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Abstract. In 2007, T. Hosokawa and S. Ohno gave the sufficient and necessary con-
ditions of the boundedness and compactness of differences of composition operators
on the Bloch space. On this base, this paper will generalize these conditions of the
boundedness and compactness of differences of composition operators on the Bloch

type space.
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1 Introduction

Let D={z:|z| <1} be the open unit disk in the complex plane C. Let H(ID) denote the
set of all analytic functions in ID and S(ID) the set of analytic self-maps of ID. For any
self-map ¢ € S(ID), it induces the composition operator C, defined by

Cof=fop, feH(D).
For 0 <& < oo, a function f € H(ID) is said to belong to the a-Bloch space #* if

1flle=sup(1=|z*)*|f'(z)| < oo
zelD

and to the little a-Bloch space % if f € #* and

tim (1-[2%)*|f'(2)| =0

For z, we D, let a, be the Mobius transformation of ID defined by
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and the pseudo-hyperbolic distance between z and w is given by
p(zw) = |aw(2)]-
We also need the following induced distance

dy(zw)=  sup  |(1-|z)*f'(2) = (1~ [w]*)"f'(w)].

fe?, lIflla<1

For0<a, p<oo, ¢ €S(ID), we use the short-hand notation

(A-zP)?
(A-Tp@py? & =<0
When a = =1, 2%f ¢ becomes the Schwarz-Pick type derivative of ¢.

The difference of composition operators on the Bloch space has been studied in [1]
and [4]. In this paper, we study the problem on the a-Bloch spaces. One important
application of differences of composition operators is to study the topological structure
of the space of composition operators, which will be considered in another paper.

7Fp(z) =

2 Boundedness of Cy—Cy

In this section we give necessary and sufficient conditions for the differences of composi-
tion operators from %* to %P for 0<a, B < 0.

Lemma 2.1. ([8]) For z, weD, 0 <a < oo, there exists a constant c independent of z,w such that
dy(z,w) <cp(z,w). (2.1)
Theorem 2.1. For 0<a, f<ocoand ¢, P € S(ID), the following statements are equivalent:
(1) Cyp—Cy: B — AP is bounded;
(2) Cyp—Cy: By — PBP is bounded;

(3)
sup|2*F p(z) — 7P (z)| < oo
zeD
and
suﬂl;\@""ﬁqv@) o(p(2),9(z)) <oo.
ze
(4)
sup| 7P p(z) — 7Py (z)| < oo
zelD
and

sup| 2Py (z)lp(¢(2),(2)) < oo.

zeD
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Proof. When either ¢ or i is constant, by [2] we have the assertion, so we may assume
that both ¢ and ¢ are nonconstant.

(1) implies (2) is obvious.
(2) implies (3). For A €D with A #0, let

1 1A

K& = i

(2) = 1—|A]2 A—z N 1
SME) = 1)oe A1=Az) 1 G AP (1-Az)e )
Then f,, g1 € # and
(12" _1-]AP
=su = ,
Hf/‘””‘ ze]g 2a+1 ’1_/\2’044-1_

A=) e (A —2)
I l=sup = et | e | S

For w € D with ¢(w) #0, we have

00> [|Cy—Cyl| > [[(Cyp—Cy) fow) ll Zzlelﬂg(l— 121%)P[((Cp—Cy) fp()) (2)]

> (1=[wl*)P|((Cp=Cy) fp(w)) ()]

2 TOoN (1 ]2\ B 1—[g(w)? /
gty (@)~ (o) ==t v ()]

)

1 oy e

> 1 <‘@a,ﬁ¢(w)’_ @a,ﬁlp<w)<1_‘(P(w)’2)<1_‘lp(w)’2)a

= g (1—g(@)p(w))
(22)
and
00 [(Cy =)yt s =0p (1 FIPI((Co - g
> (1 [0 |((Cp— Cp) 3ot (@)
1 1-lpw)]* | ew)—p@w) | , (2.3)
= 1—|w 2\p — — w
e Rl o et ey proms AL

