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Abstract

In this work, we solve a long-standing open problem: Is it true that the convergence
rate of the Lions’ Robin-Robin nonoverlapping domain decomposition (DD) method can
be constant, independent of the mesh size h? We closed this old problem with a positive
answer. Our theory is also verified by numerical tests.
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1. Introduction

Domain decomposition (DD) methods are important tools for solving partial differential
equations, especially by parallel computers. In this paper, we shall study a class of nonoverlap-
ping DD method, which is based on using Robin-Robin boundary conditions as transmission
conditions on the subdomain interface. The idea of employing Robin-Robin coupling conditions
in DD methods was first proposed by P.L. Lions in [24]. In the past twenty years, there have
been many works on the analysis and applications of this DD method: Despres [8], Douglas
and Huang [12,13], Deng [6,7], Du [14], Gander et al. [20,21], Guo and Hou [22], Discacciati [9],
Flauraud and Nataf [16], Gander [17,19], Qin and Xu [26-28], Discacciati et al. [10], Lui [25],
and Chen et al. [2,3]. We should say that the list is far from being complete.

By comparison with other DD methods, Lions’ DD method has several advantages. The
iterative procedure is simple and much more highly parallel than others. Because it employs
Robin conditions, the method is specially suitable for solving Helmholtz and time-harmonic
Maxwell equations. There exists a lot of works in this direction, cf. [1,8,11,21] for details.

Lions’ Robin-Robin DD method was proposed in 1990 [24], see Definition 1.1 below (without
Step 5). The convergence (without any rate) is shown in [24,29]. Later, the convergence was
improved to a geometric convergence [12,13,22], i.e, a rate of 1 — O(h). It was first pointed
out by Gander, Halpern and Nataf in [20] that the optimal choice of relaxation parameter is
v = O(h~'/?) and the convergence rate 1 —O(v/h) could be achieved. Recently, Xu and Qin [30]
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give a rigorous analysis on this result and shows that the rate is asymptotically sharp. However,
without enough knowledge on the method, the two parameters y; and v, in Lions’ DD method
are set equal, see Definition 1.1 below, by researchers in above references. Thus, the rate of
1 — O(V/h) is generally believed optimal for the Lions’ DD method.

This paper answers this long-standing open problem: Is it possible to achieve a rate of
1 — C for some some constant C' > 0 independent of the mesh size h? We give a positive
answer. Yes, the constant rate of convergence is achieved by well-choosing three parameters in
the Robin-Robin DD method, v, 72 and 6, in Definition 1.1. Roughly speaking, the optimal
choices are

where t & 1 is the ratio of spectral radii of two Dirichlet-Neumann operators on two subdomains.
It is shown in this paper, by three types of analysis, that the error reduction rate of the DD
method is optimal, 1 — C.

Next, we introduce the Robin-Robin DD method through a simple model problem. We solve
the following model problem in 2D, which is decomposed into two subproblems (cf. Fig. 1.1):

—AU:f in Ql)
u=0 on O00QN N,
Ju Ow
. _Ou_ ow _ 1.1
u—w= o= o on T, (1.1)
wa:f in QQ;
u=20 on 02N 0N,

where T' is an interface separating €2; and s, and n is an outward normal vector of €; at
I'. The DD method can be applied to general elliptic PDEs, general domains and multiple
subdomains, cf. [6,29].

031 2

Fig. 1.1. A domain is decomposed into two subdomains.

The Dirichlet and Neumann interface conditions on I" in (1.1) are combined into two Robin
interface conditions:

ou ow

YU + % = 7w + a—n = g1 on F, (12)
ou ow

Y2U — o YW — oo 92 on I (1.3)

Here we allow 71,72 to be any positive constants. For example, when 7; is arbitrarily close
to zero and 72 is close to infinity (but the linear systems would become near singular), the
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method would be reduced to the Dirichlet-Neumann DD method. The past researchers all set
Y1 = 72 = < in the Robin interface conditions, i.e., the two parameters are simultaneously
large or small. By selecting two parameters correctly, using the original Lions’ DD method,
this Robin-Robin domain decomposition method should be better than all existing Dirichlet-
Neumann, Neumann-Neumann and Robin-Robin domain decomposition methods.

Let V; = H}(Q)]q,. Later, V; also denotes the restriction of the finite element space of grid
size h on the two subdomains ;. By (1.2), we do an integration by parts on ; to get

/glvdSZ/(@ +71u)vds:/ (Vu-Vv—l—Auv)dx—l—m/uvds
r r on o} r

=/ (Vu-Vv—fv)dx—i—m/uvds.
Q1

r

Thus
ai(u,v) +71(u,v) = (f,v)o, + (g91,v) Yo € W,
where

a;(u,v) /Vu Vudx, i=1,2,

(fsv)es —/ fudx, i=1,2,

(u,v) :/Fuvds.

Similarly, by (1.3) and an integration by parts on o, it follows (noting that n is an inward
normal vector to €22) that

/ gavds = /(ng - a—w)vcls = / (Vw - Vv + Awv)dx + y2 / wods
r r On Q2 r

z/ (Vw-Vv—fv)dx—i—vg/wvds.
Q2

T

This way, we get the second variational problem on s:

az(w,v) +y2(w,v) = (f,v)a, + (g92,v) Vv € Va.

