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Abstract
In this paper we extend the idea of interpolated coefficients for a semilinear problem to
the triangular finite volume element method. We first introduce triangular finite volume
element method with interpolated coefficients for a boundary value problem of semilin-
ear elliptic equation. We then derive convergence estimate in H'-norm, L2-norm and
L*-norm, respectively. Finally an example is given to illustrate the effectiveness of the
proposed method.
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1. Introduction

The finite volume element method is a discretization technique for partial differential equa-
tions, especially for those that arise from physical laws including mass, momentum, and energy.
The finite volume element method uses a volume integral formulation of the differential equation
with a finite partitioning set of volume to discretize the equation, then restricts the admissible
functions to a linear finite element space to discretize the solution [2,5-7,19,20,22,23, 25, 26,
29, 30, 33-36,41]. The method has been widely used in computational fluid mechanics as it
preserves the mass conservation. As far as the method is concerned, it is identical to the special
case of the generalized difference method or GDM proposed by Li-Chen-Wu [29].

Many works have been devoted to the analysis of finite element methods. see, e.g., [11-18].
For semi-linear problems, the finite element method with interpolated coefficients is an economic
and graceful method. This method was introduced and analyzed for semilinear parabolic prob-
lems in Zlamal [42]. Later Larsson-Thomee-Zhang [27] studied the semidiscrete linear trian-
gular finite element with interpolated coefficients and Chen-Larsson-Zhang [10] derived almost
optimal order convergence on piecewise uniform triangular meshes by the superconvergence
techniques. Xiong-Chen studied superconvergence of triangular quadratic finite element and
superconvergence of rectangular finite element for semilinear elliptic problem, respectively, and
illustrated the effectiveness of the proposed method in some examples [37-39]. Recently Xiong-
Chen first put the interpolation idea into the finite volume element method and studied the
finite volume element with interpolated coefficients of the two-point boundary problem [40].
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Li [28] considered the finite volume element method for a nonlinear elliptic problem and
obtained the error estimate in H!'-norm. Chatzipantelidis-Ginting-Lazarov [8] studied the finite
volume element method for a nonlinear elliptic problem, and established the error estimates
in H'-norm, L?norm and L*-norm. Bi [3] obtained the H!' and W1° superconvergence
estimates between the solution of the finite volume element method and that of the finite
element method for a nonlinear elliptic problem. In this paper, we shall put the excellent
interpolating coefficients idea into the finite volume element method on triangular mesh for a
semilinear elliptic equation.

We shall denote Sobolev space and its norm by W™P(Q) and || - ||m,p, respectively [1]. If
p =2, simply use H™(-) and || - ||, and || - || = || - [|o is L?*-norm. Further we shall denote by p’
the adjoint of p, i.e., %—i— i =1, p > 1. We shall assume that the exact solution w is sufficiently
smooth for our purpose. The constants C, Cy, Cs, etc. are generic in the paper.

The rest of the paper is organized as follow. First we will introduce the triangular finite
volume element method with interpolated coefficients in Section 2 and give preliminaries and
some lemmas in Section 3. Next we derive optimal order H'-norm, L?-norm and L>°-norm
estimates, respectively, in Section 4. Finally the theoretical results are tested by a numerical
example in Section 5.

2. Finite Volume Element Method with Interpolated Coefficients

Let © C R? be a bounded polygonal domain. Consider the second-order semilinear elliptic
boundary value problem:

o o o o ou ou _ :
_%(ana—z—i-ama—q;) - a_y(aﬂﬁ +a226—y> + flu)=g, inQ, (2.1)
u=0, on 0§,

where the coefficients a;; (x, y) (i, j = 1, 2) are sufficiently smooth functions satisfying the elliptic
condition, i.e., there exists a constant C' > 0 such that

2

ij=1

holds for any real vector (&1,&) € R? and (z,y) € Q. It is also assumed that f/(s) > 0 for
s € (=00, +00) and f”(s) is continuous with respect to s.

Let V' C 2 be any control volume with piecewise smooth boundary V. Integrate (2.1) over
control volume V| then by the Green’s formula, the conservative integral of (2.1) reads, finding
u, such that

f/ W<1>dy+/ W<2>dx+/ f(u)d:cdy:/ gdzdy, V CQ, (2.2)
v ov % %4
where 5 5
@ _, v L ou i—1.92
W a;1 6$ + @2 6:(]7 1 3 &

In this paper, we shall consider triangular partition of 2 and piecewise triangle linear interpo-
lation with interpolated coefficients, for w.