1
T oadtl

gy (L2 P (O () )
(1—p(w)p(w))*

plp(w),p(w)).
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Multiplying p(¢(w),1(w)) on (2.2), combining with (2.3), we get

sup |7*Pp(w)|p(g(w),(w)) <o, (24)
weD\DDy

where D1 ={weD: ¢(w)=0}.
Since | 2%F p(w)|o(¢(w),(w)) is continuous on ID and ID; is dense in ID, we obtain

sup| 2P g (w)]p((w),p(w)) <. (2.5)

welD

For w € D with ¢(w) #0, using (2.1), we have

00> [|Cy=Cyl = [I(Cp—Cy) fy(a) Il Izlelﬂlg(l— 121)P1((Cop=Cy) fy(a))' (2)]

> (1= [w)PI((Cp—Cy) fyw))' ()]

U ey @) I o U CO G
= geer] (1 )P G g ()~ (= PP o ol

1 (=@ -le@)P)"
2T e (1) p(w)*!

1
> o112 P (w) = 2P (w)| = | 2P p(w))|

— Ja+l

1
T at+l

()] (1 |9 (w) P £ ) (9()) — (1~ () 2)2 1 (90))]

7P p(w) - 7*Fip(w))|

_Zalﬂl-@”‘ﬁqv( )= 2*Fp(w)| = c| 2P p(w)|p(p(w), p(w)).

Combining this with (2.5), we have

sup |2 (w)—7*Fp(w)| < oo, (2.7)

wGID\IDZ
where D; = {weD:¢(w) =0}, so we obtain

sup|2*F p(w) — 2*Pp(w)| < co.

welD
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(3) implies (4). We have

sup| 2Py (z)lp((2),(2))

zeD

SSuplg”"ﬁq)(z)—@“’ﬁllf(z)lp(qv(z),llf(z))+Sl€1]gIg""%(z)!P(QD(Z)/lIJ(Z))

zelD

<sup|7*P(z) = 7*Fip(z) | +sup| 7P p(2) Io(9(z), $(2))

zeD zeD

< c0.
(4) implies (1). For f € #* with || f||« <1, we have

1(Cp—=Cy)fllp 23161]]1;!(1— 2P (p(2)¢'(z) = (1=1z)PF (9 (2) ¥/ (2)]

=sup| 2*Pp(2) (1-|9(2)]*)"f (¢(2)) = 2*Pyp(2) (1= [9(2) P)* ' (¢ (2))

zeD

<sup|2*Po(z) = 2*Pp(z)|(1-1p(2) P)*|f (¢(2))]

zeD

+sup|.@“ﬁl/) 1=l )" f (9(2)) = (1=19(2) )" f (¢(2))]

<sup| 7*P(z) =" p(z) | +esup | 7Py (2) (9 (2) (2))

<o,

where we use Lemma 2.1 in the last second inequality. The proof of Theorem 2.1 is
finished. O

1 1\(,J(Z| 72 ¢'(z ‘ )| <1 for pS(ID) by the Schwarz-Pick

lemma. Then Theorem 2.1 implies that Cy—Cy is bounded on Bloch space %.

3 Compactness of C,—Cy

In this section, we consider the compactness of C, —Cy from %*(%f) to PP for 0 < a,
B < co. We first state some known theorems on composition operators on %* which shall
be used latter.
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Lemma 3.1. ([2, Theorem 3.1]) If 0<a, B <o and ¢ € S(D), then Cy: B* — BP is bounded
if and only if
sup| 7 g(z)| < .
zelD
Lemma 3.2. ([2, Theorem 4.2]) If 0 <, B <o and ¢ € S(D), then Cyp: B* — BP is compact
if and only if
lim |2*Pp(z)|=0
lp(2)| =1
and
sup| 7P ()| <.
zeD

By a similar proof of Proposition 3.11 in [3] we have the following result.
Lemma 3.3. If 0<a, B< oo and ¢, p € S(D), then Cy—Cy: B* — 2P is compact if and only
if [[(Cyp—Cy) fullg — 0 for any bounded sequence {f,} in %* that converges uniformly to 0 on
every compact subset of D.