Definition 1.1. (The Robin-Robin DD method.)  Given ¢9(= 0) on T, a serial version do-
main decomposition iteration consists the following five steps (m =0,1,...):

1. Solve on Qy for u™
ar(u™,v) + 71 (u™ v) = (f,v), +(91",v) Vv e Vi (1.4)
2. Update the interface condition on I':
95" = =g + (2 +m)u™ (1.5)
3. Solve on Qs for w™

az(w™,v) +y2(w™, v) = (f,v)a, +(95",v) Vv eV (1.6)
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4. Update the other interface condition on I':
g7t = —g5" + (n +y2)w™. (1.7)
5. Get the next iterate by a relaxation:
gt =097 + (1 0)g7". (1.8)

The rest of paper is organized as follows. In Section 2, we shall show that although the
Robin-Robin DD method cannot achieve the geometrical convergence rate at the continuous
PDE level, but it does at the discrete level. In Section 3, we shall give an explicit convergence
rate of the DD method on uniform meshes. In Section 4, we shall extend our method to more
general quasi-uniform meshes. Using the Dirichlet-to-Neumann operator, we shall prove that
the Robin-Robin DD method is optimal. Finally, in the last section, we shall present some
numerical results to support our theory. It is seen from our numerical implementation that this
DD method is better than Dirichlet-Neumann DD method and one-parameter Robin-Robin DD
method.

2. A von Neumann Analysis

In this section, through a simple model problem, we shall show that for the new DD method
it is not possible to get the geometrical convergence rate strictly less than one at the continuous
level, but it is possible at the discrete level.

Let us assume that Q; = [—7,0] x [0, 7] and Q2 = [0, 7] x [0, 7], and it is enough for us to
assume that f = 0 so that the true solutions of Eq. (1.1) vanishes. Now if g; = g1 sinky on T,
from Egs. (1.1) and (1.2), the solution on € is

!
~1sinh k 4+ kcoshk’

u = G sinh (k(ac + 1)) sinky, where 4=

If go = gasinky on I, from Egs. (1.1) and (1.3), the solution on s is

92
vosinh k + kcoshk’

w = wsinh (k(:c — 1)) sinky, where w=—
By Definition 1.1, if the initial error is g7* = 1" sinky on I, then

o . . 72t m
g5 = g5 sinky, where g5' = gy’ (m B 1) '

Then, by (1.6) and (1.7),

- 2 2 N Y2+
g1 = g{n Sin ky, where g{n = g;n (m — 1) .

Finally, after the relaxation step (1.8),
gt = gt sin ky,

where

gUrtt =057 + (1 - 0)g1" = pay",
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and the factor

Y2+ Y2t M
=0+(1-0)| ——————-1)| —————-1]). 2.1
P + )<72+kcothk > <’yl+kcothkz ) (2.1)

Now for the fixed parameters 0 < 6 < 1, v; > 0 and 2 > 0, if k tends to infinity, then
71t e
o

Therefore in the continuous case, it is impossible to get the convergence rate independent of
the frequency (or the wave number) k. On the other hand, if k is bounded by 1 < k < K, we
may obtain the convergence rate p, which is independent of k& (but dependent on K'), through
choosing the three parameters 71, y2 and 6.

p~1—2(1-6) (2:2)

Lemma 2.1. If a and b are two non-negative constants, then the function

p(0) = max {|0 — (1 —O)al, [0 — (1 - )b[} (2.3)
attains the minimum value Q‘i;ilb at By = Qiﬂrb.
b
|60 — (1 —6)al
a A
|6 — (1 —6)b)
0

Fig. 2.1. Graphs of |# — (1 —6)a| and |0 — (1 — 6)b], b > a > 0.

Proof. Without loss of generality, we assume b > a. Both terms in (2.3) are piecewise linear
functions. We plot them in Fig. 2.1. The minimal value is attained at the point A, where two
lines intersect:

0—(1—0)a+60—(1—6)b=0.

That is 6 = 0y = #—:ib’ and

la — b
24+a+b

This completion the proof of the lemma. O

60 — (1 —6o)al = |60 — (1 = 00)b| =

Lemma 2.2. For any z > 0, the function

w(z)iny*ZZ*’yl

= (2.4)
Yotz zZz4+m

attains the mazimum value at zg = /Y172

—1)?
r;1>a())<w(z) = 277;_'_71;2, where 1=, /%. (2.5)
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Proof. The derivative of w(z) is

() = 2T ) - %)

(2 +m)*(2 +72)° (2.6)

So w(z) monotonically increases when z < zp and monotonically decreases when z > zg. In
particular, then the minimum value of w(z) on an interval [z, z2] is attained at one of the end
points:

min  w(z) = min {w(zl), w(zQ)}. (2.7)

2€[z1,22]
By (2.6), w(z) attains the only global maximum value at zop = \/7172:

J o VIR VIR (= 1)
Ve Freynzt+m (n+ 1)

The lemma is proved. O

w(zo

It follows from Eq. (2.1) that,

Yo — kcothk kcothk —y
v2 + kcothk ~; + kcothk

p=0—(1-0) =60—(1—-0)w(kcothk).
If 41 and 79 are chosen such that 41 < cothl and v2 > K coth K, then w(kcothk) > 0. By
Lemma 2.2,

o < max{[6], 0 — (1 — O)w(z0)l}.
Applying Lemma 2.1, we may select

w(20)

g — _\F0)
* T 21 w(z)

1
= ol < 100 < 5. (2.8)

Remark 2.1. If n > gi, we may just set 6 = %, and |p| is also less than % Moreover, this

bound can be improved further if we carefully estimate the minimum value of w(z).

