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Abstract. In Banach space, the composite implicit iterative process for uniformly L-
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1 Introduction and preliminaries

Throughout this work, we assume that E is a real Banach space. E∗ is the dual space of E
and J : E→2E∗

is the normalized duality mapping defined by

J(x)=
{

f ∈E∗ :< x, f >=‖x‖‖ f ‖,‖ f ‖=‖x‖
}

, ∀x∈E,

where 〈·,·〉 denotes duality pairing between E and E∗. A single-valued normalized dual-
ity mapping is denoted by j.

Let C be a nonempty subset of E and T : C→C a mapping, we denote the set of fixed
points of T by F(T)={x∈C;Tx= x}.

Definition 1.1. ([1]) T is said to be asymptotically nonexpansive, if there exists a sequence
{kn}⊂ [1,∞) with limn→∞ kn =1 such that

‖Tnx−Tny‖≤ kn‖x−y‖, ∀x,y∈C and n≥1.
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(2) ([2]) T is said to be uniformly L-Lipschitzian, if there exists L>0 such that

‖Tnx−Tny‖≤ L‖x−y‖, ∀x,y∈C and n≥1.

(3) ([3]) T is said to be asymptotically pseudocontractive, if there exists a sequence
{kn}⊂ [1,∞) with limn→∞ kn =1, for any x,y∈C, there exists j(x−y)∈ J(x−y) such that

〈Tnx−Tny, j(x−y)〉≤ kn‖x−y‖2, n≥1.

(4) ([4]) T is said to be asymptotically hemi-pseudocontractive, if F(T) 6=∅ and there
exists a sequence {kn}⊂ [1,∞) with lim

n→∞
kn=1 such that, for any x∈C and p∈F(T), there

exists j(x−p)∈ J(x−p) such that

〈Tnx−p, j(x−p)〉≤ kn‖x−p‖2, n≥1.

Remark 1.1. It is easy to see that if T is an asymptotically nonexpansive mapping, then
T is a uniformly L-Lipschitzian and asymptotically pseudocontractive mapping, where
L=supn≥1{kn}; if T is an asymptotically pseudocontractive mapping with F(T) 6=∅, then
T is an asymptotically hemi-pseudocontractive mapping.

Let C be a nonempty closed convex subset of E and T : C → C be a uniformly L-
Lipschitzian asymptotically hemi-pseudocontractive mapping, for any given x1 ∈C, we
introduce a composite implicit iteration process {xn} as follows:

{

xn+1=(1−αn)xn+αnTnyn,
yn =(1−βn)xn+βnTnxn+1, ∀n≥1,

(1.1)

where {αn},{βn} are two real sequences in [0,1].
As βn =0 for all n≥1, then (1.1) reduces to

xn+1=(1−αn)xn+αnTnxn. (1.2)

Remark 1.2. For any given xn ∈C, define the mapping An : C→C, such as:

Anx=(1−αn)xn+αnTn[(1−βn)xn+βnTnx], ∀x∈C,

where C is a nonempty closed convex subset of E and T:C→C is a uniformly L-Lipschitzian.
Then

‖Anx−Any‖ =‖αn(T
n[(1−βn)xn+βnTnx]−Tn[(1−βn)xn+βnTny])‖

≤αnβn L‖Tnx−Tny‖

≤αnβn L2‖x−y‖

for all x,y∈C. Thus An is a contraction mapping if αnβnL2
<1 for all n≥1, and so there

exists a unique fixed point xn+1∈C of An, such that xn+1=(1−αn)xn+αnTn[(1−βn)xn+
βnTnxn+1]. This shows that the composite implicit iteration process (1.1) is well defined.
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For any a point z and a set K in E, we denote the distance between z and K by d(z,K)=
infx∈K‖z−x‖.

Recently, Kan Xuzhou and Guo Weiping [5] proved the sufficient and necessary con-
dition for the strong convergence of the composite implicit iterative process for a Lips-
chitzian pseudocontractive mapping in Banach space.

In this work, we obtained sufficient and necessary conditions of the strong conver-
gence of the iterations sequences (1.1) and (1.2) for uniformly L-Lipschitzian asymptoti-
cally hemi-pseudocontractive mappings in Banach spaces.

Lemma 1.1. [6] Let {an}, {bn}, {cn} be sequences of nonnegative real numbers satisfying the
ineqality

an+1≤ (1+cn)an+bn, ∀n≥n0,

where n0 is some positive integer, ∑
∞
n=1cn <∞ and ∑

∞
n=1bn <∞. Then limn→∞ an exists.

Lemma 1.2. [7] Let C be a nonempty subset of a Banach space E and T : C→C be an asymptot-
ically hemi-pseudocontractive mapping with the sequence {kn}⊂ [1,∞),limn→∞ kn =1, then

‖x−p‖≤‖x−p+r[(kn I−Tn)x−(kn I−Tn)p]‖

for all x∈C,p∈F(T),r>0 and n≥1, where I is a identity mapping.