Give a quasi-uniform triangulation [J, for Q with h = max hg, where hg is the diameter
of the triangle K € [J3,. All control volumes are constructed in the following way. Let Qg be
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the barycentre of K € [J,. Connect Qx with line segments to the midpoints of the edges of
K, thus partitioning K into three quadrilaterals Kp, P € Z,(K), where Z,(K) are the vertices
of K. Then with each vertex P € Zj = Ugeyg, Zn(K) we associate a control volume Vp,
which consists of the subregions Kp, sharing the vertex Py (see Fig. 2.1). Denote the set of
interior vertices of Z; by Zg. For boundary nodes, their control volumes should be modified
correspondingly. All the control volumes constitute the dual partition J;.

P

Ps P,

Fig. 2.1. Illustration for a dual element Vp, and its modes.

Let S, € HY(Q) and Son, € H}(Q) be both the piecewise triangular linear finite element
subspace over the partition [Jj, and S;; be the piecewise constant space over the dual partition
J;r. Define interpolation operator I, : C(Q2) — S} and interpolation operator I} : C(2) — S;.
For an arbitrary node P € Z), denote ¢p by nodal basic function of P and x p by characteristic
function over Vp, then we have

Lw= > v(P)pp, WeC(Q), (2.3)
peZz)

o= Y o(P)xp, YveC(9Q) (2.4)
pezy

The standard finite volume element scheme of (2.2) can read, finding @, € Sop, such that

W;l)dy + Wf)dx + f(up)dedy = / gdzdy, VP € Z,
Ve, Vr, Vo VP
where ot O
—(4) U Up .
Wy, :aﬂa—xl-f-ama—y, i=1,2.

For the sake of simplicity, we now define triangular linear finite volume element scheme with
interpolated coefficients, finding uy € Son, such that

—/ W,§1>dy+/ W,§2>dx+/ Ihf(uh)dxdy:/ gdady, VYPye Z),  (25)
6VP0 o Py VPO VPO
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where

Ouy, oup, .
i 2> =1,2.
Yoz + iz oy !

W}Ei) =a

Eq. (2.5) can be further written as difference equations which is simpler than that of the
standard finite volume element method. It can be solved by the Newton iteration method in
which its tangent matrix can be calculated in a simple way.

Py

P, My P;

Fig. 2.2. A triangle K partitioned into the three subregions.

Let K = AP,P;P; be any triangle and P(z,y) a point in the triangle. As an example we
take A = —A, then (2.5) becomes

0
_/ uhds—i—/ Ihf(u;l)dacdyz/ gdxdy, VP e Z).
aVp, on Vi, Vp

0

For a triangle Ko, = APyP; P11, denote a; = Pi41FPy,b; = P;Py and ¢; = PP (see [29]),
where P; = P;. Then we can get

5 B2 — - a? a? — b -}
°. s
+Z WQgi(QQfPo + 7fPl + 7fPi+1) = / 9d$dy7 VP € ZiON (26)
i=1 Veo

where S, is the area of the triangle K¢g, = APyP; P41 and up, = up(B;), fp, = f(un(F)).
Obviously (2.6) is a nonlinear system with respect to up,. For nonregular inner nodes (zp,,yp,),
by boundary condition the above equation should be modified correspondingly.
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3. Preliminaries and Lemmas

In the preceding section, we give the finite volume element scheme with interpolated coeffi-
cients. We will give preliminary work and some lemmas in this section. Let

a(u, I on) = Z cph(P)< — wVdy + W(Q)d:c), Yon € Son,
PGZS oVp oVp

(u, on) = Z @h(P)/ udzdy, Ven € Son,
Pez? Ve

and take V = Vp. Then (2.2) can be written as, finding u € HZ (£2), such that

a(u, Ien) + (f(w),Iien) = (9, 1hn),  Yen € Son. (3.1)
Analogously, (2.5) is equivalent to finding wuy, € Sop, such that
a(un, Thon) + (Inf(un), I on) = (9, on), Vn € Son- (3.2)

For the sake of simplicity in our analysis, we still denote the bilinear form by

ov ov
= WO = 4L w@ ) dzdy, V HY Q).
ax(’U;,’U) /Q ( az + ay X y7 U,U S O( )