Remark 2.2. The constrain v; < coth 1 can be relaxed. Actually, if ;3 > coth 1, then
lp] < max {|0 + (1 - 6)¢|, [0 — (1 = O)w(z0)[},

where ¢ = % Then we set § = 0 if w(zp) < ¢ and set § = % if w(zo) > ¢, and

|P|< C7 if w(20)§C7
T s i w(zo) > ¢

Note that
w(z) +¢  _1+4C

W) <l - S5 —¢

which is also independent of K.

The von Neumann analysis shows that the Robin-Robin DD does have a constant rate
of convergence, independent of the frequency number k£ or K. But the selection of the two
parameters depends on K. The limit case indicates that the method degenerates into, i.e.,
Y2 = 00, a Robin-Dirichlet DD method.
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3. Convergence on Uniform Grids

In this section, we analyze the Robin-Robin DD method on uniform grids. In this case, we
give explicit eigenvalues of the iterative matrix, and show the optimal rate of convergence.

For simplicity of anlaysis, we consider the domain Q = [0,1]? in this section, and post a
uniform grid of size h = 1/(2n) on the domain, shown in Fig. 5.1. Then, we subdivide the
domain into two, as shown in Fig. 3.1. We give two numberings of nodal values of the C°-P;
finite element functions. One numbering is on the interface I'. The other one is within each
subdomain, 27 and 5. When numbering the nodes in {29, we go from right to left so that the
nodal index is symmetric to that on the left domain €.

2n—1 _
I | r (2n — 1)n(last)
o o 0X2n:1 ° i ° 0'/0 o1 2n—1

X3
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]
X9 2 2
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]
X1 1 1
° [ ] ° [ [ ] [J [ [ ] [ ] [ ]
04 Qo 951 Qs

Fig. 3.1. Nodal basis numberings, on I and on ©; N Qs.

Let Mr and Ar be two tridiagonal (2n — 1) X (2n — 1) matrices:
4 1 4 -1

1 4 . 11-1 4
’ AF:§
1 IR
1 4 -1 4

Mr =

SR~y

Here Mp is just the mass matrix of the inner product (-,-). Let Ry be the (2n —1) x (2n —1)n
matrix representing a restriction operator on I':

Rh = (027171;"' 702n717]2n71)~ (31)
The stiffness matrix of the bilinear form a;(+,-), under nodal basis, (and as(-,-) too) is
Ap = Ay — RT ArRy,,

where the matrix Ag is the stiffness matrix of size (2n — 1)n, for the Laplace operator on a
(2n) x (n + 1) uniform grid with zero Dirichlet boundary condition. Ag is same as the matrix
of standard five-point finite difference matrix, which has the eigen-decomposition [5,23]:

Ag = (0 @ Pon—1)" (An @ Ipp—1 + In @ Agp—1)(Pr @ Pon_1), (3.2)
where A,, denotes an diagonal matrix whose (i, )-th entry is

9 AT

A sin 1)’

(3.3)
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and ®,, denotes an orthogonal matrix defined by

[

sin P
: 2
2 Sin
O, = (™ o g, with o™ = /= ™
m
sin 27

463

(3.4)

Here in (3.2), a tensor product matrix Crkxmk = Amxm @ Brxk is defined with the (i, j)-th

entry
Cij = Ailyj/BiNyj//, where 7 = (i/ — ].)k + i//, j = (]/ — ].)k +j”.
In Definition 1.1, for (1.4), the error el = u — u™ satisfies the equation:

a(ey’,v) +mley’,v) = (eg;,v) Vv e Vi

m

Here e
g1

= g1 — g7" is the error. In the matrix-vector form,
E]" = (An + 71 Ri, MrRy) 'R} MrE}".
Here E" is the vector representation of e!'. Therefore, by (1.6),
Egy = (=1 + (2 + ) Bi(An + 7 R MrRy) ™' R Mr) By
Symmetrically, by (1.7) and (1.8),
Ep =C,,Ep.

Here, for simplicity, we denote the error reduction matrix by

CW = < I+ ("}’2 + ’)’1)Rh(Ah + ’ykRszRh)_leMp), k=1,2.

Finally, by (1.8), one Robin-Robin DD iteration reduces the initial error EJ! to

Entt = <91 +(1-0)C,, 071) E.

(3.8)

We find the eigenvalue range of this error reduction matrix, via common eigenvectors of all

matrices.

Lemma 3.1. The error reduction matriz (3.8) can be diagonalized by ®on_1 defined in (3.4).

That 1is,
Do 101 + (1 )C,,C. 105, = diag(6+ (1 - b)c,),

where in the j-th diagonal element,

o = 05 —bj 7205 — b
Yia; +b;  v2a; +b;

(3.9)

(3.10)
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Here in (3.10),
a; = Mip j A, Anp,j = — %Af”_”’ (3.11)
bi=1—Aar;Nj, Aapj=1+ %Af”‘”, (3.12)

where A§2n71) is defined in (3.3) and

n .
j=n+12 (A AP L (3.13)
=1

Proof. In (3.5), by the Sherman-Morrison-Woodbury formula,
(Ap +71 Ry MrRy,) ™!
= (Ao + Ry (—Ar +y Mr)Ry) ™
— A A51R2<(—AF F oy Mp)Th RhAgle)_thAgl.
Now letting By = Rp Ay IR,{, we have

—1
Riu(Ap + 7R MrRy) 'Ry = By — Bo((—AF + vy Mp)~t+ Bo) By.