2 Main results

Lemma 2.1. Let E be a real Banach space and C be a nonempty closed convex subset of E. Let
T :C→C be a uniformly L-Lipschitzian asymptotically hemi-pseudocontractive mapping with the
sequence {kn}⊂ [1,∞), limn→∞ kn =1 and Lipschitz constant L>1. Suppose that the sequence
{xn} is defined by (1.1) satisfying the following conditions:

(i) ∑
∞
n=1αnβn <∞ and ∑

∞
n=1α2

n <∞;

(ii) ∑
∞
n=1αn(kn−1)<∞;

(iii) αnβnL2
<1 for all n≥1.

Then

(1) there exists a sequence {γn}⊆ [0,∞) and some positive integer n0, such that ∑
∞
n=1γn <∞

and

‖xn+1−p‖≤ (1+γn)‖xn−p‖

for all p∈F(T) and n≥n0.

(2) The limit limn→∞ d(xn,F(T)) exists.
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Proof. It follows from the condition (iii) and Remark 1.2 that the sequence (1.1) is well
defined. By (1.1), we have

xn = xn+1+αnxn−αnTnyn

=(1+αn)xn+1+αn(kn I−Tn)xn+1−(1+kn)αnxn+1+αnxn+αn(T
nxn+1−Tnyn)

=(1+αn)xn+1+αn(kn I−Tn)xn+1−(1+kn)αn[xn+αn(T
nyn−xn)]

+αnxn+αn(T
nxn+1−Tnyn)

=(1+αn)xn+1+αn(kn I−Tn)xn+1−knαnxn+(1+kn)α
2
n(xn−Tnyn)

+αn(T
nxn+1−Tnyn) (2.1)

and

p=(1+αn)p+αn(kn I−Tn)p−knαn p (2.2)

for all p∈F(T). Together with (2.1) and (2.2), we can obtain

xn−p=(1+αn)(xn+1−p)+αn[(kn I−Tn)xn+1−(kn I−Tn)p]−knαn(xn−p)

+(1+kn)α
2
n(xn−Tnyn)+αn(T

nxn+1−Tnyn). (2.3)

Notice that

(1+αn)(xn+1−p)+αn[(kn I−Tn)xn+1−(kn I−Tn)p]

=(1+αn)[(xn+1−p)+
αn

1+αn
((kn I−Tn)xn+1−(kn I−Tn)p)].

Using Lemma 1.2, we obtain that

‖(1+αn)(xn+1−p)+αn(kn I−Tn)(xn+1−p)‖≥ (1+αn)‖xn+1−p‖. (2.4)

It follows from (2.3) and (2.4) that

‖xn−p‖≥ (1+αn)‖xn+1−p‖−knαn‖xn−p‖−(1+kn)α
2
n‖xn−Tnyn‖−αn‖Tnxn+1−Tnyn‖.

This implies that

(1+αn)‖xn+1−p‖≤ (1+knαn)‖xn−p‖+(1+kn)α
2
n‖xn−Tnyn‖

+αn‖Tnxn+1−Tnyn‖. (2.5)

Next, we make the following estimations:

‖yn−p‖ =‖(1−βn)(xn−p)+βn(T
nxn+1−p)‖

≤ (1−βn)‖xn−p‖+βn L‖xn+1−p‖
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and

‖xn−Tnyn‖≤‖xn−p‖+‖Tnyn−p‖

≤‖xn−p‖+L‖yn−p‖ (2.6)

≤ [1+L(1−βn)]‖xn−p‖+βn L2‖xn+1−p‖.

Furthermore,

‖xn−yn‖=βn‖xn−Tnxn+1‖

≤βn(‖xn−p‖+‖Tn xn+1−p‖) (2.7)

≤βn‖xn−p‖+Lβn‖xn+1−p‖

and

‖Tnxn+1−Tnyn‖≤ L‖xn+1−yn‖

= L‖xn−yn+αn(T
nyn−xn)‖ (2.8)

≤ L‖xn−yn‖+αn L‖Tnyn−xn‖.

Substituting (2.6) and (2.7) into (2.8), we have

‖Tnxn+1−Tnyn‖≤ [αn L+βnL+αnL2(1−βn)]‖xn−p‖+βn L2(1+αn L)‖xn+1−p‖. (2.9)

Substituting (2.6) and (2.9) into (2.5), we have

(1+αn)‖xn+1−p‖ ≤ (1+knαn)‖xn−p‖+(1+kn)α
2
n[1+L(1−βn)]‖xn−p‖

+(1+kn)α
2
nβnL2‖xn+1−p‖

+αn[αnL+βnL+αnL2(1−βn)]‖xn−p‖

+αnβnL2(1+αnL)‖xn+1−p‖.