Depicted as in Fig. 2.2, we convert the integral on the edge of dual partition to the related
element K = AP;PjP, € Jy. Then

a(u, T on) on(P) ( / W(l)dy—i—/ W(2)dx)
l K;ﬁ l g,j:k l oVp NK aVp,NK
- Z / W W W(2 ) TLI hdsa VSOh € Son.- (33)
6VPZ NK

KeJy, l=i,5,k
Similarly we can obtain
(u, Iyon) = Z /thgohdxdy— Z Z en(FPr) / udrdy, Ve € Son. (3.4)
KeTn Kedy l=i,j,k Vp NK

Denote ||-||s and |-|s be continuous norm and continuous semi-norm of order s in Sobolev space
H*(Q), respectively. Define discrete zero norm, semi-norm and full-norm, respectively, by

1/2
—{ S lonl? } , 5)
KeJy,
1/2
lnl1,n :{ > |90h|ih,K} : (3.6)

KeJy
1/2
| = i) (3.7)
for ¢p, € Son, where K = AP;P; Py, shown as in Fig 2.2, and

|90h

1 1/2
ferlonr = |30+ + ik |

o= { | (252) 4 (28@) ) 5.}

1/2
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From [29], we have the following lemmas.

Lemma 3.1. For Yo, € Son, |enli,n and |en|1 are identical and ||¢pllon and ||@nll1,n are
equivalent with ||epllo and ||@nl|l1 respectively, i.e., there exist positive constants Cy,Ca,Cs,Cy
independent of Sop, such that

Cilenlon < lenlo < C2lenlo,n, Veon € Sh, (3.8)
Csllenllin < llenlls < Callonllin - Veon € Sh.
From [7,9,29], we have the following three lemmas.

Lemma 3.2. ([29]) There ezist positive constants C1,Cy such that

a(en, Then) = Cilenli, Von € Son, (3.10)
la(u = Tnu, on)| < Cobllullzlonly,  Yu € Hy(Q), ¢n € Son. (3.11)
Lemma 3.3. ([29]) The semi-norm |- |1 and the norm |- ||1 are equivalent in the space H} (),

that is, there exists positive constants C' such that

lonlt < llenlli < Clenlt,  Yen € Son. (3.12)

Lemma 3.4. The interpolation operator I has the following properties

/ I vpdzdy :/ vpdxdy, Yo € Sop, for any K € Jp, (3.13)

K K

/I;*L’uhds = /vhds, Yo € Son, for any side of K € T, (3.14)
e e

1T vnlle,co0 < llVnlle,cos  Yun € Son, for any side of K € J, (3.15)
lon — Lionllopx < Chlpnlipx, Yon € Son, 1< p < oo. (3.16)

Proof. For vy, € S, in K € Jy, write vy, as
Vp = ’Uh(R)AZ + Uh(Pj)Aj —+ ’Uh(Pk)Ak.
Then we have

/K Gopdady = > on(P) / dzdy = l[vh(ﬂ) + v (Py) + v (Py))Sk,

3
l=i,j,k Knvp,

1
/vhdmdy: > /vh(Pl))\ld:cdy:—[vh(R-)+vh(Pj)+vh(Pk)]SK.
K 1=ijk 7K 3

The desired result (3.13) is derived from the above two formulations. From [9] we also obtain
(3.14)~(3.16). 0

For the interpolation operator Ij,, we need the following lemma.

Lemma 3.5. ([9]) Assume w, ¢ are sufficiently smooth functions. Let Inp € Son be the La-
grangian interpolation of p, then

|(w (¢ = Tnp), ¥n)| < CR2|l¢ll2pll9n

for%+§:1,1<p§oo.

1,p"s V?/}h S S()h, (3.17)
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In view of the Schwartz inequality, we can obtain the following result.

Lemma 3.6. Assume w € H}(Q), then there exists a positive constant C, independent of the
mesh size h, such that

|(w = Tuw, Ton)| < CR?[lwll2llenllo,  Yion € Son. (3.18)

Lemma 3.7. ([8]) Let e be a side of a triangle K € J. Then for w € H'(K) there erists a
constant C' > 0 independent of h such that

/w(uh —Tion)ds| < CR2[ullvxclonllix,  Von € Sh. (3.19)
Moreover, for g € H' and vj, € Sop,
(9,vn = Thon) < CR?||glli[Jon]1- (3.20)

For our theoretical analysis, we also need the following two lemmas.

