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Abstract. Let A:=—(V—id)-(V—id)+V be a magnetic Schrodinger operator on L2(IR"),

n>2, where d:= (ay,---,an) € LfOC(IR”,IR”) and 0<V e Llloc(]R"). In this paper, we
show that for a function b in Lipschitz space Lip, (R") with « € (0,1), the commutator
[b,V1/2A~1/2] is bounded from L?(R") to L1(R"), where p,g€ (1,2] and 1/p—1/g=
a/n.
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1 Introduction

Let b be a locally integrable function on R” and T be a linear operator. For a suitable

function f, the commutator is defined by [b,T|f =bT(f)—T(bf). It is well known that

Coifman, Rochberg and Weiss [3] proved that [b,T] is a bounded operator on L? for 1<

p < oo if and only if b € BMO(IR"), when T is a Calderén-Zygmund operator. Janson [4]

proved that the commutator [b,T] is bounded from L?(IR") into L1(R"), 1< p < g < oo, if
1

and only if b € Lip, (R") with a = (% — )1, where the Lipschitz space Lip, (R") consists

of the functions f satisfying
x J—
flup.= sup LRSI

= <00, O<a<l1.
x,yeR" x#y ’x_y|

Furthermore, Lu, Wu and Yang studied the boundedness properties of the commutator
[b,T] on the classical Hardy spaces when b € Lip, (R") in [12].

In recent years, more scholars pay attention to the boundedness of the commutators
[b, T] when T are the singular integral operators associated with the Schrodinger operator
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(cf. [1,6-11]). When the potential V satisfies the weaker condition, the operator T may
not be a Calderén-Zygmund operator. In this paper we focus on the boundedness of
the commutators [b,T| when T are the singular integral operators associated with the
magnetic Schrédinger operator based on the research in [5] and [16].
Consider a real vector potential 7=(ay,- -4, ) and an electric potential V. In this paper,
we assume that
areL? (R"), Vk=1,---,n,

loc

0<VeLl . (R").

Let Ly =0d/0xx—ia,. We adopt the same notation as in [5] and define the sesquilinear form
Qby

Q(f,g):zk_ZlwakagdH/W V fgdx,
with domain
D(Q):={f € L*(R"):Lyf € L% (R"), k€1,---,n,VVfe L2(R")}.

It is known that Q is closed and symmetric. So the magnetic Schrodinger operator A is a
self-adjoint operator associated with Q.
The domain of A is given by

D(A)= {feD(Q), 3g € L*(R") such that Q(f,¢) Z/Rngq‘)dx, preD(Q)},

and A is formally given by the following expression
n
Af=Y LiLf+Vf
k=1

or A=—(V—id)-(V—id)+V, where L} is the adjoint operator of L;. For k=1,---,n, the op-
erators LyA~1/2 and V1/2A~1/2 are called the Riesz transforms associated with A. More-
over, it was proved in [14] that for each k =1,---,n, the Riesz transform LyA=Y/2 and
V1/2A-1/2 are bounded on L (R") for all 1< p <2. Namely, there exists a constant C >0
such that

n
IVY2AT2 £l ey + 3 LA™ fll ey <Clflprny, 1<p<2.
k=1

Furthermore, in [5] Duong and Yan proved that the commutators [b,V'/2A~1/2] and
[b,LkAfl/ 2] are bounded on L? for 1 < p <2, that is, there exists a constant C > 0 such
that

116,V 2A 2] £ oy + 110, LA™ 2] fll ooy < C I f oy, Where bEBMO(R?).