For peS(ID), letT'(¢) be the family of sequences in ID such that |¢(z, )| —1. We denote
by D, g(¢) the set of {z,} in T(¢) such that 2*¢(z,) — c € C with ¢ #0. For ¢ € S(ID),
similarly we may define I'(¢) and D, (1).

Theorem 3.1. Let 0<a, p <o and ¢, P € S(ID). Suppose that Cy, Cy: B* — %P are bounded
and neither of them are compact. Then the following statements are equivalent:

(1) Cyp—Cy: B*— BP is compact;
(2) Cy—Cy: BE— P is compact;
(3) Dy,p(9) =Dup(ip) #D and for {z.} €T (¢) T (),
lim 2P p(z,)— 7P (z,)| = lim |2*Fp(z,) p(p(z0), (1))

— 1im [7*P(z2,) 0920 (zn)) =O0.

n—oo

Proof. 1t’s obvious that (1) imples (2).

(2) implies (3). Since Cy: #* — %P is bounded and noncompact, by Lemmas 3.1 and
3.2wehave D, 4(¢) #Q@. To show D, (@) CID, g(1), let {z, } €D, g(¢). Since |@(z,)| —1,
we may assume that ¢(z,) #0 for every n. For A € D with A #0, define f,, g\ as in the
proof of Theorem 2.1. We know that f;, g\ € % and the sequences {f,,,)} and {fy:,)}
are bounded in #* and converge to 0 uniformly on every compact subset of ID as n — .
From Lemma 3.3,

04 [(Co—Cy) fp(en g = (1= |2u)P[((Co = Cy) f(z,)) (2]

L (1mbo o || b 1100 P) A= [p(z) )"
> o (19 0(an) =7 Pg(an) = T2 =

(3.1)

)
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0 [1(Cp=Cy)&p(z lp = (1 \Zn\2)5!((Cgo—Cw)ggo(zn))'(Zn)\

(3.2)
1 Zn) )1
Multiplying p(¢(zn),¥(z,)) on (3.1), noting that (3.2), we get
lim | 2°P ¢(zu)|0(9(zn),¥(z4)) =0. (3.3)

n—oo

Since {z,,} €Dy (¢), 0(¢(zn),P(2z1)) — 0. Since |¢(z,)| — 1, we have {z, } €['(¢) and
may assume that §(z,) #0 for every n.
Similar to (2.6), we have

0« (C¢_C¢)fl[1(zn) I

(3.4)
_2a+1’-@aﬁ¢< n) = 2Pp(z, ‘_C|@M5(P Zn |P n) P (zn))-
Hence by (3.3), we get
lim |7 p(z,) =7 (z,)| =0. 35)
and
,}g{}o@“ﬁl/’ )|p(e l/)(zn)):11121(}0|@“’ﬁq0(z,1)|p((p(zn),l/)(zn)):0 (3.6)

Since 2% ¢ (z,) — ¢ #0, we have 2%y (z,) — c. Then {z,} €Dy (), so Dy p(9) C
D, g(). Similarly, D, g(¢) C D, g(¢). Hence D, g(¢) =Dy, 5().
Let {z,} €T (¢)NI () such that 2*Fp(z,) — 0. We have

Lim [ 2P p(zu) [ p(¢(zn),(z0)) =0
and by (3.4),we obtain
lim |7 (z,) ~ 7 (z) | =0.
Thus
lim | 7Py (z,)| = lim | 7P (z,)| =0
and

lim [2*Py(z) |0(@(zn), P (2n)) =0.

n—oo

Combing this with(3.5)and(3.6),we get (3).
(3) implies (1). This can be proved by a similar way to the proof of Theorem 3.2 in [4].
From (3.3) and the fact that |2*f ¢(z,)| - 0. we obtain. O
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