Lemma 3.8. Let u € H?. The following identities hold

Z / WO W) ny,ds = 0, Z / WO W) nliv,ds =0, (3.21)
K oK

KeJy KeJn
> (W, W) nopds =0, > (WO W) nliopds =0, (3.22)
Keg, /K Keg, VoK

where W = ain (€)% + ajo(e)

3y =1,2 and a;j(e) are the value of a;; at the midpoint of the
edge e of triangle K € Jy.

Proof. The first identity of (3.21) is obvious by rewriting the sum as integrals of jump
terms over the interior edges of 7. These jumps obviously vanish because of the continuity of
(WO W) .n. A similar argument gives the second identity of (3.21) and two identities of
(3.22). O

Lemma 3.9. Let u,, be defined by (3.2). For any v, € Sh,
la(un, vn) — alun, Giow)| < C (B ulla + Allw = un 1 )lonls. (3.23)

Proof. Using the Green’s formula, the identity

9 oy, 9 @
B 774 Tw® ) dad
/VpﬁK <6x h * 8y h i
_ / WO, W®) . nds + / WP, w®) . nds, (3.24)
VpNOK OVpNK

holds for P € Z) and K € J),. Hence we have

9 (2
a(up, o) = — ) / < W+ Z w2 1oy dzdy
Oz oy " i
KeJy
+ W<1 It upds. 3.25
2./, !

KeJn
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By the Green’s formula, we also obtain

a(un, vn) = Y /( )avh W}EQ)%) dzdy

Kedgn
0
= Z / ( W(l) 9y W( )) vpdzdy + Z / W,gl),W(Q)) nupds. (3.26)
KeJn KeJn
Subtracting (3.25) from (3.26) gives
a(up, vn) — a(up, op) = Z / W(l) 0 Zw® (v, — I} vp)dzdy
’ ’ ox h 8y h Y
KeJp
+ ) / W w2 nuy, — Tiv)ds. (3.27)
KeJn

Lemma 3.8 gives the identity

2

S [ (W WO w8 W) T =0
oK

a _
+ aia(e) “’éy Yoi=1,2.

oup, — u

ox

W = WD), = aj(e)
Employing this identity, (3.13) in Lemma 3.4, we get

a(un, vy) — alup, Ijvn)

B B
=- > / (@W(l —a+g W<2> §)(U;l—12v;l)dxdy
K

+Z/“wwbww—mﬁ4wmm&fw%4M”wﬁm
KeJn oK
(s —Tu)ds = Y (Ix +1Ik), (3.28)

KeJy

where £, and & are the mean values of -2 W,El) and a W( ) over triangle K, respectively. By
using the Holder’s inequality, we can get

k| < CRWL 1k + W |1 k) onllx < Ch?

< Ch2(|\ , ) (3.29)
To bound Ilx, we have
2
O(up — u) O(up, — u)
< s o —
k| < Ch <; (air = ai(e)) —=—5— + (aiz — aiz(e)) W |k |
< Chmax |aj,|(] (3.30)

Summing up (3.29) and (3.30) over all triangles, we obtain the desired (3.23). O
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4. Error Estimate of the Finite Volume Element

We have given the definition of the finite volume element scheme with interpolated coeffi-
cients. Now we analyze the error of the scheme. To start our analysis, we introduce an auxiliary
bilinear form

A(w;w, Tipn) = a(w, Tion) + (f (w)w, Tron),

where w is the exact solution in (2.1). For the auxiliary bilinear form A(u; -, -), we have following
positive definite properties.

Lemma 4.1. For fived u € Hy(Q), A(u;wp, Lwy) is positive definite for sufficiently small h,
i.e., there exists a positive constant o, such that

A(w; wp, Tiwn) > alu, fl|wnl?,  Vwn € Son. (4.1)
Proof. Rewrite A(u;wp, I wy,) as
A(ws wn, Tywn) = a(wn, Gawn) + (f (w)wn, wy) — ((f/(u)wh; wp) — (f/(u)wh,l;lwh))- (4.2)
Application of Lemma 3.2 and Lemma 3.3 yields
a(wn, Gywn) = CilJwn1. (4.3)

Note that f/(s) > 0 and let Cy = Iign% f(u(P)) for the fixed u. Then we have
€

(/' (w)wn, wn) = Callwn[§ > 0. (4.4)
It follows from (3.13) in Lemma 3.7 that
(' (wwn, wn) = (f (w)wn, Tw)|

> [ r@unton - Gundedy| < 37 ChIF (wunh whlunls.x

KeJn K KeJn

< max(|f(u) V. [F'(0)]) 3 CR e < Coh®un (45)
KeJy

This, together with (4.3)—(4.5), gives
A(wswn, Tywn) 2 Cillwnl} = Csh®|lwnllf = (Cr = C3h®) w3,
which implies the desired result (4.1) for sufficiently small h. O
Now we state the main result of this section.

