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Abstract

In this paper, we consider the linear elasticity problem based on the Hellinger-Reissner
variational principle. An O(h?) order superclose property for the stress and displacement
and a global superconvergence result of the displacement are established by employing a
Clément interpolation, an integral identity and appropriate postprocessing techniques.
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1. Introduction

1.1. Introduction

In this paper, we consider the mixed finite element (for short MFE) approximation of a
stress-displacement system derived from the Hellinger-Reissner variational principle for the
linear elasticity problem. As is known to all, the MFE methods require that the pair of finite
element spaces satisfying the B-B condition. Although there are a number of well-known stable
MFEs for the analogous problems involving vector fields and scalar fields [1], the combination of
the symmetry and continuity conditions of the stress field is a substantial additional difficulty.
On the other hand, a lot of efforts, dating back four decades, have been devoted to develop
stable MFEs for the linear elasticity problem, but no stable MFE scheme with polynomial shape
functions are yielded. Not until the year 2002, were there some development in this direction.
In [2], a sufficient condition was given and then a family of stable MFEs were constructed with
respect to arbitrary triangular meshes, with 24 stress and 6 displacement degrees of freedom
for the lowest order element, and an optimal order error estimate was obtained. An analogous
family of conforming MFEs based on rectangular meshes were proposed in [3], involving 45
stress and 12 displacement degrees of freedom for the lowest order element. Two nonconforming
triangular elements were presented in [4] with 12 degrees of freedom for the stress and 3 degrees
of freedom for the displacement.

Although many stable elements have been constructed for this problem, they involve too
much degrees of freedom. Recently, some more simple elements have been developed. In [5], a
group of nonconforming rectangular elements were introduced, with the convergence order of

* Received August 9, 2011 / Revised version received December 4, 2013 / Accepted January 15, 2014 /
Published online March 31, 2014 /



206 D.Y. SHI AND M.H. LI

O(h) in L?-norm for both the stress and the displacement, and the simplest element employed
12 degrees of freedom for the stress and 4 for the displacement. In [6], a family of conforming
rectangular MFEs were proposed. It is closely related to one of the elements in [5]. Actually,
the same finite element space is used for the displacement, while the space used to approximate
the stress space is an extension of [5]. The lowest order pair in this family, with 17 degrees of
freedom for the stress and 4 for the displacement, results in a convergence rate of O(h?) for the
stress and O(h) for the displacement in L?-norm, respectively. In [7], a new family of minimal,
any space-dimensional, symmetric, nonconforming mixed finite elements were presented. In 1D,
it is nothing else but the 1D Raviart-Thomas element, which is the only conforming element
in this family. In 2D and higher dimensions, they are new elements but of the minimal degrees
of freedom. The total degrees of freedom for per element are 2 plus 1 in 1D, 7 plus 2 in 2D,
and 15 plus 3 in 3D, respectively. In [8], the elements used in [7] were extended to conforming
elements by enriching the spaces for both the stress and displacement, and the number of total
degrees of freedom for per element are 10 plus 4 in 2D, and 21 plus 6 in 3D respectively, which
are the simplest conforming rectangular elements so far.

On the other hand, the superconvergence study of the finite element methods is one of
the most active topics for a long time in theoretical analysis and practical computations, and
many valuable results about conforming and nonconforming finite elements have been obtained
for different problems [9—16], but no consideration on this aspect is known about the finite
elements of [6]. In this paper, at the first attempt, we will have a try to fill this gap. We
obtain the supercloseness property of O(h?) order for the stress and displacement and the
superconvergence result of O(h?) order for the displacement in L?-norm through a Clément
interpolation, an integral identity and interpolation postprocessing techniques.

The rest of this paper is organized as follows. In next section, some notations and prelimi-
naries are introduced and the weak coercivity is established by the V-elliptic property and the
B-B condition. Then we present the construction of finite element spaces in section 3. The last
section is devoted to derive the supercloseness and global superconvergence of the displacement
field.

2. Notations and Preliminaries

In this part, firstly we introduce some special functional spaces and operators. Let £ C R?
be a bounded convex domain, and p,v = (vm , ’U[Q]) and 7 = (7i;)2x2 be a function, vector-valued
field and symmetric tensor, respectively. We define the following notions:

Op/ox ) divr — ( O711/0x + 0T12/0yY )

op/oy )’ ~ \ Om1 /01 + 012 /0y )’
avm/é)x 01)[1]/8y

gradv = ( ol fox  ovl? /oy )’

Let S denote the space of symmetric tensors, equipped with the inner product

gradp = (

e(v) = %(gradv + (grad)Tv).