By (3.1) and (3.2), notice that (®,, ® @gn,l)Rf = (n) ® ®o,_1, we can compute By:
By = (6! @ ®op1)T(Ap, @ o1 + I @ Agy1) H (3 @ Boyp)

Z q)ng 1 ( )\(Qn 11271 1+ Agp1) t g,y

=0l | (Z(d) )2 ( C ) Ly 1+ Mg 1)~ >@2n1

=1

.
= &5, 1AoPan—1,

where quL- is the i-th entry of vector qbn ") defined in (3.4), and Ay is a diagonal matrix, whose
(4, 7)-th entry is define in (3.13). The matrices on I are diagonalized as Mr = ®2_, diag(As. ;) P2n—1
and Ar = @1, diag(Aay. ;)®P2n—1, where Ay j and A ; are defined in (3.11) and (3.12), re-
spectively. Thus combining last two equalities, we get
Ri(An + 1 Rj MrRy) 'Ry,
= By — Bo(®3,,_1(— diag(Aap,;) + 7 diag(Aary )~ @an—1 + Bo) ' By

= ©F, 1 [Ro — A3{(~ diag(\a, ) + 71 ding(Aase. 1)) "+ Bo} ] P

~ —1
=}, [AS ' —diag(Aap ) +m diag(AMr,j)} o1
By (3.7),

Coy = @8,y (= T+ (2 + 1) [(AF" = diag(Aar.y) diag(Aife ;) + D)) ) ®anos

1 A )\ AAp,iAj
:<I>2Tn_1diag( T 2AM g A T My )cbgn .
1+'71)‘MF,J)‘ )‘Ar,])‘

. Yoa; — b
=@l diag | ———2 ) ®yp_1.
et 1ag<%aj+bj) ot
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In the same fashion, it follows that

. Y1a; — b;
C.. —aT d J 7)) @, ;.
V2 on—1 dlag <772aj b 2n—1

Thus (3.9) follows. O

In the next lemma, we estimate the eigenvalue ¢; in the reduction matrix, (3.10).
Lemma 3.2. (3a; — b;) is monotonically decreasing, i.e., j=1,...,2n—2,
3aj - bj Z 30,j+1 - bj+1. (314)

Proof. We rewrite the j\j (in a; and b;) in a symmetric form so that each i-term is a
decreasing function of j (the original term is not.)

< 2 1< sin? (im/(n + 1)
A= TR ; 4sin? (j7r/(4n))(+ 4sin? (z‘y)r/(zn +2))
sin® ((n+1—14)7/(n+1))
4sin® (jr/(4n)) + 4 sin? (n+1—9)7m/(2n +2))
n sin® (im/(n + 1)) (251n (jm/(4n)) +1>
T+l Z 4sin® (jm/(4n)) + 4sin® (jr/(4n)) + sin® (ir/(n + 1))

i=1

To shorten expression, we introduce two more notations

& = sin® i—n, (3.15)
0; = (1+2§j)(1+3h+2€j —2h€j). (316)

By (3.11) and (3.12), we have

1 < sin? (im/(n + 1)),
3 ( )

3a; —b; +1= - - .
T n+ 14 4¢2 4 48 + sin® (in/(n+ 1))

(3.17)

We show that each term is a decreasing function of £;. That is, each term

(26 +1)(2(1+h) — (1 — h)(1 —2¢))
4€2 + 4€ + sin® (in/(n + 1))

fi(€) =
is a decrease function of &, for £ € (0,1). By the quotient rule,
(4(1+ h) + 8(1 — h)g) (452 +4¢ +sin? (in/(n + 1)))

(452 +4¢ + sin® (in/(n + 1)))2
(1 4+3h) +4(1 + R)E+4(L — h)E?) (86 +4)
(452 +4€ + sin? (ir/(n + 1)))2

fi§) =

The combined numerator is

- <4(1 + h) cos?

ul 1 + 8h) - <8(1 — h) cos?

m 2
s 1 + 16h) & —(32h)€° < 0.

n+
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As each term f;(&;) is desecrating with respect to j, the sum is a desecrating function of j. We
prove the lemma. O

We will find a bound for the biggest term (3a1 — b1), among all (3a; —b;), in order to bound
the ¢; in (3.10). One can prove that, for all n > 1,

3a; — by < —Th?/16, (3.18)

where a1 and by are defined in (3.11) and (3.12), respectively, and A = 1/(2n). But our proof for
(3.18) is lengthy and tedious. In this paper, we prove a worse bound only, in the next lemma.

Lemma 3.3. Ifn > 11, then (cf. (3.18))
3a; — by < —0.049h < —7h?/16, (3.19)
where ay and by are defined in (3.11) and (3.12), respectively.
Proof. By (3.17), with the notations defined in (3.11), (3.12) and (3.13),

—h
3a1 — by + 1 = <1 +ahg = 5 A= ”) Ap. (3.20)

We estimate an upper bound for
sin? 2~

- 2 i n+1) in
S L :
n+14 2n+1) n+1 — sin? ooy T sin 4

o 2gin? fzn: 1—|—sm 1
T n+l +1 p sin? 2%

2(n+1) —|— sin

2 a2
:1_172715111 E_2(1+Sln =) _ Zs;n in - (3.21)
n+1 n+1 =1 SN op, ey +sin” 4
As (sinz/x) is a decreasing function of = on (0,7/2), we have
n 2 n n
sin” 7~ Z 1 Z 1
> > —
) _ 2 2
= sin® 5 H)—i-sm in i (ﬁ/ﬁ) L St
11
> ; —5 > 033462,
Substituting the estimate into the expression of Aj,
~ 14 2(1 + 2sin? 1) - 0.33462 — 2n sin? 1.55726
A1 <1-— <1l- .
n+1 n+1
By (3.20), if n > 11,
3 2 1.55726
3a; —b 1 1 — 1-—
ar—01+1< ( +— o + 82 ) ( ) )
<1—0.049n <1—0.98r% < 1 —T7h?/16.
We proved the lemma. O