Since 1+αn ≥1, this implies that

‖xn+1−p‖ ≤ (1+(kn−1)αn)‖xn−p‖+(1+kn)α
2
n[1+L(1−βn)]‖xn−p‖

+αn[αnL+βnL+αnL2(1−βn)]‖xn−p‖

+(1+kn)α
2
nβnL2‖xn+1−p‖+αn βnL2(1+αn L)‖xn+1−p‖

≤ (1+(kn−1)αn)‖xn−p‖+[(1+kn)(α
2
n+Lα2

n−Lα2
nβn)

+Lα2
n+Lαnβn+L2α2

n−L2α2
nβn)]‖xn−p‖

+(1+kn)α
2
nβnL2‖xn+1−p‖+αn βnL2(1+αn L)‖xn+1−p‖

≤ (1+(kn−1)αn)‖xn−p‖+[(1+kn+L)(1+L)]α2
n‖xn−p‖

+(L−Lαn−knLαn−L2αn)αnβn‖xn−p‖

+(1+kn)α
2
nβnL2‖xn+1−p‖+αn βnL2(1+αn L)‖xn+1−p‖
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and so

[1−(1+kn)α
2
nβn L2−αnβnL2−α2

nβnL3]‖xn+1−p‖

≤[1+(kn−1)αn+(1+kn+L)(1+L)α2
n+(L−Lαn−Lknαn−L2αn)αnβn]‖xn−p‖.

Since limn→∞ αnβn =0 and limn→∞ kn =1, there exists some positive integer n0, such that
αnβn ≤

1
8L3 and kn < L for all n≥n0. Thus

1−(1+kn)α
2
nβn L2−αnβnL2−α2

nβnL3 ≥1−
1+kn

8L3
L2−

1

8L3
L2−

1

8L3
L3

=
8L−2−L−kn

8L

≥
8L−4L

8L
=

1

2
.

After finishing deformation, we have

‖xn+1−p‖≤{1+2[(kn−1)αn+(1+kn+L)(1+L)α2
n

+(L+(2+kn)L2+L3)αnβn]}‖xn−p‖ (2.10)

=(1+γn)‖xn−p‖, n≥n0,

where γn=2[(kn−1)αn+(1+kn+L)(1+L)α2
n+(L+(2+kn)L2+L3)αnβn], and ∑

∞
n=1γn<∞

by conditions (i) and (ii), Thus (1) is proved.

(2) Taking the infimun over all p∈F(T) on both sides in (2.10), we get

d(xn+1,F(T))≤ (1+γn)d(xn,F(T)), n≥n0.

It follows from Lemma 1.1 that the limit limn→∞ d(xn,F(T)) exists. This completes the
proof.

Theorem 2.1. Let E be a real Banach space and C be a nonempty closed convex subset of E. Let
T :C→C be a uniformly L-Lipschitzian asymptotically hemi-pseudocontractive mapping with the
sequence {kn}⊂ [1,∞), limn→∞ kn =1 and Lipschitz constant L>1. Suppose that the sequence
{xn} is defined by (1.1) satisfying the following conditions:

(i) ∑
∞
n=1αnβn <∞ and ∑

∞
n=1α2

n <∞;

(ii) ∑
∞
n=1αn(kn−1)<∞;

(iii) αnβn L2
<1 for all n≥1.

Then {xn} converges strongly to some fixed point of T if and only if liminfn→∞ d(xn,F(T))=0.
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Proof. The necessary of Theorem 2.1 is obvious. we just need to prove the sufficiency.

From Lemma 2.1 (2) and the condition liminfn→∞ d(xn,F(T))=0, we have

lim
n→∞

d(xn,F(T))=0.

Next, we show that {xn} is a Cauchy sequence. In fact, using Lemma 2.1(1), for any
p∈F(T) and any positive integers m,n,m>n≥n0, we have

‖xm−p‖ ≤ (1+γm−1)‖xm−1−p‖

≤ eγm−1‖xm−1−p‖

≤ e∑
m−1
j=n γj‖xn−p‖

≤M‖xn−p‖,

where M= e∑
∞
j=1γj . Thus, we have

‖xn−xm‖≤‖xn−p‖+‖xm−p‖≤ (1+M)‖xn−p‖.

Taking the infimum over all p∈F(T), we have

‖xn−xm‖≤ (1+M)d(xn ,F(T)).

It follows from limn→∞ d(xn,F(T))=0 that {xn} is a Cauchy sequence. Since C is closed
subset of E, so there exists a p0∈C such that xn→p0 as n→∞. Further, since T is uniformly
L-Lipschitzian, it is easy to prove that F(T) is closed. Again since limn→∞ d(xn,F(T))=0
and p0∈F(T), this shows that {xn} converges strongly to a fixed point of T, this completes
the proof.

Using Theorem 2.1, we have the following:

Theorem 2.2. Let E be a real Banach space and C be a nonempty closed convex subset of E. Let
T :C→C be a uniformly L-Lipschitzian asymptotically hemi-pseudocontractive mapping with the
sequence {kn}⊂ [1,∞), limn→∞ kn =1 and Lipschitz constant L>1. Suppose that the sequence
{xn} is defined by (1.2) satisfying the following conditions:

(i) ∑
∞
n=1α2

n <∞;

(ii) ∑
∞
n=1αn(kn−1)<∞.

Then {xn} converges strongly to some fixed point of T if and only if liminfn→∞ d(xn,F(T))=0.

Remark 2.1. By Remark 1.1, clearly, Theorem 2.1 and Theorem 2.2 hold for uniformly
L-Lipschitzian and asymptotically pseudocontractive mappings with F(T) 6= ∅ and for
asymptotically nonexpansive mappings with F(T) 6=∅.
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