2

(O‘,T)Z/O'ZT, where o:7 = E 03§ Tij-
Q

ij=1
The space H*(, X) is defined as

H @, X) = {v e 3@, X) | D™ € L@, X),¥ || <k},
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where X ranges R, R? or S. If X = R, we will simply use H*(§2) instead. The space H (div, (2,S)
is defined by
H(div,Q,S) = {T € L2(Q,S) | divr € LQ(Q,RQ)}.

We can check that H(div,€,S) is a Hilbert space equipped with the norm

2 . 2
Il acdivy = o/ 17112 + Iidive 2

and inner product
o,T iy = | o:74+dive - divT.
H(div) 0

Next we consider the linear elasticity problem in R?: given a body force f, find a symmetric
stress tensor ¢ and a displacement u such that

Ao =€(u), in Q,
—dive = f, in Q, (2.1)
u =0, on 0f),

where the compliance tensor A = A(z,y) : S — S is bounded and symmetric positive definite
uniformly for (z,y) € Q.

The weak formulation of (2.1), based on the Hellinger-Reissner variational principle, is to
find (o,u) € ¥ x V such that

{ a(o,7) + b(r,u) =0, Vrex, (2.2)

b(o,v) = G(v), Yo €V,

where ¥ = H(div, Q,S), V = L*(Q,R?),

a(O',T):/QAO'ST, b(T,v):/QdiVT~v, G(v):f/ﬂfm.

The bilinear form a(-,-) is V-elliptic in the collection Z = {7 € X |b(7,v) = 0,Vv € V} and
the B-B condition is satisfied in the sense that there exist positive constants o and 5 such that
a(t,7) > « ||T||§{(div) , VT € Z, (2.3)

Jo divr - v

sup

> Bllvllo, Vv eV, (2.4)
TED |THH(diV)

therefore, the problem (2.2) has a unique solution.
We rewrite this problem as: find (o,u) € ¥ x V such that

Q((Uvu)a (T,’U)) - 7G(U), V(T,U) eEX XYV, (25)

where

Q((O’,U),(T,U)):/QAO'ST*F/QCMVT'U*/Q(‘MVO"U.

Then we define the norm on ¥ x V' by its square:

2
I, )" = 17113 iy + 1015-

The following lemma will play an important role in our supercloseness analysis, of which
the similar proof can be found in [17]. For the sake of completeness, we give the proof sketchily.
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Lemma 2.1. If (2.3) and (2.4) hold, the following weak coercivity condition is true

Q). ()

> C||(o,u)|, V(o,u)eX xV. 2.6)
s PR Toew o)l ¥ (

Proof. Given (o,u) € ¥ x V, we consider the following two auxiliary problems:
Problem 1: find (o1,u;1) € ¥ x V, such that

a(Ta 01) - b(Ta ul) = (Ua 7—)H(div)a VT € X, (2 7)
b(o1,v) =0, Vv e V. '
Problem 2: find (o2,u2) € ¥ x V, such that
a(t,02) —b(T,u2) =0, Vrekx,
(2.8)
b(oa,v) = (u,v), Yo eV.

Obviously, each of (2.7) and (2.8) has a unique solution if (2.3) and (2.4) hold. We now set
(Tvv) = ((01 + 0'2), (U1 + 'LLQ)), then

Q((Uvu)a (Ta ’U)) = a(ga o1+ 02) + b(0'1 + UQvu) - b(ga uy + u2)
= llo (37 + ey = 1l ()12,

where (2.7) and (2.8) are used. Since [[(o1,u1)[| < Cllo| 5 (giv) and [[(o2, u2)|| < Cllully, we get
[(7,0)[ < Cll(o,u)], and finally