With the explicit eigenvalues of the reduction matrix and their bounds, we can easily choose
a set of parameters 1, v2 and 6, to get a constant rate of reduction, independent of mesh size
h.
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Theorem 3.1. Let v1 = 1, 79 = 64h™! and 6 = 3/7 in Definition 1.1. The error reduc-
tion factor (for the Py finite element on uniform grids shown in Fig. 5.1) is bounded by 1/7,
independent of the grid size h,

1
lem* L2y < ;HGZiHL?(ry

Proof. We will apply Lemma 2.2. By (3.11) and (3.3), a; > 0. It follows from (3.14), (3.18)
and (3.12) that

3a; — bj < 3a; — by < —Th?/16, (3.22a)
b; > 3a; + Th?/16 > 0. (3.22b)
By (3.10),

. 1—bj/aj 64h_1—bj/aj
o 1+bj/a]- 64h*1+bj/aj'

¢j
We let z =b;/a; > 0 in Lemma 2.2. The critical point is (may be outside the b;/a; range)

zZ0 = Y17Y2 = 8h71/2.

We find the two end points of possible z. First, by (3.13),

Aj >

2 z”:1 o inm n__1
— Sin = .
n+14=8 n+1 8n+1) 8

Thus, by (3.11), (3.12) and (3.3),

h

a; < (h=%-0)-1=h,

h 1k

S (h—2.g.2 =2
o2 (h=-5-4g=1
1 1 7
bi<l—(1+=-0)- ==~
7= (+2 0)8 8

In the first inequality, we used (3.21) that S\j < 1. We find one end point for z:
b; < 7/8 21

<L L= =2

a; — h/12  2h
For the other end point, by (3.22),

b; 7h?/16 7h?/16 7h
2+ >3+ / >3+ / =3+-—=
aj a; h 16

zZl.

By Lemma 2.2, the range of c; is between its values at z = z;, 29, 2-. We note that z; < 2y < 2,
here. At each point, we need to apply Lemma 2.2 again for h varying. But we can find some
rough (but good enough) bounds at each point, directly.

107 1070

At z = 2z, —0.718... = —— < — _0.65..
2=z 0.718 149<c]_ 1639 0.65
2184975
At z = z;: —0.50098... = ~ 1361329 = ¢ < —5= —0.5.
2 —129v2
At z = 2q: —1<¢ < 3 0v2 = —0.7015...

32 — 129v2
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Hence the value of ¢; is always strictly between —1 and —1/2. When 6 = 3/7, we get,

3 4 1
0+ (1—-0)c;>=+=(-1)=—= 3.23
3 4,1 1
0+ (1—-0)c;, <=+ =(—=)==. 3.24
F1-0)g<Z+z(-5) =z (3:24)
This gives the error reduction factor. O

By (3.23) and (3.24), we can get the following result for a general relaxation parameter 6.

Corollary 3.1. Let vy, =1 and y2 = 64h~! in Definition 1.1. The error reduction factor p for
the Py finite element on uniform grids (shown in Fig. 5.1) is

120, 0<0<3/7,
T Bo—1)/2, 3/1<6<1.

That 1is,
|\€$+1||L2(F) < pllegy 2y
4. Convergence on General Grids

In this section, we consider the convergence behavior of the Robin-Robin DD method on
general quasi-uniform meshes. By the algorithm in Definition 1.1, for i =1, 2,

ai(el",v) +yilel",v) = (e*,v), YweEV;
, where the errors are defined by

e =g,—g", e'=u—u", and ey =w-—w".

Let S1 and Sz be the standard Dirichlet-to-Neumann operators, cf. [29,30]. The error 7'
(i = 1,2), restricted to the interface I, satisfies the relation

g = (7 + Si)ei”|r. (4.1)
Using the first interface update (1.5), we have
ey = —e1' + (1 +72)er’[r. (4.2)
For the second one, by (1.7) and (1.8),

eP Tt =0eT" + (1 - 0)[—e5" + (11 + 72)e’[r]
=0el" + (1 = 0)[~(r2 + S2)e5'|r + (1 +2)ex'Ir]
= GET -+ (]. — 9)("}/1 — 52)672n|r‘.

By (4.1), (4.2), we have

eV =0 + (1 — 0) (1 — S2) (72 + S2) e
=0 + (1 = 0)(11 — S2) (72 + S2) (2 — S1)el'|r
=041 —0)(11 — S2)(y2 +S52) " (v2 — S1) (31 + S1) e
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Let us represent the iteration by
ET-‘FI - R{?Jlna
where

R=6—(1- 07T, (4.3)
T =(S2—7)(v2+52) (72— S1) (3 +51) 7

Next, we give an convergence analysis for this DD operator R.

4.1. Symmetric case: S; = S2(:=5)

Let z be an eigenvector of the symmetric operator S (cf. [29, 30]) corresponding to the
eigenvalue A;. By (4.4), z is also an eigenvector of the symmetric operator 7.

(71— As)(y2 — )\S)}Z

(71 +As) (2 + As)
— [0 — (1 - O)w(\)]=.

0+ (1—6)T)z = [9+(179)

It is known [30] that
As € [co, Coh™1].