Theorem 4.1. Assume f'(s) > 0, f € C*(R),g € L*(Q). Let u € H}(Q) N H?(Q) is the solu-
tion of (2.1) and J, is quasi-uniformly triangular partition of domain 2, then the approzimate
solution up, € Sop, of finite volume element method (2.5) with interpolated coefficients converges
to the exact solution u with the following estimate

u—wunlr < Clu, f,9)h, (4.6)

for sufficiently small h.
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Proof. Subtracting (3.2) from (3.1), we obtain the following error equation
a(u —unp, Lyon) + (f(u) = Inf(un), Ion) = 0.

By expansion in an element 7 € Jj, we have

In(f(u) = flun)) =Y (f((Py)) = f(un(P;)))

J

= f'(u)(Ipu — up) 4 61 max |Iu — up| + 8 max |Tu — up|?,

where

01=C max |f(u(P)) = f'(u(P")) =O),
1

b2 = 34"(€) = O(1),  [€] < max|u(P)|.

Substituting (4.8) into (4.7), we find

A(u; up — Ihuh, I;;(ph)

= a(u;u—Thu, Thon) + (f(u) = Ta(w), Tion) + > (rThen),
TETh

161

(4.8)

where r = §; max |[,u — up| + 62 max [I,u — up|?. Let 0 = up — Lyu € Sop, and take ¢, = 6. An

application of Lemmas 4.1, 3.2 and 3.6, and the Holder inequality yields

al|0]i < Chlollx + C(nll6]

0,00 + [0

6.00)M100l0,1-
Recalling for Bramble [4] that
16llo.0c < ClInh|Y2|V0] < Cllnh[2]6]2
holds for 6 € Sy, and by the well known Sobolev inequality
[ollop < Cllvll,  1<p<oo,
we get
all6lff < Ch{0]1 + C (Al Al 2(|6]]y + [ Al0]3) 6]
Omitting the common factor ||6]|1, gives
allflls < Ch+ Chitn V28] + ] n bl 6]

For h < b/, omitting the second term of the right-side implies

16]1 < Crh+ Ca|Inh||6]]3.

(4.11)

(4.12)

Now adopting a continuity argument by imitating the method by Frehse-Rannacher [24], yields

10]ly < IThu — uplly < 2C1h.

(4.13)
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For s € [0,1] considering the auxiliary semilinear elliptic problems (P®): Find u® such that

0 ou’ ou’ 0 ou’ ou’ 5\ :
{ —%(anﬁ + a126—y> - %(GQIW + a22—y) +sf(u®) = sg, in Q, (4.14)

u® =0, on 0.

Obviously, for s = 1 this is our original problem (2.1) and for s = 0 we have u° = 0 on . We
shall assume the following condition on 2. For any s € [0, 1], there is a solution u® of problem
(P*) and there is a constant I" such that the set

Nr = {w|w € H*(Q) ﬂH&(Q),mgxm —w| < F}

is some neighborhood of exact solution u in (2.1).
We approximate problem (P#) by the discrete problems (P$): Find uj, € Sop, such that

a(up, op) + s(Inf(uy), on) = s(g, ion), Yo € Son- (4.15)
We intend to show that (P$) is solvable. For each h, we define the set E; C [0,1] by
E, = {s € [0,1]|(P;) has a solution uj, € Ny
and there holds ||Ipu® —up||1 < 2Clh},

where C is the constant appearing in (4.12). Below gives some observations:

(i) Ep is not empty. In fact, for s = 0,u® = 0 and uj = 0 are the solutions of continuous
and the discrete problem, respectively.

(i) Ep is open in [0,1]. In fact, if s € Ej then (P7) is solvable and using the monotonicity
condition, we obtain the solvability of (Pj) for all ¢ in a neighborhood of s via the implicit
function theorem. By the implicit function theorem wu! depends continuously on ¢. Thus
properly shorten the neighborhood such that the strict inequality |[Inu® — uj |1 < 2C1h and
uj € Nr is still valid and we have ¢t € Ej, for these t.