Q(o;u), (1,0)) = Cll(o,w)| |(; V)],

which implies the desired result. O

3. Construction of the Finite Element Spaces

Let Q C R? be a rectangular domain with the boundary 02 parallel to z-axis or y-axis in the
plane, 75, be a family of axiparallel rectangular meshes of €2, and h be the mesh size. For a given
K € Tp, we denote the central point of the element K by (xx,yx), the length of edges parallel
z-axis and y-axis by 2h,, and 2h,,, respectively. Denote the four vertices by d;(i = 1, 2, 3,4),
and the four sides by I; = d;d;+1(¢ = 1,2,3,4 mod 4), where d1 = (xx — hyp, Yk — hyy ), d2 =
(xK+h$K7yK_hyK)7 ds = (IK +h1‘KayK+hyK) and dy = (IK _hl‘K5yK+hyK)' n= (n17n2)
and ¢t = (—n2,n1) denote the unit normal vector and the unit tangential vector, respectively.
The space @Q; ;(K) consists of polynomials on K of degree at most ¢ for « and j for y. The
space P;(K) cousists of polynomials on K of total degree at most ¢ for z and y.

Let X5, and V}, be the finite element spaces for the stress field X and the displacement field V,
respectively. To get a unique solution and to ensure a good approximation of the true solution,
the pair ¥;, and V}, must satisfy the B-B condition. In [2], Arnold and Winther established a
set of stability conditions instead of the B-B condition for the elasticity problem, that is

o (Al) divE, C Vp,

e (A2) There exists a linear operator II, : H*(Q, S) — X, bounded in £(H!, L?) uni-
formly with respect to h, such that divll,o = Pydive for all o0 € HY(Q,S), where
Py : L2(9,R?) — V}, denotes the L2-projection operator.
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In this paper, we define the finite element space V} similar to the zero-degree Raviart-
Thomas rectangular element to get the supercloseness and superconvergence result, and adapt
the finite element space ¥; and the linear operator II;, as [6], which are constructed to satisfy
conditions (Al) and (A2). Now we introduce the definitions of Vj,, p, and IIj.

o Firstly, let Vi = (VI V2, where VI = Qo1 (K), V2 = Q10(K). We define the
degrees of freedom for Vi as follows:
(e) fll vlds, fl3 vl ds; fl2 vl ds, fl4 vl ds,
that is, the two horizontal and vertical edge integral values are employed as the degrees
of freedom for the finite element spaces defined by Qo 1(K) and Q1,0(K) respectively,
which is similar to that for the zero-degree Raviart-Thomas rectangular element. The
only difference lies that the order of the vector component is reversed.

e Secondly, we define

se={re (Gusti orath) )1 € Vi)

It can be checked that the explicit representation of Y5 is as follows:

( Q11(K) P (K) @ span{2?,y?} >
P (K) & span{z?, y*} Q11(K)

(5 2 2 ) )
oy —5y® )\ 2ty —wy? )0 w5 T\ 2% —Rayd

The degrees of freedom for Y are defined as

Sk =

o (a) [, ™ - nuds,Yv € Pi(l:), (b) Jf, ™n - tds,

e (c) Ti2(di), (d) [ 712,

where Pj(l;) denotes the space of linear polynomials on [; (i=1,2,3,4). Then a stress field
T € ¥k can be determined by the degrees of freedom of (a), (b), (¢) and (d) uniquely, which is
the result of Lemma 1 in [6].

Thirdly, we introduce how to construct the operator II,. Because the vertex degrees of
freedom (c) is employed for ¥, the canonical interpolation operator is not bounded with respect
to the norm in H'(Q,S). To construct an effective interpolation operator with respect to the
norm H'(Q), we first let Ry, : L%(Q,S) — £ C X, N HY(Q,S) be a Clément interpolation [18]
satisfying

|Rar — 7lly < C?|7],, (3.1)

where 3 = {7€ C%,S)|mjlk € Q1.1(K),VK € Tp}. Then the interpolation operator
), : HY(Q,S) — Sy, |, = Ik is defined by

Ik 7)12(di) = (Rp7)12(ds), (3.2)

(IIgT — 7)n - nuds = 0,Yv € Pi(1;), (3:3)

(g7 —7):¢ =0,V € €(Vk), (3.5)

/
/li (g7 — 7)n - tds = 0, (3.4)
/.
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and the following properties of I hold

divIl;, T = Pydivr, (3.6)
Mnrlly < Clirlly,
M7 =7l < CR2|I7]l.