Now if we choose

0<v <co, and 4o > Coh™ 1, (4.5)

(77—1)2 2
0wl < G "—ﬁ-

Then we bound the spectrum of the symmetric operator R, o(R), as

(- 1)? 11
mﬁ] c [*575]7

by Lemma 2.2, we get

o(R) C [0—(1—0)

when choosing the parameter § = 1/3, cf. Remark 2.1. That is, the convergence rate is bounded
by 1/3, independent of the mesh size h, when choosing parameters by (4.5).

4.2. Nonsymmetric case: S; ~ S5

In this case, there exist two positive constant 0 < s < 1 and ¢ > 1, independent of the grid
size h, such that for all v € Vi|r (cf. [29] for details):

5(S1v,v) < (Sav,v) < t(S1v,v). (A1)

Si(i = 1,2) are symmetric and positive definite(SPD). Let A; be the minimum eigenvalue,
and \; the maximum eigenvalue of S;. In this subsection, we assume that the parameters are
chosen to satisfy

0 <7 <min{);, Ay}, and 2 > 3max{\;, \a2}. (A2)

The parameter selection is similar to that in the symmetric case, (4.5).
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Lemma 4.1. The condition (Al) has another version

%(Sflv,v) < (S;lv,v) <

[V

(S 1w, v). (4.6)
Proof. Replacing v by S;%v in (A1),
s(v,v) < (S;%SQS;%’U,’U) < t(v,v).

_1 _1
This inequality implies that the spectrum of the SPD operator S; 2525 2 is within [s,t]. So

l [ l . . . — — .
the spectrum of its inverse, S? Sy 'S7? is inside [t71,57'], i.e.,

1 1 1
E(v,v) < (S2S;182v,v) < ~(v,v).

[V

Eq. (4.6) follows after replacing v by S~ zv. a

To find the spectrum of DD operator T in (4.4), we introduce a symmetric operator

T=(11+8) 2(72— S1)%(S2 — 1) (72 + S2) (32 — S1)2 (71 + S1) 2. (4.7)
This operator is similar to the nonsymmetric operator 7', defined in (4.4).
Lemma 4.2. If Assumption (A2) is satisfied, then T is SPD.
Proof. T is symmetric because
TT = (m + 87) (02 = 872 (2 + 1) 7185 =) (02 = ST)F (1 + 57) 7
=T.
Notice that (Sz —71)(y2 4+ S2) ™" =1 — (71 + 72) (72 + S2)~'. Its minimum eigenvalue is

_ AQ—’Yl
Y2 +AQ7

L= (m4+72)(z+2A)7"

which is positive by Assumption (A2). Similarly, the minimum eigenvalue of (yo—S71)(y1+951)*
is (72 — M\1)/(71 + A1), which is also positive by Assumption (A2). Now for any v € Vj|r, we
have, denoting o = (y2 — S1)2 (y1 + S1)~ 20,

Ag -7 . -

(Tw,v) = ((S2 —11)(r2 + S2)~'5,7) > m(vvv)

Ao—m -1
= - S S
o ((v2 = S1) (7 + S1) " tw,v)
_ Ag*’h .’72*X1

Y2 + Ay 1 +X1

(v,v).

It means that the minimum eigenvalue of T is greater than 2277 2=\ () That is to say,
Y2425 1+

the symmetric operator T is also positive definite. O

We find an upper bound of the spectrum of SPD operator T’ next. To this end, we rewrite
T as
T =TI\ Ty, (4.8)
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where

Ty = (S —v1)(72 + S2) (2 — S2) (71 + S2) 7,
Ty = (y1 +S2)2 (32 — S2) "2 (1 + S1) "2 (72 — S1)*.

Lemma 4.3. If (Al) and (A2) hold, then, for the t defined in (Al),

((v2 = S2) "' + S2)v,v) < (2t =1) ((v2 — S1) " (n + S1)v,v).

Proof. By (A1) and (4.6),

(2 =S+ S1) " 'o,0) = ((n +12)(n + S1) "1, 0) = (v,0)

= (
<t ((n +72)(n + S2)"'v,v) — (v,0)
=1

((v2 = S2)(m + 82)"'o,0) + (t = 1) (v, v).

We bound the second term next. By the assumption (A2),

((v2 = S2) (1 + S2) 1o, v) > = (v,0) = —=(v,v) = (v,0).

Combining above two inequalities,

(2 = 81)(m +51) v, 0) < (2t = 1) (72 = S2) (71 + S2) 1w, v).
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(4.9)
(4.10)

(4.11)

(4.12)

Applying Lemma 4.1, replacing S there by (72 —S1)(v1+51) "1 and S; by (72— S2) (71 +S2) 71,

by (4.12),

1
2t -1

Hence (4.11) is proved.

((v2 = S2) ' + S2)v,v) < ((v2 = S1) (1 + S1)v, ).

O

Lemma 4.4. If assumptions (A1) and (A2) hold, then the spectrum of the SPD operator T is

bounded by

o(T) C (0,2t —1].
Proof. T is SPD, cf. (4.9). The eigenvalues of T} are

- A2 =172 — A2
T et A+ A

where {\2 ;} are all eigenvalues of S;. By (A2),

i > Ao = A Ada — A
Y2t Az Mt A2y

< Ao i A

>‘j < 2,7 2
Y1+ A2 2 + Az

>0,

<1.

Then, by (4.10), (4.8) and (4.11),

0 < (Tw,v) < (Tov, Tov) = (v +S2) (2 — Sg)_lﬁ,ﬁ)

<
< (2= 1)((n + S1)(32 — $1)718,8) = (2t — 1)(v,v),

(4.13)
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where
o= (y+S51) "2 (2 — S1)*v.

