Commun. Math. Anal. Appl. Vol. 1, No. 2, pp. 241-262
doi: 10.4208/cmaa.2022-0001 May 2022

Self-Similar Solutions of Leray’s Type for
Compressible Navier-Stokes Equations in
Two Dimension

Xianpeng Hu*

Department of Mathematics, City University of Hong Kong, Hong Kong,
SAR, China.

Received 2 January 2022; Accepted 13 January 2022

Abstract. We study the backward self-similar solution of Leray’s type for com-
pressible Navier-Stokes equations in dimension two. The existence of weak so-
lutions is established via a compactness argument with the help of an higher
integrability of density. Moreover, if the density belongs to L*(IR?) and the
velocity belongs to L?(IR?), the solution is trivial; that is (p,u) =0.
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1 Introduction

This work concerns the backward self-similar solution of Leray’s type for com-
pressible isentropic Navier-Stokes equations with a positive number M in R" as
the adiabatic constant > 7
dip+div(pu) =0,
dt(pu)+div(pu®@u) —pAu—_¢Vdivu+MVpT =0, (1.1)
(o, u)[t=0=(po,u0),
where u >0, ¢ € R with p+¢ >0, p and u stand for the density and velocity of

the flow, respectively. The positive constant M in (1.1) is the squared inverse of
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the Mach number. The weak solution of (1.1) in IR” had been established first by
Lions [15] for v > % asn=2and y> % as n =3, and later extended by Feireisl et
al. [6] to allow > 7 in the Leray sense, see also [21] for v =1 in dimension two
and [1] for the general pressure in this direction.

Definition 1.1. A couple (p,u) with p € L®(0,T;L7(R")) and Vu € L?((0,T) x R")
is said to be a renormalized weak solution to (1.1) with finite energy if (p,u) satisfies the
following:

e The kinetic energy is bounded, i.e., p|u|> € L® (0, T; L' (R")). The density function
is nonnegative, i.e., 0 > 0.

* The momentum equation holds true in the sense of distributions.

* The identity
0¢b(p)+div (ub(p)) = (b(p) —b'(p)p)divu (1.2)
holds true in the sense of distributions for any function b(t) € C([0,00)NC! (RT)
such that b(t)—b'(t)t € C([0,00)) is bounded on [0,00).

* The global energy inequality

E(p(t),u(t)) +/0t/w (#IVuP+gldival?) dvds <E(po,up)  (13)

holds true with
1 M )
el gyt [ x>,

Eow=97 .
SlolaP =M [ pin(l+p)dx if y=1.

It is worth noticing that a number of efforts have been paid on the existence of
weak solutions for both the time-discretized and the steady counterparts of (1.1)
as v €[1,5], see for instance [4,12,13,19]. For the time-discretized version of (1.1),
the concentration-cancellation occurs in dimension two (see [15, Section 6.6]) and
in dimension three as ¥ >1 (see [20]); while the concentration set has been veri-
fied to be (H!,1) rectifiable in dimension three as =1 in [20], where #! stands
for the one dimensional Hausdorff measure. For the steady version of (1.1) as
v =1, the concentration cancellation in dimension two has been verified in the
work [7] due to a potential type estimate of the density (see [7, Lemma 3.1]), also
see [14,17,22,23] for the most recent improvement along this direction in dimen-
sion three. For time-dependent version (1.1), in [10] the author considered the