In fact, property (3.6) can be proved by use of (3.3)-(3.5) and Green’s formula, which is the
result of lemma 2 in [6]. Properties (3.7) and (3.8) can be proved by use of (3.1),(3.2) and the
standard scaling arguments, and a direct proof was given in [6]. Then (3.6) and (3.7) imply
that condition (A2) is satisfied.

Finally, we give the finite element spaces as follows

Vi, = {v € L2(Q,R?) | vk € Vic,VK € Th},
S = {T € L2(Q,S) | 7|k € Ok, VK € Th}.
From the definitions of ¥k and Vi, we can check that condition (Al) is also satisfied. The

conforming finite element approximation of (2.2) reads as: find (op,un) € Xy X Vj, such that

{ a(oh,Th)+b(Th,uh):0, VThEEh, (3 9)

b(on,vn) = G(vn), Yoy € V.

Because (A1) and (A2) are satisfied, the approximation problem (3.9) has a unique solution.
The error equation can be obtained instantly from (2.2) and (3.9) as follows

Q((o —on,u—up), (Th,vr)) =0, Y(7h,vn) € Zp X V. (3.10)

4. Supercloseness and Superconvergence Analysis

To get the supercloseness and superconvergence result, we first define the interpolation
operator I : L?(, R?) = Vi, Ix = (IE,I}?]) as follows

/(’U[l] — E]vm)ds =0, i=1,3; /(’U[Q] - IE]’U[Q])dS =0, i=2,4, (4.1)
!

i l;

then I, = (I}, 1) is defined by In|, = Ix.

Let w!) = o[1 — I}yum,wm =l - IE]UD], and the error functions F(y) = 1 ((y — yx)? —
h2,.), F2(y) = (F(y))?, then we will introduce the following important lemma. It can be derived
similarly from Lemma 1.1 in [15], but for the sake of completeness, we give the proof.

Lemma 4.1. If u € H?(Q2, R?), then for all v € Vy, there holds
[ 1) v = 003l (42)
Q

Proof. For vl!l € V,El] and K € Tp, there holds
vz, y) = v @k, yx) + (y — yx )l
Then

[ = [ ) [ gl
K K K
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Note that (F(y))’, (F?(y))"” are constants and F(y), (F?(y))’ vanish when restricted to Iy, I3,
where superscripts / and ” denote derivative, and fll wlds = 0, fla wds = 0, we have

J oot = [yt = [ Fayutas= [ @)yt - [ Eey)

l3 5 K

= — </ F(y)wz[}]ds f/ F(y)wél]ds) +/ F(y)w% :/ F(y)u%,
13 ll K K

and

(
/IS (FQ(?J))”w[l]ds/h (F2(y))”w[1]ds) _ %/K(FQ(ZJ))HME]
/ (F*(y)) wl)ds - / (F?(y))’w[yuds> +% /K (F2(y))

Uy

I

\
N\
&

=3 [ P =)

By Holder inequality and inverse inequality, we get

1
ot = [ Pl - - o) + 5 [ Fo)w - v
K K 3 K

— 2 1 1
B O(hyk)‘U[ ]‘Q,KHU[ ]HO,K' (4.3)
Similarly, we can get
2], [2 2 2 2
/Kw[ = O(hxk)‘U[ ]‘Q,KHU[ ]HO,K' (44)
Then the desired result follows from (4.3) and (4.4) by summing all K over Tj,. 0

Based on Lemma 4.1, we have

Theorem 4.1. Assume that (o,u) and (on,up) are the solutions of (2.2) and (3.9), respectively.
If (o,u) € H*(Q,S) x H?(Q,R?), then there holds the following superclose property

I(on = Tno, un — Inw)ll = O(h?) (o]l + [ull,)- (4.5)
Proof. By (2.6) and (3.10), we have

Q((on — po,up — Inu), (Th, vp))

(or — Opo,up — )| < C sup

(Th,vn)EXR X Vi, H(T}lvvh)ll
<Cc  sw Q((o — o, u — Inu), (Th, vn))
B (Th,vn) EXR X Vi, H(T}lvvh)ll
1
=C sup 7{/A(0Hh0):Th
(Th,0n)ESH X Vi (7, on) [ | Je2

+/div7h~(u1hu)/div(aHh0)~vh}.
Q Q
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Then, (3.6), (3.8) and (4.2) imply that

/ div(c — o) - vp = / (dive — Ppdive) - v, =0, (4.6)

Q Q

/ Ao —1yo) : 7y < Cllo = Myolglimlly < Ch?|lollylI7ally, (4.7)
Q

/ divry - (u — Tyw) < CB [ull, [[divall,. (4.8)
Q

Combining the above three estimates yields the desired result.

