We can also use the auxiliary finite element space
Vi = {ip, € L*(Q); @n|x € span{l,z,p(x)} or dp|x € span{l,z}, VK,/ [ap)ds = 0},
Fr,

if the long edge of rectangular element K or long right-angle edge of triangle element K parallel
to y—axis.

Remark 3.2. How to get the optimal order estimates remains open for the above two
anisotropic finite elements when the length of free boundary is infinite. Furthermore, how to
extend the results obtained herein to the quadrilateral cases of [28, 29] is also a very interesting
topic in the future studying.
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4. Numerical Example

In order to investigate the numerical behavior of the above two finite elements, we consider

the following example [27]:

—Au > =50, in
u>—0.5, in Q,
(4.1)
(—Au+50)(u+0.5)=0, in £,
u =0, on Of),
where = [0, 1] x [0, 1].

i
umuuuum\mmnm““m\ @\
s muuu“\\u \“\‘um‘\\ \\\\‘t';,'z,"

\
i n\u\u}\\\\ﬁ“\\}\\ il um““}g "3«';:"",

T

\\“\ m\\\\\\ i it
i

Fig. 4.1 The reference solution of the obstacle problem

We use the following projection SOR algorithm to solve this problem.

Algorithm:
Step 1. Set u(O).

Step 2. Fori=1,...,N
1 i—1
kD (k+1) _ (k)
Up; a_ (bl - Z QijUp; Z iUy, )
v j=1 j=i+1
Step 3. Set up; = max{y;, ugn) + w(ty, (k-H) ugi))}, 0 < w < 2 is relaxation factor.

Step 4. If ||u (k1) ugk)H < g, then go to the next step, otherwise go back to step 2.

Step 5. Output uy,.

Because there is no exact solution to the above problem (4.1), the numerical solution about
bilinear finite element on a sufficient refined mesh (h = 1/256) is used as the reference solution
(see Fig. 4.1).

We subdivide  in two ways: Mesh 1 and Mesh 2 (see Fig. 4.2). Mesh 1 is rectangular mesh

and Mesh 2 is right triangular mesh, on which Ir{naf hx /pr~ 14. The numerical results about
€Jn

the two nonconforming finite elements are listed in Table 1 and pictured in Fig. 4.3 and Fig. 4.4,
where m and n are the subdivision numbers along x-direction and y-direction, respectively.
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0 01 02 03 04 05

Fig. 4.2 Mesh 1 (left) and Mesh 2 (right) with m x n =16 x 16

—7

Fig. 4.3 The finite element solutions on Mesh 1 (left) and Mesh 2 (right) with m x n = 64 x 64
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Fig. 4.4 The error graphes of the two finite elements

Table 1 Error estimates in broken energy norm

07

mXn 8% 8 16 x 16 32 x 32 64 x 64
Rectangular element 0.33078256 0.17471666 0.09437756 0.05078487

Order / 0.9209 0.8885 0.8940
Triangular element 2.11976070 1.15148513 0.61768332 0.31866036

Order / 0.8804 0.8986 0.9548
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From Fig. 4.1 we see that the solution presents an anisotropic phenomenon, i.e., it changes
rapidly near the boundary. Thus in order to get more accurate approximation solution and
improve the computing efficiency (see Fig. 4.3), we subdivide the domain with anisotropic
meshes in local regions (see Fig. 4.2). On the other hand, the numerical results listed in Table
1 and the error graphes pictured in Fig. 4.4 indicate that the convergence rates with order O(h)
in broken energy norm are obtained for two nonconforming finite elements considered, which
confirm our theoretical analysis.
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