(iii) Ep is closed. Let s(j) € Ej, and s(j) — s,j — oco. Since ufl(j) € Nr there is a cluster
point u; which is the unique solution of (P3) and satisfies ||Iyu® — u}||1 < 2Cih. Recalling for
(4.12) we conclude

ITpu® —uj ||y < Cih +4C2CE|Inh|h? < Cy(1 +4C,Cy|In h|h)h,

then for h < h” = h"’(C1,Cs), we have 4C1Cs|Inh|h < 1 and ||Iyu® — uj||1 < 2Cih, ie. the
strict inequality.

From (i)—(iii), we know that for A < min(h’, h”’) the set E} is not empty, closed and open
with respect to [0,1] and thus must coincide with [0, 1]. Note that for s = 1, (P}) is solvable.
We prove that inequality (4.13) and u;, € Nr hold for appropriately small h.

Finally, the desired estimate (4.6) follows from (4.13) and the interpolation property

[ = Tnulls < Chllulls.

This completes the proof of this theorem. O

For the proof of the L?-norm estimate, we shall employ a duality argument as the one used
in [7,21], Let us consider the another auxiliary problem. Let ¢ € H} be such that

a(p,v) + (f'(u)e,v) = (u —up,v), Vv HL. (4.16)



A Triangular Finite Volume Element Method for a Semilinear Elliptic Equation 163

Then the solution of (4.16) satisfies the following elliptic regularity estimate
lell2 < Cllu — unl- (4.17)

Theorem 4.2. Assume f'(s) > 0,f € C*(R),g € H Q). Let u € Hi(Q) N H*(Q) be the
solution of (2.1) and up, € Son, be the approxzimate solution of finite volume element method (2.5)
with interpolated coefficients, respectively. Assume Jy is quasi-uniform triangular partition of
domain 2. Then

”u_uhH < C(U,f,g)h?, (418)

holds for sufficiently small h.
Proof. First, in view of (4.16), we have
lu = unll® = a(u = un, @) + (' (u)(u = un), ¢)
= (alu = = Tng) + (F ()1 = un), 9 — Ing))

+ (a(u —un, Inp) + (f' (u)(u — up), Imp)) =1 +1. (4.19)
Using the interpolation property, we can get
IL| < Cu, f)hlu = unll1]ell2- (4.20)

Notice (4.8) and rewrite I as
Iy = a(u, Inp) — a(un, Tnp) + (f'(u)(u — un), Inp)
— (9. 1h¢) + alun, L) + (Inf (un), I 0)
= [(9.1ne) = (9: Lhp)] — [a(un, Inp) — alun, L)) = (f (u) — Inf(u), Ing)
= [@nf () Inp = Lip)] + (f (w)(w = up), Inp) — (In(f (u) = fun)). Lip)
= [(9:Ing) = (9, Thp) = a(un,Inp) — a(un,Inp)] = (f(v) = Inf(u),Inep)
— [(Inf(w), Inp = L)l + (f' (W) R, Ing) — [(f'(w)0, Ing) — (f'(u)0, )] + Z (r,I5e).

TE€EITh
Applying Lemmas 3.5, 3.7 and 3.9, and (4.9)—(4.10), we get

el < O(2 <+ hfw = wn |l + b1 b /28] + Bl B[O ) o] (4.21)
Therefore, substituting (4.20), (4.21) and (4.17) into (4.19) yields
lu = unl* < x| + |T2| < C(h2 +hllw = uplly + B h|2]0] 1+ 1nh||\6’||?) [l — unl.
Omitting the common factor ||u — up|| gives
= wnll < C (B2 + Rllu = unlly + B 28] + kI A6 )
This, together with (4.6) and (4.13) in Theorem 4.1, gives the desired estimate (4.18). O

Theorem 4.3. Assume f'(s) > 0,f € C*(R),g € H (). Let u € H}(Q) N W?2°°(Q) be the
solution of (2.1) and up € Son be the approzimate solution of finite volume element method
(2.5) with interpolated coefficients, respectively. Assume that the coefficients ai2, a1 in (2.1)
satisfy a12 = a21 and Jn is quasi-uniform triangular partition of domain Q). Then

lu — unlo.0o < Ch?|Inh|, (4.22)

where the constant C is dependent of u, f,g and independent of h.
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Proof. By using the triangle inequality, we have
llu = unllo,c0 < llu = tnllo,c0 + ll@n — unllo,oc;
where 1y, is the finite element approximation of u satisfying
a(tn, vn) + (f(@n),vn) = (9,0n), Von € Son-
It has been shown in [7,9,31] that

[u = @nllo,0e < Clu, f)h?|Inh|,
||u - ﬁh”l S C(U, f)ha
|inll1 < C.