Remark 4.1. We point out that the result of Theorem 4.1 can be extended to arbitrary degree
polynomial finite elements of [3] and [6] easily.

Next we derive the superconvergence by employing interpolation postprocessing techniques.
4

In order to do this, we merge the adjacent four elements into one big element K, K= U K;
i=1

(see Fig. 4.1), and denote the partition by Tap.

ls ls
Ir Ke 1y, Ks Iy
l12 l1o

lg K1 l9 K2 l3

I la

Fig. 4.1 Big element K.

Similar to the zero-degree Raviart-Thomas rectangular element ( see [15] or [16]), we construct
the following postprocessing interpolation operator Is;, = (12[2],153) on K € Ty, as

Lpulz € Q11(K) x Q11(K),
Ji, @V = 1flulyds =0, i=1,2,5.6, (4.9)
S, @ — 1y ds =0, i=3,4,7.8.

Then, there holds the following lemma.

Lemma 4.2. For all u € H?(2,R?), the interpolation operator Iy, satisfies

Dplpu = Ipu, (4.10)
[T2nu — ully < CR?[|ull,, (4.11)
[ anvlly < Cllolly, Yo € V. (4.12)

Proof. Firstly, (4.11) can be obtained directly from the interpolation theory. Secondly, by
the definitions of I, and Iy, we can see

/Iégf}{umds:/I}[luumdsz/umdsz/@]umd& = 1.2,5.6.
b Ly li l;

i k3 i
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Then, from the well-poseness of Io;,, we have I&]I,[Ll]um = I;l]um. Similarly, Ig}],[f]um =
1242 S0 (4.10) is true.
Lastly, we will prove (4 12). Let 2h, . and 2h,_ be the length of edges of K parallel - aX1s

and y-axis, respectively, K be the reference element of of K, F be an affine mapping from K
to K. Yve Vi, 0 =voF, let

@P]é/ 8ds, i=1,2,5.6.
Then b

g — i (ﬁgﬂ + ol 4 oY +ﬁ([;1]> n % (—ﬁﬁ” 4ol ol ﬁi[il])g
+ % (_ﬁgl] _ ﬁg] + @él] + ﬁ([;11> n+ % (@51] A[l] + 9 A[l] ﬁ([;11> én.
By trace theory and norm equivalence lemma, we have
B s (4 1)

se 3 [l =e 2 1

oz T Il 2 + lenll, )

i=1,2,5,6
1] n _ - 11 1
HIQhU[ ]Ho,f( = hagchyg ’IQhU ]Ho,f( = Chxf‘hyk o ]Ho,f( = CHU[ ]Ho,f(
Similarly,
o7, 5 = o]
HIMU 0K Cllv 0K
So (4.12) holds. The proof is complete. ]

Theorem 4.2. Under the assumptions of Theorem 4.1, we have the following superconvengence
result
[ onun = ullg = OB2)(llolly + [lully). (4.13)

Proof. By Theorem 4.1 and Lemma 4.2, we have

[ L2nun — ully < [[L2nun — Tandnully + [[T2nInu — ulf,
< Cllun, — Inully + [[T2nu — ull
=0 (llolly + llull,)-

The proof is complete. |

Remark 4.2. The superconvergence result in L?-norm of Theorem 4.2 cannot be derived by
the elements of [5] for their consistency errors can only be estimated with order O(h) instead
of order O(h?) in the sense of the broken H(div) norm.

5. Conclusion

In this paper, we propose a method to analyze the superconvergence phenomenon of the
linear elasticity problem for some rectangular conforming MFEMSs in [3] and [6]. Indeed, these
rectangular MFEMs involve many degrees of freedom, and the finite element space of stress
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is not easy to be constructed, so the numerical implementation is not convenient. Recently,
some more simple and excellent elements have been developed in [7] and [8], moreover, the
superconvergence phenomenon has been observed in numerical tests of [8]. In our next work
we will apply our method to analyze the element of [8].
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