The proof is complete. O

Theorem 4.1. If the assumptions (Al) and (A2) hold, then the spectrum of DD reduction
operator R, defined in (4.3), is bounded, independent of the grid size h:

2t—1 2t -1
R ——,—}, 4.14
o) C - 5T (4.14)
when 0 is selected by
2t —1
0=—. 4.1
2t+1 (4.15)

Proof. By (4.13) and (4.3),
o(R) < 6 (1—0)(2t — 1),6),

where ¢ is defined in (A1), independent of h. Similar to the idea in Lemma 2.1, (4.14) follows
after we choose the optimal 6 by (4.15). ad

5. A Numerical Test

For numerical test, we solve the Poisson Eq. (1.1) on the unit square [0,1]. The exact
solution is chosen

u(z,y) = 2°(2® — 2*)(y — v*).

We choose = 1/2 as the domain decomposition interface. We use P; conforming finite element
on uniform criss grids, shown in Fig. 5.1.

Fig. 5.1. A uniform criss grid of size h = 1/8.

First, we do the Robin-Robin iteration (Definition 1.1) for problems with different grid

sizes. The parameters used are v; = 1, v2 = 64/h and 6 = 3/7. The iteration stops when

lg7 ™t — g*|1e < 1071, The number of iteration, the error and the order of convergence for
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Table 5.1: The errors and the iteration numbers, by Definition 1.1.

h lur —unllz2 h™ | |lur — un|m h™ | #DD
1/4 0.0027120 0.203663 14
1/12 0.0000716  1.65 0.004456 1.74 14
1/20 0.0000098 1.93 0.000605 1.95 14
1/28 0.0000026  1.97 0.000159 1.98 14
1/36 0.0000009 1.99 0.000058  1.99 14
1/44 0.0000004 1.99 0.000026  1.99 14
1/52 0.0000002  1.99 0.000013  2.00 14

the finite element solution are listed in Table 5.1. We note that there is a superconvergence for
the finite element solution in semi-H' norm.

Next, we check our theoretic bounds in Theorem 3.1. In (3.23) and (3.24), if we vary 6 from
0/7 to 6/7, we can get the following theoretic bounds:

75315 8 11

We compute the real bounds for these 6 on various meshes, and list them in Table 5.2. We note
that, when § = 0/7 = 0, the method is reduced to the traditional Robin-Robin DD method (by
other researchers, where ; = 73), which converges at a rate of 1 — CVh, cf. [30]. This can be
seen in the first column of Table 5.2.

Table 5.2: The reduction rate with different 6 in Definition 1.1.

h\ 6 o 1/7] 2/7] 3/7] 4/71| 5/7] 6/7
1/4 0.764 | 0.512 | 0.260 | 0.096 | 0.322 | 0.548 | 0.774
1/12 0.865 | 0.598 | 0.332 | 0.115 | 0.336 | 0.557 | 0.779
1/20 0.894 | 0.624 | 0.353 | 0.116 | 0.337 | 0.558 | 0.779
1/28 0.910 | 0.637 | 0.364 | 0.116 | 0.337 | 0.558 | 0.779
1/36 0.920 | 0.646 | 0.371 | 0.116 | 0.337 | 0.558 | 0.779
1/44 0.927 | 0.652 | 0.377 | 0.116 | 0.337 | 0.558 | 0.779
1/72 0.943 | 0.665 | 0.388 | 0.116 | 0.337 | 0.558 | 0.779
1/288 0.971 | 0.689 | 0.408 | 0.126 | 0.337 | 0.558 | 0.779
1/1152 0.985 | 0.702 | 0.418 | 0.134 | 0.337 | 0.558 | 0.779
Corollary 3.1 | 1.000 | 0.714 | 0.428 | 0.143 | 0.357 | 0.571 | 0.786

Finally, we compare the Robin-Robin domain decomposition method with the traditional
Dirichlet-Neumann domain decomposition method. We code directly the Dirichlet-Neumann
domain decomposition method, defined as follows.

Definition 5.1. (The Dirichlet-Neumann domain decomposition method.)
Given w°(=0) on T, find u™ € Vi, u™|pr = w™:

ar(u™,v) = (f,v)q, Yo € VinHy().
Find w™t € Vy:

ax (W™, v) = (f,v)e, —a1(u™,v) Vv € Vs,
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Table 5.3: The iteration number for Dirichlet-Neumann DD (Definition 5.1.)

h\ 6 0]025|035]|04|045 |05 ]| 055 | 0.75
1/4 59 20 20 | 23 26 | 30 35 74
1/12 | 207 33 20 | 20 23 | 27 31 66
1/20 | 362 36 22 1 19 22 1 26 30 63
1/28 | 519 38 23 | 18 22 | 25 29 60
1/36 | 675 39 23 | 18 21 | 24 28 59
1/44 | 833 40 24 | 18 21 | 24 28 58
1/52 | 991 40 24 | 18 20 | 23 27 57

where v 1s extended into Q1 with 0 nodal values. Then
w™t = ™ + (1 — )™,

In Table 5.3, we list the number of Dirichlet-Neumann domain decomposition iterations for
the above test problem, for various . It seems that no matter how to choose 6, the Dirichlet-
Neumann domain decomposition method (18 iterations) is worse than the new Robin-Robin
domain decomposition method (14 iterations).

Acknowledgments: The work of the first author is supported by the Key Project National
Science Foundation of China (91130004) and Natural Science Foundation of China (11171077,
11331004). The work of the second author is supported by the National Basic Research Program
under the Grant 2011CB30971 and National Science Foundation of China (No. 11171335,
11225107). The authors are also grateful to the anonymous referees for their helpful comments
and suggestions which greatly improved the quality of this paper.