(4.23)

(4.24)
(4.25)
(4.26)

Next, we turn our attention to the estimate of ||@y — upllo,00. Let P* € Ky C Jj, such that
lan — unllo,c0 = [(Tn — up)(P*)| and dp« € C5°(€2) is a regularized Dirac d-function satisfying

(6,vn) = vp(P").
Consider the corresponding regularized Green’s function G € H{ (2), defined by
a(G,v) + (f'(an)G,v) = (5p,v), Yv e Hy(Q).
Let Gy, € Spp, be the finite element approximation of G, i.e.
a(G — Gp,vp) + (f'(an)(G — Gr),vn) =0, Vv, € Sop.
Then, in terms of (3.2) and (4.23), we can get

lin — unllo,c0 = (Op+, Un — un) = a(tn — un, Gp) + (f'(@n)(@n — un), Gr)
= (9. Gn) = (f(@n), Gp) — alun, Gp) + (f'(@n)(@n — un), Gp)
+ a(un, I,G) + (In f(un), I,Gr) — (9, 1,Gh)
= {(9,Gn — L;Gr) — alun, G = L;Gp) } + {(Inf (un), 1;;Gh)
— (f(un), Gn)} + (f'(@n)(@n — up) — f(an) + f(un), Gr)
= 13 + 14 —|— 15.
Using Lemma 3.7, Lemma 3.9 and Theorem 4.1, gives
L] < CR?||gll1 Gl + C(hllu = unlly + B2 |[u]l2) | Gallx
< C(u, g)h?(|Ghl|r-
Using Lemma 3.7 and the interpolation property, we have
s = [(f(un), Gn — L,GR)| + [(f(un) — Inf(un), 1, Gn)l
< C(u, /)R*||Gl1-
Using
flun) = f(an) = f'(an)(up — @n)

= (uh — ah)2/0 f”(uh — t(uh — ’ﬁh))(t — 1)dt,

(4.27)

(4.28)

(4.29)

(4.30)
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and (4.25) and Theorem 4.1, we get

[s| < |(f'(@n)(@n —un) = f(un) + f(un), Gn)|
< Ol (@n — un)*[|Gnll < CLA?||Ghll. (4.31)

In addition, it follows from [7,32] that
|Ghlly < ClIn k|2, (4.32)
Combining (4.29)-(4.31) we obtain
liin — unllo,c0 < CH?|In |2,
From this and (4.24) we get

.00 < C(1+|Inh|"Y2)h2|Inhl,

[l = unl

which gives the desired estimate (4.22) for sufficiently small h. U

5. Numerical Example

In this section we present a numerical experiment to verify the theoretical results. We
consider the following semilinear elliptic problem

—Au+u®=g, inQ=(0,1)x(0,1), u=0, on 99, (5.1)
where the function g is chosen, such that the known solution is
u(z,y) = y(1 — ) sin(z(l —y)).

Place a right triangular decomposition on the domain = (0, 1) x (0, 1) with the right-angle-side
length h =+, ;= %, y; =4%,i,7=0,1,..., N, see Fig. 5.1.

Y
1

O 1

Fig. 5.1. The right triangulation of € = (0,1) x (0,1) with the right-angle-side length h = 1.

X
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By using the linear triangular finite volume element method with interpolated coefficients,
we obtain the numerical results as listed in Table 5.1. From Table 5.1, one can see that the
triangular linear finite volume element with interpolated coefficients satisfies the results in our
theoretical analysis.

Table 5.1. Errors of FVEM with interpolated coefficients.

H'-seminorm L?-norm L°°-norm
h Error Rate Error Rate Error Rate
0.200 8.4484e — 4 5.1397e — 4 6.0746e — 4

0.100 3.1565¢ — 4 1.4204 | 1.2708e —4 2.0159 | 1.2431e —4 2.2888
0.050 9.0075e — 5 1.8091 | 3.1677e —5 2.0042 | 2.8110e —5 2.1448
0.025 2.3786e — 5 1.9210 | 7.9135e — 6  2.0011 | 6.6846e — 6  2.0722
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