References

[1] S. Bennethum and X. Feng, A domain decomposition method for solving a Helmholtz-like problem
in elasticity based on the Wilson nonconforming element, M?> AN, RAIRO, 31 (1997), 1-25.

[2] W. Chen, J. Cheng, M. Yamamoto and W. Zhang, The monotone Robin-Robin domain decom-
position methods for the elliptic problems with Stefan-Boltzmann conditions, Commun. Comput.
Phys., 8 (2010), 642-662.

[3] W. Chen, M. Gunzburger, F. Hua and X. Wang, A Parallel Robin-Robin Domain Decomposition
Method for the Stokes-Darcy System, SIAM J. Numer. Anal., 49 (2011), 1064-1084.

[4] P.G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam, 1978.

[5] J.W. Demmel, Applied Numerical Linear Algebra, STAM, 1997.

[6] Q. Deng, An analysis for a nonoverlapping domain decomposition iterative procedure, SIAM J.
Sci. Comput., 18 (1997), 1517-1525.

[7] Q. Deng, A nonoverlapping domain decomposition method for nonconforming finite element prob-
lems, Comm. Pure Appl. Anal., 2 (2003), 295 -306.

[8] B. Despres, Domain decomposition method and Helmholtz problem, Mathematical and Numerical
Aspects of Wave Propagation Phenomena, G. Cohen, L. Halpern and P. Joly, eds., Philadelphia,
SIAM, 1991, 44-52.

[9] M. Discacciati, An operator-spliting approach to non-overlapping domain decomposition methods,
Tech. Report 14, 2004, Section de Mathmatiques, EPFL.

[10] M. Discacciati, A. Quarteroni and A. Valli, Robin-Robin domain decomposition methods for the
Stokes-Darcy coupling, SIAM J. Numer. Anal., 45 (2007), 1246-1268.



Convergence Rate of a Robin-Robin Domain Decomposition Method 475

[11]
[12)
[13]
[14]
[15]

(16]

V. Dolean, M.Gander, L. Gerardo-Giorda, Optimized Schwarz methods for Maxwells equations,
SIAM J. Sci. Comp., 31 (2009), 2193-2213.

J. Douglas, and C.S. Huang, Accelerated domain decomposition iterative procedures for mixed
methods based on Robin transmission conditions, Calcolo, 35 (1998), 131-147.

J. Douglas, and C.S. Huang, An accelerated domain decomposition procedures based on Robin
transmission conditions, BIT, 37(1997), 678-686.

Q. Du, Optimization based nonoverlapping domain decomposition algorithms and their conver-
gence, SIAM J. Numer. Anal., 39 (2001), 1056-1077.

X. Feng, Analysis of a domain decomposition method for the nearly elastic wave equations based
on mixed finite element methods, IMA J. Numer. Anal., 18 (1998), 229-250.

E. Flauraud, and F. Nataf, Optimized interface conditions in domain decomposition methods for
problems with extreme contrasts in the coefficients,J. Comp. Appl. Math., 189 (2006), 539-554.
M.J. Gander, Optimized Schwarz methods, SIAM J. Numer. Anal., 44 (2006), 699-731.

M.J. Gander, and G.H. Golub, A nonoverlapping optimized Schwarz method which converges
with an arbitrarily weak dependence on h, In fourteenth international conference on domain
decomposition methods, 2002.

M.J. Gander and L. Halpern, Optimized Schwarz waveform relaxation for advection reaction
diffusion problems, STAM J. Numer. Anal., 45 (2007), 666-697.

M.J. Gander, L. Halpern, and F. Nataf, Optimized Schwarz methods, In Twelfth International
Conference on Domain Decomposition Methods, Chiba, Japan, 15-28, 2001.

M.J. Gander, F. Magoules, and F. Nataf, Optimized Schwarz methods without overlap for the
Helmholtz equation, SIAM J. Sci. Comput., 24 (2002), 38-60.

W. Guo, and L.S. Hou, Generalization and accelerations of Lions’ nonoverlapping domain decom-
position method for linear elliptic PDE, SIAM J. Numer. Anal., 41 (2003), 2056-2080.

A. Greenbaum, Iterative Methods for Solving Linear Systems, STAM, 1997.

P.L. Lions, On the Schwarz alternating method III: a variant for nonoverlapping subdomains, in
third international symposium on domain decomposition methods for partial differential equations,
T. F. Chan, R. Glowinski, J. Perianx, and O. B. Widlund, eds., STAM, Philadelphia, PA, 1990,
202-223.

S. Lui, A Lions non-overlapping domain decomposition method for domains with an arbitrary
interfaces, IMA J. Numer. Anal., 29 (2009), 332-349.

L. Qin, and X. Xu, On a parallel Robin-type nonoverlapping domain decomposition method,
SIAM J. Numer. Anal., 44 (2006), 2539-2558.

L. Qin, Z. Shi and X. Xu, On the convergence rate of a parallel nonoverlapping domain decom-
position method, Sciences in China, Series A: Mathematics, 51 (2008), 1461-1478.

L. Qin, and X. Xu, Optimized Schwarz methods with Robin transmission conditions for parabolic
problems, SIAM J. Sci. Comput., 31 (2008), 608-623.

A. Quarteroni, and A. Valli, Domain Decomposition Methods for Partial Differential Equations,
Oxford Science Publications, 1999.

X. Xu, and L. Qin, Spectral analysis of DN operators and optimized Schwarz methods with Robin
transmission conditions, SIAM J. Numer. Anal., 47 (2010), 4540-4568.



